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Foreword to volume II, with an example for 
the end of volume I 


Art is long and life is short. More than four years elapsed between 
completion of the MS for volume I and its publication; a good deal of 
that time was taken up with the many tasks, often tedious, called for by 
the production of any decently printed book on mathematics. 

An attempt has been made to speed up the process for volume II. Three 
quarters of it has been set directly from handwritten MS, with omission 
of the intermediate preparation of typed copy, so useful for bringing to 
light mistakes of all kinds. I have tried to detect such deficiencies on the 
galleys and corrected all the ones I could find there; I hope the result is 
_ Satisfactory. 

Some mistakes did remain in volume I in spite of my efforts to remove 
them; others crept in during the successive proof revisions. Those that 
have come to my attention are reported in the errata immediately following 
this foreword. 

In volume I the theorem on simultaneous polynomial approximation 
was incorrectly ascribed to Volberg; it is almost certainly due to T. Kriete, 
who published it some three years earlier. L. de Branges’ name should have 
been mentioned in connection with the theorem on p. 215, for he gave 
(with different proof) an essentially equivalent result in 1959. The 
developments in §§A and C of Chapter VIII have been influenced by earlier 
work of Akhiezer and Levin. A beautiful paper of theirs made a strong 
impression on me many years ago. For exact references, see the 
bibliography at the end of this volume. 

I thank Jal Choksi, my friend and colleague, for having frequently helped 
me to extricate myself from entanglements with the English language while 
I was writing and revising both volumes. 


Suzanne Gervais, maker of animated films, became my friend at a bad 
time in my life and has constantly encouraged me in my work on this book, 
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from the time I first decided I would write it early in 1983. Although she 
had visual work enough of her own to think about, she was always willing 
to examine my drawings of the figures and give me practical advice on 
how to do them. For that help and for her friendship which I am fortunate 
to enjoy, I thank her affectionately. 


One point raised at the very end of volume I had there to be left 
unsettled. This concerned the likelihood that Brennan’s improvement of 
Volberg’s theorem, presented in article 1 of the addendum, was essentially 
best possible. An argument to support that claim was made on pp. 578-83; 
it depended, however, on an example which had been reported, but not 
described, by Borichev and Volberg. No description was available before 
Volume I went to press, so the claim about Brennan’s improvement could 
not be fully substantiated. 

Now we are able to complete verification of the claim by providing the 
missing example. Its description is found at the end of a paper by Borichev 
and Volberg appearing in the very first issue of the new Leningrad 
periodical Algebra i analiz. We continue using the notation of the 
addendum to volume I. 


Two functions have to be constructed. The first, h(£), should be decreas- 
ing for 0 < č < œ and satisfy €h(é) > 1, together with the relation 


1 
[ogna = 00. 


(0 


The second, F(z), is to be continuous on the closed unit disk and @,, in 
its interior, with 


ee < exp(—h(log(t/Iz|))), [zl < 1, 


0Z 


IF) > 0 ae, 


and 
| log|F(e!*)|d9 = — o. 


The function F(z) we obtain will in fact be analytic in most of the unit 
disk A, ceasing to be so only in the neighborhood of some very small 
segments on the positive radius, accumulating at 1. The function 
h(log(1/x)) will be very much larger than 1/log(1/x) for most of the 
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x e (0, 1) contiguous to those segments. 
Three simple ideas form the basis for the entire construction: 


(1) In a domain @ with piecewise analytic boundary having a 90° 
corner (internal measure) at ¢, say, we have 


Oe(I, Z) < Ks ZE é, 
for arcs I on 0& containing ¢ (see volume I, pp 260-1); 


(2) The use of a Blaschke product involving factors affected with 
fractional exponents to ‘correct’, in an infinitely connected 
subdomain of A, a function analytic there and multiple-valued, 
but with single valued modulus; 


(3) The use of a smoothing operation inside A, scaled according to 
that disk’s hyperbolic geometry. 


We start by looking at harmonic measure in domains 6 = A ~ [a, 1], 
where 0 < a < 1. According to (1), if 7 > 0 is small (and < 1—a ), we 
have 


wg(E,, 0) < O(n’) 


for the sets E, = Hn, 1] v1, where I, is the arc of length n on 
the unit circle, centered at 1. This is so because 0& has two (internal) 
square corners at 1 that contribute separately to harmonic measure. (The 
slit [a, 1] can be opened up by making a conformal mapping of & given 
byz —> ~ (a — z); when this is done the two corners at 1 are separated 
and they remain square.) Suppose that, for some given a e (0, 1), we fix 
an n > 0 small enough to make ¢(E,, 0)/n less than some preassigned 
amount. Then, if we put 9 = A ~ [a, 1— n], we will have, by simple 
comparison of wg(I,,, z) and ws(E,, z) in é, 


wg(I,; 0)/n < we(E,, 0)/n. 


This relation is taken as the base of an inductive process. Beginning 
with ana, > 2/(2+./3) and < 1 (we shall see presently why the first 
condition is needed), we take a b}, a, < b; < 1, so close to 1 as to 
make 


og, (l, 0) < 1 
|Z] 2 
for 9, =, A ~ [a, b,] and the arc I, of length 1— b, on 0A cent- 


ered at 1. One next chooses ap, b; < a, < 1,ina way to be specified 
later on (a, will in fact be-much closer to 1 than b,), and then takes 
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b,, a, < b, < 1, near enough to 1 to have 


onla . 1 
A 4 


and 
Mal < A 


for 9, = A ~ [a, b,] and the arc I, of length 1 — b, on 0A centered 
at 1. Continuing this procedure indefinitely, we get a sequence of segments 


Jn = [a,,, b„] > 


where b, < Gai; < 5,4, < 1, and nested arcs I, of length 1—b, on 
0A, each centered at 1, with 


Og, (Iw 0) < ay 
A by 


for the corresponding domains Y, = A ~ J» and 
1A < 3 I =f | ¢ 
Take now 


Teoh Wed GIGLI ATS ee ae 
then, since 2 is contained in each Y,, the principle of extension of 
domain tells us that 

Og(n, 0) < Og, (In, 0) < i 

A [Ial 2" 


Our first ingredient in the formation of the desired F(z) is a function 
u(z) positive and harmonic in 2. Let T,(9) be periodic of period 27, with 


1 2 a 
Loy ao H(i- 1) for -n< <S. 


The graph of T„(9) for |9| < ~ is an isosceles triangle of height 1/|J,| 
with its base on the segment {|9| < |I„|/2} corresponding to the arc I,„. 
We have 


z 1 
| T,(9d9 = 5 


= 
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- 


while 

| Ti(Sy dog’ 0) ces LAMM). ee A, 

is |Inl SHEN 
so 

| YT, (9) dogen 0) “= “oo. 

—n n=1 
although 

>. Fo) GO se. O 
-n n=1 


For z € 2, we put 


n © 


u(z) = | È T,(9) dwale’, z) ; 


a n=1 


the integral on the right is certainly finite by the third of the preceding 
four relations and Harnack’s inequality, so u(z) is harmonic in 2 and 


u(z) > 0 


there. For 0 < |9| < 2, © , T,(9) is continuous (and even locally 
Lip 1 !), so at these values of 9, 


uz) —> i TO  asz — e 


from within 2. (It is practically obvious that the corresponding points 
e!’ are regular for the Dirichlet problem in 2 — in fact, all points of dD 
are regular.) Taking u(ei®) equal to E2; T, (9), we thus get a function 
u(z) continuous in A ~ {1}, and we have 


| uld = œ. 


The function u(z) has, locally, a harmonic conjugate ii(z) in 2. The latter, 
of course, need not be single-valued in the infinitely connected domain 2; 
we nevertheless put 


f(z) = e tiul) 


for z e 2, obtaining a function analytic and multiple-valued in 2 whose 
modulus, e~"®, is single-valued there. If e’? 4 1, any given branch of ŭ(z) is 
continuous up to e'°, because u(e") = p=; T, (1) is Lip 1 for t near 9. 
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(To verify this, it suffices to look at u(z) and (z) in the intersection of 2 
with a small disk about ei? avoiding the J,; if there is still any doubt, 
map that intersection conformally onto A.) It therefore makes sense to 
talk about the multiple-valued, but locally continuous boundary value 
fleit) when et? ¥ 1; the modulus | f(e'%)| is again single-valued, being 
equal to exp(—u(e'%)). By the previous relation, we have 


K log|f(ei)|d9_ = — o. 


n 


It is now necessary to cure the multiple-valuedness of f(z); that is where 
the second of our ideas comes in. In constructing the J, = [a,, b,] and 
the arcs J, there is nothing to prevent our choosing the a,, so as to have 


Dae esr re Aer 
n=1 


we henceforth assume that this has been done. (A much faster convergence 
of a, to 1 will indeed be required later on.) Our condition on the a, 
guarantees that the sum 


z—a, 


È Hn log 
=1 


H 1 —a„Z 


converges uniformly in the interior of A ~ |J {a} 2 2 whenever 
the coefficients y,, are bounded. If0 < yu, < 1, that sum is then equal 
to a function v(z), harmonic and < 0 in 2. For the latter, there is a 
multiple-valued harmonic conjugate (z) defined in 2, and we have finally 
a function 


oO phe Un 
b(z) <= eX(z) + iv(z) = I] ( a, Z ) 5 


analytic but multiple-valued in ZY. The modulus |b(z)| = e’ is 
single-valued in 2. 

The points a, accumulate only at 1, so any branch of b(z) is continuous 
up to points e? # 1 of the unit circle. For such points, |b(e!%)| = 1, 
and of course |b(z)| < 1 in 2, since v(z) < 0 there. 

By proper adjustment of the exponents u„ we can make the product 
b(z) f(z) single-valued in 2, and hence analytic there in the ordinary sense. 
Consider what happens when z describes a simple closed path in the 
counterclockwise sense about just one of the slits J, = [a,, b,]. Each 
given branch of the harmonic conjugate (z) will then increase by a certain 
(real) amount 4/,, independent of the branch. At the same time, every 
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branch of o(z) = argb(z) will increase by 2nu„ We take u, between 0 
and 1 so as to make 


2TUn y Àn 


an integral multiple of 27; this is clearly possible, and, once it is done, every 
branch of arg(b(z)f(z)) = (z) — az) increases by that amount when 
z goes around a path of the kind just mentioned. Then the product b(z) f(z) 
just comes back to its original value! Choosing in this way a value of 
Ln O < u, < 1, for every n, we ensure that b(z) f(z) is single-valued in 
2. Note that we have 


Doe esde = 1, ZEA, 
and, since |b(e'*)| = 1 fore? # 1, 


Pe Mieol = ye! >. 0. ener 
Because the product b(z) f(z) is analytic in 2, we have there 


ô 
el Ns Be 0; 
Z 


the expression on the left may therefore be looked on as a distribution in 
A, supported on the slits J, of A ~ 2. In order to obtain a @,, function 
defined in A, we smooth out b(z) f(z); that is our third idea. The smoothing 
is scaled according to the square of the gauge for the hyperbolic metric 
in A, i.e., like 1/(1 —|z])?. 

Taking a @,, function ¥(p) > 0 supported on the interval [1/4, 1/2] 
of the real axis, with 


1/2 1 
| W(p)pdp = a 
0 T 


we put, for ZE À, 


iz- t ) BOSO 
G = déd 
©) ater eT aes 


(writing, as usual, ¢ = ¢ + in). 

The first thing to observe here is that the expression on the right makes 
sense. Although b(£)f(f) is defined merely in 2, the slits J, making up 
A ~ 92 are of planar Lebesgue measure zero, SO We only need the values 
of the product in 2 in order to do the integral. The second observation is 
that G(z) is @,, in 2. As a function of ¢, W\z—C\/(1 —|z\|)?) vanishes 
outside the disk |{ — z| < 4(1—|z|)? which, however, lies well within A 
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for zeA, since then |z| + 4(1— |z|)? < 1. We may therefore differentiate 
under the integral sign with respect to z or Z as often as we wish, w(p) 
being @,, (its identical vanishing for p near 0 helps here), and |b(¢) f(¢)| 
being < 1 in 2. In this way we verify that G(z) is @,, in A, and get 
(practically ‘by inspection’) the crude estimate 


ee const. kobe Seni 


E 


ôZ 


As for G(z), just an average of the function b(¢)f (C), we have 
Gl ai; fel ree ad. 


The third thing to observe is that G(z) is actually analytic in a fairly 
large subset of A. Because Y(p) vanishes for p > 1/2, the integration in 
the above formula for G(z) is really over the disk 


Roe zis ez 
which, as we have just seen, lies in A when |z| < 1. Suppose that A, 
touches none of the slits J,. Then A, © 2 where b(0) f(0 is analytic and, 
writing ¢ = z+re'*, we have 


(1—|21)?/2 (x : d3d 
Gis | | blz + re’) f(z + re!) W(r/(1 — |2|)2) ZEE. 

0 z (1 —|z]) 
Using Cauchy’s theorem to perform the first integration with respect to 
and then making the change of variable r/(1 — |z|? = p, we obtain 


the value 2nb(z) f(z) f4? W(p)pdp = b(z)f(z), i.e., 

G(z) = bz f(z) if A, Ss 2. 
When A, S 2, the disks A,, also lie in 2 for the z’ belonging to some 
neighborhood of z; we thus have G(z’) = b(z’) f(z’) in that neighborhood, 
and G(z’) (like b(z’) f(z’) ) is then analytic at z. For the z in A such that 
A, S 2, we therefore have 

0G(z) 

0z 


although, for the remaining z in the unit disk, only the above estimate on 
0G(z)/0Z is available. It is necessary to examine the set of those remaining z. 


They are precisely the ones for which A, intersects with some J, We 
proceed to describe the set 


Bye = {zeAr Apa Jd, # Ot. 
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Write for the moment J, = [a, b], dropping the subscripts on a, and b,. 
If A, is to intersect with [a, b], we must have |z| > 2 —./3. Indeed, a, 
as one of the a,, is > a, which we initially took > 2/(2 + ./3), while A, 
lies in the disk {|€| < |z| + $(1—|z|)?} whose radius increases with 
|z|. For |z| = 2- y3; that radius works out to 2/(2 + V3); so if 
jz} < 2- x. 3, [a, b] would lie outside the disk containing A,; |2\ 
is thus > 2—./3 for zeB, Now when 2-—,/3 < |z| < 1, 
|z| — 4(1—|z|)? > 0, so A, is in fact contained in the ring 


Jz] = 40 -lz < e < izi + $0—IzI) 


(that’s why a, waschosen > 2/(2 + 4/3) !). Therefore, if A, intersects with 
[a, b], we must have 


daoaike yy a, 
Zi + AQ—Iayr > 


Both left sides are increasing functions of |z| (for z eA), so these relations 
are equivalent to 


a <a 17| << 6. 


where 
a +i(l-d) = a, 
b — ¿(1-b = b. 
In (0, 1) these equations have the solutions 
da =s «/Qa—)), 
b = 2-J/G-2b); 


for the first we need a > 1/2 but have in fact a > 2/(2+ y 3). Using 
differentiation, one readily verifies that a’ < a and b < b' < i 

We see that B, (the set of ze A for which A, intersects with [a, b] ) is 
an oval-shaped region including [a, b] and contained in the ring 
a’ < |z| < b’; its boundary crosses the x-axis at the points a’ and b’. 
When a is close to 1, B, is quite thin in the vertical direction because, 
if A, touches the x-axis at all, we must have |3z| < 4(1—|z\)’. 


One can specify the a, and b, so as to ensure disjointness of the oval 
regions B,. The preceding description shows that this will be the case if 
the rings a’, < |z| < bj, are disjoint, where (restoring the subscript n) 


a’ J (2a, ie 1), 
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ie, if by < a',, forn = 1,2,3,.... It is easy to arrange this in 
making the successive choices of the a, and b,; all we need is to have 


Goi. =. 4 ,, + 41—a',, > ob + 31-57). 


Here it is certainly true that b, < b < 1 when 0 < b, < 1; then, 
however, the extreme right-hand member of the relation is still < 1, and 
numbers a,,, < 1 satisfying it are available. There is obviously no 
obstacle to our making the a, increase as rapidly as we like towards 1; 
we can, in particular, have 


Sa-a) < œ. 
n=1 

We henceforth assume that the last precaution has been heeded in the 
selection of the a,. The B, will then lie in their respective disjoint rings 
a’ < |z| < b’, besides being all included in the cusp-shaped region 
|z| < 4(1— |z|} and, of course, in the right half plane. According to 
what we have already seen, G(z) is equal to the analytic function b(z) f(z) 
for zeA outside all of the B,, so then 0G(z)/0z = 0. Within any of the 
B,, we have only the estimate |0G(z)/dz| < const./(1 — |z|}. 


Because of the configuration of the B,, G(z) is continuous up to the 
points of AA ~ {1}. Indeed, when z € A tends to et? ¥ 1, it must eventually 
leave the region {Rz > 0, |3z| < 4(1—|z|)*} in which all the B, lie, 
and then G(z) becomes equal to b(z)f(z) which has the continuous limit 
b(e'’) f (e9) away from 1 on the unit circumference. 

If zeA tends to 1 from outside any sector with vertex at 1 of the form 
jarg(1—z)| < a, 0 < a < 2n/2, we have 


G(z) —> 0. 


To see this, we argue that such z must leave the region |z| < $(1—|z|)?, 
making G(z) = b(z)f(z). Then, however, 


log|b(z)f(z)| < —u(z) = -| 2 1,(9) dwale’, z), 
-n n=1 
and it suffices to show that the expression on the right tends to — co 
whenever z —> 1 from outside any of the sectors just mentioned. This 
is so due to the fact that X, T,(9) —> œ for 9—0, as may be 
verified by taking the region 


Lepage rg be an 


and comparing harmonic measure for with that for &. By the principle 
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of extension of domain, dw,(e'¥, z) < dag(ei’, z) for zeg, so we 
need only check that 


| E T,(9) dosl’, z) — œ 
-rn n=1 

as z —> 1 from outside any of the sectors in question. That, however, 
should be clear. Let the reader imagine that & has been mapped 
conformally onto the upper half plane so as to take the vertices of its two 
corners at 1 to — 2 and 2, say, and then think about how the ordinary 
Poisson integral corresponding to the last expression must behave as one 
moves towards — 2 or 2 from the upper half plane. 


We put finally 


H ee exp(—K zz) G(z) 
1-—z 
for ze A, with ca small constant > 0 and K a large one. The exponential 
serves two purposes. It is, in the first place, < 1 in modulus in A and 
continuous up to dA ~ {1} where it has boundary values of modulus 1. 
When z —> 1 from within any sector |arg(1—z)| < a, 0 < a < 2/2, 
_ the exponential tends to zero, making F(z) —> 0, since |G(z)| < 1inA. 
This, however, is also true when z —> 1 from outside such a sector because 
then G(z) —> 0 as we have just seen. Thus, 


F(z) — 0 for z —> 1, zeA. 


We have already remarked that G(z) is continuous up to dA ~ {1}, where 
it coincides with b(z) f(z), so we have 


F(z) See e” Ki cot (9/2) blei’) f(e 2) 
when zeA tends to e'? # 1. Denoting the boundary value on the right 
by F(e'%), we have |F(e'¥)| = cl f°) = cexp(— u(e'’)), and this tends 
to zero as 9 —~0 since u(e®) = ~, T,(9) then tends to œ. The 
function F(z) thus extends continuously up to the unit circumference thanks 
to the factor exp(— K(1 +2)/(1 —z)). We have |F(e'’)| = cl f(e')| > 0 
for é? ¥ 1, and 


= 


| log |F(e'’)| d9 = 2nloge +| log fe) d9 = —o. 


ne 


Since G(z) is @,, inside A, so is F(z). The second service rendered by 
the factor exp(— K(1 + z)/(1 — z)) is to make ĝF(z)/ðôZ small near 0A. 
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Outside the B,, F(z) (like G(z) ) is analytic, so 0F(z)/0z = 0. Within any 
of the B,, we use the formula 


OF(z) z cexp( -K 1 +4) 260), 
OZ 1-z/) @ 


which holds because the exponential is analytic in A. The B, all lie in the 
right half plane, and in them, 


Babee eZ s(t Zt), 


whence 
1+z const. 
> : 
l1—z 1—|z| 
This makes 
OF (2) é cexp( X gerst ) gata) 
0z 1 —|z2| OZ 


for z belonging to any of the B,. As we have seen, the last factor 
on the right is < const./(1—|z|)? which, for |z| < 1 near 1, is 
greatly outweighed by the exponential. Bearing in mind that 
log(1/|z|) ~ 1—|z| for |z| —> 1, we see that the constants c and K 
can be adjusted so as to have 


ae Eye (- n) 
a NS 


0z 
within the B, at least. But then this holds outside them as well (in A, 
including in the neighborhood of 0), because 0F(z)/dz = O there. 


F(z) has now been shown to enjoy all the properties enumerated at the 
beginning of this exposition except the one involving the function h(6), 
not yet constructed. That construction comes almost as an afterthought. 
Since the sets B, lie inside the disjoint rings a), < |z| < b’, we start by 
putting h(log(1/|z|)) = 1/log(1/|z|) on each of the latter; in view of 
the preceding relation, this already implies that 


FC) 


rere ae exp (— h(log(1/|z|))) 
Z 


throughout A, no matter how h(log(1/|z|)) is defined for the remaining 
z € A, because the left side is zero outside the B,. To complete the definition 
of h(¢) for 0 < č < œ, we continue to use h(log(1/|z|)) = 1/log(1/|z|) 
on the range 0 < |z| < aj and then take h(log(1/|z|)) to be linear in 
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|z| on each of the complementary rings 
uee aa ea 123, es 


The function h(č) we obtain in this fashion is certainly decreasing 
(in € ); h(log(1/|z|)) is also > 1 for |z| > bi, because b', > a, > 
2/(2+./3) > 1/e. h(log(1/|z|)) is moreover > I/log(1/|z|) on the 
complementary rings, for 1/log(1/x) is a convex function of x for 
l/e? < x < l,andb’, > 1/e?. In terms of the variable č = log(1/|z]) 
we therefore have 


Ene) = 1. — 03 <'m. 


The trick in arranging to have 


1 
[towne ae = 0 


(0) 


y 


is to use linearity of h(log(1/x)) in x on each interval b, < x < a,,, to 
get lower bounds on the integrals 


log (1/bn) 
| log h(é) dé. 
log(1/an +1) 

= We have indeed h(é) > 1 for č < log(1/b,) < log(1/b') and 
h(log(1/a’,,,)) = I/log(1/a),,,), so the linearity just mentioned makes 
h(é). > -4/2log(1/a,,) for (b,+4,,,)/2 < Gest gibi Ca LOL 
log(1/a'.,) < é < logQ/(b ta; +1)). The preceding integral is therefore 


2a’ 1 
> toe( 4) - log* (saa) 
fou tO, 2log(1/a'\., 1) 


since logh(é) is > 0 on the whole range of integration. For any given 
value of b’, 0 < bi < 1, the last expression tends to oo as 
a’,, —> 1! We can therefore make it > 1 by taking a,,, > b, 
close enough to 1, and that can in turn be achieved by choosing 
Quay = a; + 4(1—a',,,) sufficiently near 1. We therefore select the 
successive a, in accordance with this requirement in carrying out the 
inductive procedure followed at the beginning of our construction. That 
will certainly guarantee that b, < a),,, (which we needed ), and may 
obviously be done so as to have Sasi a,) = S (by making 
the a, tend more rapidly towards 1 we can only improve matters ). 


Once the a, have been specified in this way, we will have 


log (1/bn) 
| logh(g)d¢ > 1 


og(1/an+1) 
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for each n, and therefore 


1 
| logh(€é)d€é = œ. 
0 

Our construction of the functions F(z) and h(é) with the desired properties 
is thus complete, and the gap in the second half of article 2 in the addendum 
to volume I filled in. This means, in particular, that in the hypothesis of 
Brennan’s result (top of p. 574, volume I), the condition that M(v)/v1!? be 
increasing cannot be replaced by the weaker one that M(v)/v/? > 2. 


January 26, 1990 
Outremont, Québec. 


Errata for volume I 


Location Correction 

page 66 At end of the theorem’s statement, words in roman 
should be in italic, and words in italic in roman. 

pages 85, 87 In running title, delete bar under second M, but 
keep it under first one. 

page 102 In heading to §E, delete bar under M, in first and 


page 126, line 8 


page 135, line 11 

- page 136, line 4 
from bottom 

page 177, line 11 
from bottom 


page 190 

page 212 and 
following even 
numbered pages 
up to page 232 
inclusive 

page 230 


page 241, line 3 


page 270, line 10 
page 287 


third @,({M,}) but keep it in second one. 
In statement of theorem, change determinant to 
determinate. 
In displayed formula, change w* to w*. 
In displayed formula | P(xo)|v({xo}) should stand 
on the right. 
The sentence beginning ‘Since, as we already’ 
should start on a new line, separated by a horizontal 
space from the preceding one 
In last displayed formula, change x” to x” 
Add to running title: 
Comparison of € w(0) to @w(0 +) 


In the last two displayed formulas replace (1 — a”) 
throughout by |1 —«?|. 

Change b? in denominator of right-hand expression 
to bz. 

Change F(z) to F(Z). 

In figure 69, B, and B, should designate the lower 
and upper sides of Do, not 2. 


xxvi Errata for volume I 


page 379, line 8 
from bottom 
page 394, line 3 
page 466, last line 
page 563, line 9 
page 574, line 9 
from bottom 
page 604 
page 605 


Change comma after ‘theorem’ to a full stop, and 
capitalize ‘if’. 

Change y, to yı. 

Delete full stop. 

Change ‘potential’ to ‘potentials’. 

Delete full stop after ‘following’. 


In running title, ‘volume’ should not be capitalized. 
In titles of §§C.1 and C.4 change ‘Chapter 8’ to 
‘Chapter VIIP. 


IX 


Jensen's formula again 


The derivations of the two main results in this chapter — Polya’s gap 
theorem and a lower bound for the completeness radius of a set of 
imaginary exponentials -are both based on the same simple idea: 
application of Jensen’s formula with a circle of varying radius and moving 
centre. I learned about this device from a letter that J.-P. Kahane sent 
me in 1958 or 1959, where it was used to prove the first of the results just 
mentioned. Let us begin our discussion with an exposition of that proof. 


A. Polya’s gap theorem 
Consider a Taylor series expansion 


fw) = Zaw" 


with radius of convergence equal to 1. The function f(w) must have at 
least one singularity on the circle |w| = 1. It was observed by Hadamard 
that if many of the coefficients a, are zero, i.e., if, as we say, the Taylor 
series has many gaps, f (w) must have lots of singularities on the series’ circle 
of convergence. In a certain sense, the more gaps the power series has, the 
more numerous must be the singularities associated thereto on its circle of 
convergence. 

This phenomenon was studied by Hadamard and by Fabry; the best 
result was given by Pólya. In order to formulate it, Polya invented the 
maximum density bearing his name which has already appeared in 
Chapter VI. 


In this §, it will be convenient to denote by N the set of integers >0 (and 
not just the ones > 1 as is usually done, and as we will do in §B!). If £ = N, 
we denote by n;(t) the number of elements of X in [0, t], t>0. The Polya 


1 
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maximum density of È, studied in §E.3 of Chapter VI, is the quantity 
—n;(A 
D% = lim (tim sup nx(r) — nz(Ar) ii 
Pid r> o (1 TA A)r 


We have shown in the article referred to that the outer limit really does 
exist for any È, and that D¥ is the minimum of the densities of the measurable 
sequences containing È. In this §, we use a property of D¥ furnished by 
the following 


Lemma. Given £> Q, we have, for p > er, 


ns(r + p) — nz(r) 
p 


Z DHG 


when r is large enough (depending on 8). 

Proof. According to the above formula, if N is large enough and 
A= (Le) 

we will have 


ns(r) — n;(Ar) 


E 
Die 
(1—A)r = 


2 


for r > R, say. Fix such an N. 
When r > R, we certainly have 


ns(A~*~*r) — n(A *r) E 
< D+- 
A A sate 
for ky z= Op lied sent} so 
n;(A~*r) — n,(r) pe+. 
(A-* — thr E. 


fork 2. r et 
p = e = (2% — ly. 


Then, if k is the least integer such that (A~*—1)r > p, we havek > N, 
so, n;(t) being increasing, 


nx(r + p) — ny(r) = n(A~*r) — n;(r) r A ey 
p ate ale p 


eA EN] 
< (orei) 
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-N 
pire RS a ari! | E€ u AiE 
< (0: +3) a AR 0 (1 Fea svaj DS re 
when r > R. If N is chosen large enough to begin with, the last number 
is < D¥ +. This does it. 


Theorem (Polya). Let the power series 


fw) = Yaw" 


nex 
have radius of convergence 1. Then, on every arc of {|w|=1} with length 
> 2nDx, f(w) has at least one singularity. 


Proof (Kahane). Assume that f(w) can be continued analytically through 
an arc on the unit circle of length > 22D, which we may wlog take to 
be symmetric about — 1. We then have to prove that D < Dž. We may 
of course take D > 0. There is also no loss of generality in assuming D < 1, 
for here the power series’ circle of convergence, which does include at least 
one singularity of f(w), has length 2r. 

Pick any 6>0. In the formula 


1 
a, = — |f(w)w "tdw 
271 Et 
(we are, of course, taking a, as zero for n¢x, n> 0) one may, thanks to 
the analyticity of f(w), deform the path of integration {|w| = e °} to the 


contour I; shown here: 


Figure 157 


The quantity c > 0 is fixed once D is given, and independent of 6. 
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In the integral around T, make the change of variable w=e ©, where 
s=o+ it witht ranging from — 7 to z. Our expression then goes over into 


1 
= | feeds = a 
2n1 Jy, 


with this path y;: 


Figure 158 


Write 
1 S 
F(z) = =| emo. ds 
ri 3 


so that F(n) = a, for neN (and is hence zero forneN~ 2X); F(z) is of 
course entire and of exponential type. We break up the integral along ys 
into three pieces, I, II and III, coming from the front vertical, horizontal 
and rear vertical parts of y; respectively. 

On the front vertical part of y |f(e~*)| < M, and 
le?| < e*t- (writing as usual z = x + iy); hence 


|I| = M,e?” + st - D)|y| 


On the horizontal parts of y, |f(e~°)| < C (a number independent of ô, 
by the way), and |e] < e+" -Dl for x > 0, whence 


Meie tse Tel ass 0, 
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Finally, on the rear vertical parts of ys, |f(e)| < C and 
jež] < e **! for x >0, making 


E Cer lr x > 0. 
Adding these three estimates, we get 
| F(z)| < (M, + Che™ tat Pipl 4 Ce~ ext aly! 


for x > 0. Since c>0, the second term on the right will be < the first in 
the sector 


c 
Sz: z| < =R 
fe inn < Sak 
with opening independent of 6. We thus have 


|F(z)| < K,e**70-D bl for zeS, 


K, being a constant depending on ô. The idea here is that the availability, 
for f(w), of an analytic continuation through the arc {e'*. | 9 —2|< nD} 
has made it possible for us to diminish the term n| y|, which would normally 
occur in the exponent on the right, to n(1 — D)|y|, thanks to the term — cx 
figuring in the previous expression. 


Because Ð „ey 4,w” has radius of convergence 1, there is a subsequence 2’ 
of £ with 
log |a,| ; 
LEa _.0 for n— porin 2’ 
n 


Let 2a be the opening (independent of ô) of our sector S, Le; 
ctan £ 
=f — 
. nD 


With ne’, write Jensen’s formula for F(z) and the circle of radius nsin « 
about n (this is Kahane’s idea). That is just 


| Ee a 2 =| log|F(n + nsinae'®)|d9 — log|a,|, 
A p 2m 


aé: 


where N(p,n) denotes the number of zeros of F(z) in the disk {|z — n| < p}. 
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Figure 159 


By the above estimate on |F(z)| for ze S, the right side of the relation 
just written is 


< logK; + =| (ôn + dnsinacos 3+ nsin «'n(1 — D)|sin 3|)d9 
= log |a,| 


= logK,+6n+ 2(1 —D)nsina —log|a,|. 


The left side we estimate from below, using the lemma. Since 
F(m) =a,,=0 form e N ~X, we have, for 0 < p <n, 


N(p,n) > number of integers in [n— p, n+p] — 
number of elements of È in [n— p, n+p] 
> 2p — (n(n+p)—n:(n-p))-— 2. 


Fix any & 0<e<sina. According to the lemma, for n sufficiently 
large, 


n(n+p)—n(n-p) < 2p(D¥ +6) 
when e(1—sina)n < 2p < 2nsina, so, for such p (and large n), 


N(p,n) > Dras 2. 
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Hence, since n;(t) increases, 
nsina N „n A t= ; 
| ALAS > 21D —9(sina- #9), 
o P , 


2sin a 


2 log ————_.. 
or) — sin «) 


Use this inequality together with the preceding estimate for the right 
side of the above Jensen formula. After dividing by 2n sin «, one finds that 


e(1 — sin 2) 


2 sin a 


eek oD) 


—p3-9(1- 


2 sin 


l 
2n sin a n 


for large n, whence, making n — œ in 2’, 


e(1 — sin a) 


a-p:-9(1 - ) igi sik 


. . > 
2 sin « 2sin a 


on account of the behaviour of log|a,| for ne’. 

The quantity e 0 < € < sina, is arbitrary, and so is 6 > 0 with, as we 
have remarked, the opening 2« of S independent of 6. We thence deduce 
from the previous relation that 1—D¥ < 1—D, i.e., that 


Di=_ Ds 
This, however, is what we had to prove. We are done. 


Remark. We see from the proof that it is really the presence in the Taylor 
series of many gaps ‘near’ those ne for which |a,| is ‘big’ (the ne’) that 
gives rise to large numbers of singularites on the circle of convergence. The 
reader is invited to formulate a precise statement of this observation, 
obtaining a theorem in which the behaviour of the a, and that of 2 both 
figure. 


Polya’s gap theorem has.various generalizations to Dirichlet series. For 
these, the reader should first look in the last chapter of Boas’ book, after 
which the one by Levinson may be consulted. The most useful work on 
this subject is, however, the somewhat older one of V. Bernstein. Two of 
Mandelbrojt’s books — the one published in 1952 and an earlier Rice 
Institute pamphlet on Dirichlet series — also contain interesting material, 
as does J.-P. Kahane’s thesis, beginning with part II. There is, in addition, 
a recent monograph by Leontiev. 
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B. Scholium. A converse to Pélya’s gap theorem 

The quantity D¥ figuring in the result of the preceding § is a kind 
of upper density for sequences È of positive integers. Before continuing 
with the main material of this chapter, it is natural to ask whether D¥ is 
the right kind of density measure to use for a sequence ÈX when investigating 
the distribution of the singularities associated with 


y a,w" 

nex 
on that series’ circle of convergence. Maybe there is always a singularity 
on each arc of that circle having opening greater than 2rd, with d; a 
quantity < Dx associated to X which is really < D¥ for some sequences 
x. It turns out that this is not the case; D¥ is always the critical parameter 
associated with the sequence ÈX insofar as distribution of singularities on 
the circle of convergence is concerned. 

This fact, which shows Polya’s gap theorem to be definitive, is not well 

known in spite of its clear scientific importance. It is the content of the 
following 


Converse to Polya’s gap theorem Given any sequence È of positive integers 
with Pólya maximum density D¥ >0, there is, for any ô, 0< ô< D*¥, a 
Taylor series 


a,w" 
neX 


with radius of convergence 1, equal, for |w| <1, to a function which can be 
continued analytically through the arc 


{ei9: |9] <n(D* — 6)}. 


The present § is devoted to the establishment of this result in its full 
generality. 


ly Special case. & measurable and of density D > 0. 


If lim,..,, my(t)/t exists and equals a number D>0 ( n,(t) 
denoting the number of elements of £ in [0, t] ), the converse* to Polya’s 
theorem is easy — I think it is due to Polya himself. The contour integration 
technique used to study this case goes back to Lindelöf, it was extensive- 


* in a strengthened version, with analytic continuation through the arc 
|9| < zD = nD 


1 & measurable, of density D>0 9 
ly used by V. Bernstein in his work on Dirichlet series, and later on by 
L. Schwartz in his thesis on sums of exponentials. 

Restricting our attention to sequences È of strictly positive integers clearly 
involves no loss in generality; we do so throughout the present § because that 
makes certain formulas somewhat simpler. Denote by N the set of integers 
> 0(N.B. this is different from the notation of §A, where N also included 
0 ), and by A the sequence of positive integers complementary to È, i.e., 


A = N~w~z. 


For t >0, we simply write n(t) for the number of elements of A (N.B.!) in 
[0 t]-Put* 


2 
C(z) = (1 -5) 


ne^ 


in the present situation 
nt 
sald —1—D for t—o 
t 


and on account of this, C(z) turns out to be an entire function of exponential 
type with quite regular behaviour. 


Problem 29 
(a) By writing |log C(z)| as a Stieltjes integral and integrating by parts, show 
that 


log|Cüy)| de 
ly| 


for y— + © 
(b) Show that for x > 0, 


log|C(x)| = af (2-2) 2 4 
0 T T 125z 


(Hint: First write the left side as a Stieltjes integral, then integrate by 
parts. Make appropriate changes of variable in the resulting expression.) 
(c) Hence show that for x > 0, 


1 ’ /n(xt) x dt 
log|C(x)| < 2n(x)log-— + 2 ( ~n( )) D 
y Tt t/J/1—t 


0 


with y any number between 0 and 1. 


* When D = 1, the complementary sequence A has density zero and may even 
be empty. In the last circumstance we take C(z) = 1; the function f(w) figuring 
in the construction given below then reduces simply to w/z(1 + w). 
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(d) By making an appropriate choice of the number y in (c), show that 
log |C(x)| < ex for large enough x, £> 0 being arbitrary. 

(e) Use an appropriate Phragmén—Lindel6f argument to deduce from (a) and 
(d) that 


lim su 


ro 


l € id 
E < m1 — D)|sin $|. 
re 


(f) Show that in fact 


welc wiae for n— oo in X, 
n m 


and that wẹ have equality in the result of (e). 
(Hint: Form the function 


2 
K(2) = nl: -=) 


nex 
then, as in (e), 


log | K(re'® 
lim ee < mD|sin 3|. 
r 


r> 00. 


Show that the same result holds if K (rei?) is replaced by K’(re'*). Observe 
that 


mzK(z)C(z) = sinzz. 


Look at the derivative of the left-hand side at points neZ.) 


We are going to use the function C(z) to construct a power series 


> a,w" 
nex 
having radius of convergence 1, and representing a function which can be 
analytically continued into the whole sector |arg w| < xD. 
Start by putting 


4+i0 
Toa Ob) 
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w dt 


for |arg w| < nD. Given any e > 0, we see, by part (e) of the above problem, 
that 


C + in) 


const. 
sin 2(5 + in) 


e(t(1 -D)+e)|nl 


~ cosh nn 
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for real n, where the constant on the right depends on e. At the same time, 
|w2 tin] = |w|t/2e—7arew, 


so the above integral converges absolutely and uniformly for w ranging 
over any bounded part of the sector 


largw| < aD -— 2e. 


The function f (w) is hence analytic in the interior of that sector, and thus 
finally for 


largw| < aD, 


since € > 0 was arbitrary. 

We proceed now to obtain a series expansion in powers of w for f(w), 
valid for w of small modulus with |argw|< nD. For this purpose the 
method of residues is used. Taking a large integer R, let us consider the 
integral 


2ni Jr, Sin ne 


Sil iced Sige 


around the following contour T pg: 


Figure 160 
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On the top horizontal side of Tp, 
C(0) 


sin 16 


elt 1-—D)+e)R 


xe const = we aconte te" 
eTR 


by part (e) of our problem. Here, e >0 is arbitrary, and the constant 
depends on it. The same estimate holds on the lower horizontal side of 
Ppr. Also, if |w| < 1 and 


largw| < nD-—2e, 
we have 
| w5| < e(tD— 28)R 


for ¢ on the horizontal sides of Tr; in this circumstance the contribution 
of the horizontal sides to the contour integral is thus 


< const.Re ** 


in absolute value, and that tends to zero as R —> œ. 
Along the right vertical side of Ip, by part (e) of the problem, 


C(O) 


sin 26 


em —D)|n|+eR 
< const. 


cosh mn 


with £>0 arbitrary as before (we write as usual €=¢€+in). For 
largw| < zD -— 2e and ¢ on that side, 


|w°| Z |w|E e2231, 
so, if also |w|<e~ 7¢, the contribution of the right vertical side of Fp to 


the contour integral is in absolute value 


oO 
< constet | e 24a dy, 


— 0 


and this tends to zero as R—> œ. 
Putting together the two results just found, we see that 


i CO) ins Beg ie CW) 


ae w'd¢ : 
2ni z-io Sinn 


- — wde = — 
Tr SIN TG 2ri £ fiw) 
as R — œ for |w| < 1 and |argw| < nD, since €> 0 is arbitrary. 

By the residue theorem we have, however (taking |arg w| <7, say), 
1 R 


=| 20) are eae 


2m Jr, Sin ml Tiga 
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Here, C(n) = 0 forn e A =N ~È, and, by part (f) of the above problem, the 
power series 


1 
= 2 (= 1)"C(n)w" 


T nex 


has radius of convergence 1. We thus see that 


Pearce) 


d¢ 

R>o 21 J rp SIN n 
equals the sum of that power series — call it g(w) — for |w|<1 and 
|arg w| <7xD. In that region, g(w) must then coincide with — f(w) by the 
calculation of the preceding limit just made. For |w| < 1 and |arg w| < 2D, 
we therefore have 


fw) = -+Z (= Cw" 
T nex 
This relation furnishes an analytic continuation of — g(w), analytic in 
|w] <1, to the whole sector |argw|<D where, as we have seen, f(w) is 
analytic. The power series on the right has radius of convergence 1. 
For our measurable sequence 2, Dž and D coincide. Hence Polya’s gap 
_ theorem cannot be improved in the case of such È. 


2 General case; £ not measurable. Beginning of Fuchs’ construction 


As stated at the beginning of this §, the converse to Polya’s gap 
theorem holds for any sequence £ of positive integers, and for 
non-measurable X, the critical size for singularity-free arcs on the circle 
of convergence is 2D* radians, where D¥ is the maximum density of È. 
This remarkable extension of the preceding article’s result is not generally 
known. Malliavin makes passing mention of it in his 1957 Illinois Journal 
paper (one exceedingly difficult to read, by the way), but it really goes 
back to a publication of W. Fuchs in the 1954 Proceedings of the Edinburgh 
mathematical society, being entirely dependent on the beautiful 
construction given there. Fuchs, however, does not mention this (almost 
immediate) application of his construction in that paper. 

The treatment for the general case involves a contour integral like the 
one used in the preceding article. Now, however, we cannot make do with 
just an entire function of exponential type like C(z), but need another 
more complicated one besides. The latter, analytic and of exponential type 
in the right half plane (but not entire), is obtained by means of Fuchs’ 


construction. 
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We start with a non-measurable sequence È of strictly positive integers 
(this last being no real restriction), and assume, throughout the remaining 
articles of the present §, that 


ay) 
Dž = lim (im sup rai Mel 2) 


à>i-— r> o (1 —A)r 


is > 0. By the second theorem of §E.3, Chapter III, we know that È is 
included in a measurable sequence L* of positive numbers with density 
Dx. In the present case, we may take £* CN. Indeed, since YEN, D¥ is 
certainly < 1. If Df=1, we can just put £*=N. A glance at the 
construction used in proving the theorem referred to shows that the choice 
of new elements to be adjoined to È so as to make up &* is fairly arbitrary, 
and that when D¥ <1 we may always take them to be distinct positive 
integers. Here, this will yield a sequence ©* =c N when D¥ <1. 
Having obtained Ł* € N, we take the complement 


A, = N a D 
since È* is measurable, so is A,,and A, has density 1 — D¥. The complement 
of È in N consists of A, together with another sequence 
Noa 


distinct* from A,; most of the work in the rest of this § will be with Ag. For 
t >0 we denote by n(t) the number of elements of Ag in [0,t]. (We write 
n(t) instead of n,,(t) in order to simplify the notation.) If ns,(t) denotes the 
number of points of &* in [0,t], we have 


Ns(t) = n(t) + nz(t), 
so, since 


Nyş+\t 
mO L, ps for t— oo, 
t 


the relation 


lim (im inf 


m en) W 
ronn O AN 


a 


* The sequence A, is certainly non-void and indeed infinite since È is 
non-measurable, as we are assuming throughout this and the next 6 articles. 
But A,, of density 1 — D¥, may even be empty when D¥ = 1 (if we then take 
x* =N). 
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must hold, in view of the above formula for D¥. We may say that the 
sequence Ay SN has minimum density zero. 


Lemma. Given £> 0, there is an increasing sequence of numbers X ; tending 
to œ and an « > 0, both depending on e, such that 


n(x) —n(X;) < Sœ- X) for X;<x<(1+a)X;,. 


Proof. For a certain fixed c >0 we have, with A= 1/(1 + c), 


lim inf "O "OP < G 


by the above boxed relation. There are hence arbitrarily large numbers R 
such that 


n((1 + c)R) — n(R) e e 
cR 4 


Take such a number R. It is claimed that if the integer M is large enough 
(independently of R) and we put 


ita = (Lee, 
there exists an X, 
RES X L (EFOR, 


such that 
n(x)—n(X) < 0u) for X <x <(1+a)X. 


This assertion, once verified, will establish the lemma, for we can then take 
a sequence of numbers R tending to oo and choose a corresponding 
sequence {X ;} of numbers X. 

Suppose, for some large integer M and for a related to it by the above 
formula, that there is no such X. There must then be a number x,, 
R<x,<(1+9)R, with 


n(x,)—n(R) > 504 — R). 


This certainly makes n(x,) > n(R)+ 1 since n(t) increases by 1 at each of 
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its jumps. By the same token, there is an x2, x; <X2< (1 +)x,, with 
E€ 
n(x2)— n(x) > a2 Txi) 


(so in particular n(x.) > n(x,)+1 ). The process continues, yielding 
Xa X,<xX3;<(1+)x2, X4, and so forth, with 


E 
Ao e > 50 T Xp), 


as long as the number x, already obtained is < (1+a)“~'R. Since 
n(x) — n(x) > 1, x, cannot remain < (1 +a)“ 1R indefinitely (we 
must eventually have n(x,) > n((1+a)“~'R)) ). Let x, be the last x, 
whichis < (1 +a)“~!R; then we can still get an x,, , between (1 +a)“~*R 
and (1 + «)”R, such that 


E 
M(X,41) — n(x) > 5 + 1 — X;). 
Adding to this the corresponding inequalities already obtained, we get 
E€ 
n(xı+ı)—n(R) > A — R). 


Since (1 +a)“ = 1+c¢, xı < (1+¢)R, so 
n((1+c)R) > (x41) 
And 
1 (M-1)/M __ 
Mer R 2S (L+0e/" RERE Ue ee 
€ 
The relation just found therefore implies that 


n((1 + c)R) — n(R) 3 (LE es 


cR Č > 


However, if M is large enough (depending only on c and not on R ! ), we have 


Eo 1 
> 


c 2 


This would make the left-hand side of the previous relation > €/4, in 
contradiction with our choice of the number R. For such large M, then, a 
number X with the properties specified above must exist. This establishes 
our claim, and proves the lemma. 
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Lemma. Given ¢>0, let «>0 and X = X; be as in the statement of the 
previous lemma. There is thena B, a/3 < B < «a, such that 


n((1 + B)X)—n(x) < 2e&(1+B)X—x) for X<x<(1+A)Xx. 


Proof. By the argument used to prove the lemma about Bernstein intervals 
near the beginning of §B.2, Chapter VIII. 


n(t) — n(X) 


Figure 161 


Denote by G the graph of n(t) — n(X) vs. t for X <t <(1 + «)X, and by 
V the union of the vertical portions of G (corresponding to the jumps of 
n(t) ). Let II be the operation of downward projection, along a line of slope 
2e, onto the t-axis. Then, since 2e > &/2, 


MV) = [X, (1+0)X], 


and we see from the figure that 


MV) < sex = ©. 
2e 2 4 
Therefore TI(V) cannot cover the segment [(1 +a/3)X, (1 +3a/4)X] of 
length (5/12)xX, so there is a to in that segment not belonging to II(V). 
The line Z of slope 2e through (to, 0) must, from the figure, cut G, say 
at a point (Y, n(Y)—n(X)), with (1+ «/3)X < Y < (1 +«)X. Since ws 
passing through that point, does not touch any part of V (to 
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being ¢ II(V) ), we have 
n(Y)—n(t) < 2eY—t) for X<t<Y. 
Calling Y/X = 1+ B, we have the lemma. 


Let us combine the two results just proved. We see that, given £ > 0, there 
are two sequences {X ;} and {Y,} tending to œ and an « > 0 depending on 
e, such that 


ve 
fet a idee 
3 Xx, 


J 
and that the simultaneous relations 
IA nX) < 2e(x—X)), 
n(Y;)—n(x) < 2e(Y;—x) 


hold on each of the intervals [X ;, Y;]. (Of course, the first of these relations 
can be replaced by an even better one!). 


We henceforth assume that £ < 1/6. That being granted, we can, at the 
cost of ending with slightly worse inequalities, modify the above 
constructions so as to make the X, and Y, half-odd integers. To see this, 
we again use an idea from §B.2 of Chapter VIII. 


n(t) — n(X) 


Figure 162 


Choosing one of the intervals [X,, Y;] described above, we drop the 
index j, writing simply X for X; and Y for Y;. The function n(t) increases 
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by 1 at each of its jumps. Therefore, since 
n(t)—n(X) < 2e(t — X) 
for X <t< Y, we must have 


nt) = n{X) forX < t < X45. 
E€ 


19 


If O < h < 1/2e, the line of slope 2e/(1 — 2eh) through (X +h, 0) must 
then lie entirely above the graph of n(t)— n(X) vs. t for X +h<t</Y, as 


the above figure shows. Choosing h, 0 <h <1, so as to make 


A = X-+h 
a half-odd integer, we thus have 

n(t)—n(X') < 3et— X’) forxX’<t<Y 
because for such h, 


2g 
1 — 2eh 


3e, 


e being < 1/6. 


The same kind of reasoning shows that if we take a half-odd integer Y' 


with Y — 1 < Y’ < Y, we will still have 


n(Y’)—n(t) < 3&Y'—t) for X'<t<sY'. 


Since 
Inici i i, 
5 X 
we have 
y’ 
— < l+« 
X" 
and also 
y Y-1 a 
fi > = = 14+- 
XA X+1 4 


as long as X is large. 


From now on, we work with the intervals [X’, Y’], and write X = X; 
instead of X' and Y = Y, instead of Y'. Also, since e 0 < & < 1/6, is 
arbitrary, we may just as well write € instead of 3e. By the above 


considerations we have then proved the following 
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Theorem. Givens, 0 < €< 1/2, there are sequences {X ;} and {Y;} of half-odd 
integers tending to œ and an «& > Q such that 


(1+2)x, seye kG 


and that 


n(t) — n(X ;) e(t — X ;) 


< 
n(Y;))—n(t) < &Y;—?) 


} for X,<0< Y;. 


When X; is large, Y;— X; > («/4)X; is also large, so the segment 
LX; Y;] contains lots of integers. Recalling the meaning of n(t), we see by 
the theorem that if the intervals LX ,, Y;] are constructed for a small value 
of e, most of the integers in them will not belong to our sequence Ag. 


The purpose of Fuchs’ construction is to obtain a function ®(z), analytic 
in Rz>0 and of small exponential type there, such that, for large 
neAo, |®(n)|* is at most e~° times the limsup of |®(m)|!’" for m tending 
to œ in È, ô being some constant > 0. The function ®(z) is constructed 
so as to vanish at the points of Ag belonging to a sparse sequence of the 
intervals [X ; Y;], and so as to make 


b 
|®(x)| < const.e“~ * 
for x>0 outside of those intervals, while 
|®(m)| > const.e* 
for most of the integers m inside them that don’t belong to Ay. As we have 
just observed, there will be plenty of the latter. 


3, Bringing in the gamma function 


For obtaining the function ®(z) mentioned at the end of the 
preceding article, procedures yielding entire functions will not work.* 
Fuchs’ idea is to construct ®(z) by using products of the form 


n( 1— z/n een 
1+ z/n 
taken over certain sets of positive integers n; these are analytic in the right 


half plane, but have poles in the left half plane. The exponential factors 
ensure convergence. 


* at least, so it seems 
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The prototype of such a product is 


tl (2 =i) 2zi. 


1 + z/n 


this can be expressed in terms of the gamma function. 
T(z) is the reciprocal of an entire function of order 1 defined by means 
of a certain infinite product designed to make 


o0 


E(x 1) =al ETa 


0 


for real x > — 1. Starting from this formula, successive integrations by 
parts yield 


T(x+1) = | Ee s diss cas | resus 
Xo (x + 1)(x+2)Jo 


Ee. dt 
o . 
(1 + x)(2 + x)---(m+ x) 


The last expression can be rewritten 
exp( - X ik) | fo Pex at 
k=1 à 0 
m m! 
I] (1 + = ers 


One has, of course, m! = frer s and, for real x tending to œ, 
Stirling’s formula, 


[eta ~ Jon(*) 
0 e 


is valid. (The latter may be proved by applying Laplace’s method to the 
integral on the left.) Using these relations to simplify the expression just 


written, we find that 


m” exp( $ tL) 
T(ix+1) = lim vt 
Lie = ( z ers 
k 


We have 


m mary 
exp( x È (uk) )m™ = epix = + ame = iogm) 
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By drawing a picture, one sees that as m> œ, 
m=i 1 
Z- — logm 

k 


increases steadily to a certain finite limit C (called Euler’s constant). 
Therefore, by the preceding formula, 


r+ 1). t= 1 exp (C») fi (1 +2 )e-m 


m=1 


For general complex z, one just defines 


RENS 1 exp(ce) Ñ (1+2 Je“ 
n=1 


By a slight adaptation of the work in Chapter III, §§A, B one easily shows 
using this formula that 


[1/P(z+1)| < K,exp(|z|'**) 


for each e>0. ( 1/T(z + 1) is NOT, by the way, of exponential type, on 
account of Lindeléf’s theorem if for no other reason!) 
Since 


we have 


Il (=) e2z/n = e2o sin zz (T(z ae 1). 


MZ 
Use of this relation together with Stirling’s formula for complex z enables 


us to get a good grip on the behaviour of the right-hand product. 


Problem 30 


To extend Stirling’s formula to complex values of z in the right half 
plane. Write 


g(z) = Jens)(2) | T(z + 1). 


(a) Show that g(z) is of order 1 — i.e., that 
\g(z)| < M,exp(|z|***) 


3 The gamma function 23 


for each £ > 0 — in any open sector of the form |arg z| < n — ô, ô> 0, and 
is continuous up to the boundary of such a sector. 
(b) Show that for real y, 


Igy) = 27»! /(sinh z|yl). 


(c) Hence show that g(z) is bounded for Rz > 0. (Hint: Use Stirling’s formula 
to estimate g(x) for x > 0. Then use Phragmén-Lindelöf in the first and 
fourth quadrants.) 

(d) Hence show that g(z)— 1 uniformly for z tending to œ in any sector 
ljargz| < n/2—6, 5>0. (Hint: g(x)— 1 for x— œ by Stirling’s 
formula. In view of (c), a theorem of Lindelöf may be applied.) 

(e) Show that g(re*?*/5))+1 as r— œ. (Hint: First show that 
T(i+z)"(1—z) = sinzz/nz. Use this in conjunction with the result 


from (d), noting that e* 27/9) = — e* 3., ) 
(f) Hence show that g(z)— 1 uniformly for z tending to œ in any sector 
of the form 


largz| < 2x—6, 6>0. 


(Hint: Use Phragmén-Lindeléf and the theorem of Lindelöf referred to 
in the hint to part (d) again.) 


From part (f) of this problem we have in particular 


T(z+1) ~ J(2nz): (2) 


for |argz| < 72/2 and |z] large. This means that 


æ /{—z/n s 
praozo fi (122l) ear ~ 2sinnz 


1+z/n 


n=1 


for Rz 20 when |z| is large. The expression on the left is thus certainly 
of exponential type z in the right half plane. 


Fuchs takes* the intervals [X,, Y;] constructed in the previous article, 


* His construction is, of course, needed by us only for the case of 
non-measurable X, when the sequence Ag is certainly available, and indeed 
infinite. 
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corresponding to a small value of ¢>0. He then fixes a large integer L 
with, however, L < 1/e, and forms the function 


a \ oa o /1—z/nL 
F L = a e20 —C)z/L ( ) e22/nL 
am = (5) Üa 


According to the above boxed formula, this has very regular behaviour 
in the right half plane, and is of exponential type n/L there. 

Fuchs’ idea is now to modify the product on the right side of this last 
relation by throwing away the factors 


( Le i) She 

1+ 2/nL 

corresponding to the n for which nL belongs to certain of the intervals 
[X;, Y;]. Those factors are replaced by others of the form 


(; = =) e2211 
1+2z/A 


corresponding to the 4 € Ag belonging to the same intervals LX ,, Y; ]. This 
alteration of F(z/L) produces a new function, vanishing at the points of 
Ao lying in certain of the LX ;, Y; ]. We have to see how much the behaviour 
of the latter differs from that of the former. 


4. Formation of the group products R;(z) 
We want, then, to remove from the product 
ñ G = at) Ea 
n=1 \ Í +z/nL 


the group of factors 


I ( {2 a) ai 
nLelX; Y. \1 + 2/nL 


and to insert 


i (i)e 
AeAontX;, Yq) \ 1 +2/A 


in their place, doing this for infinitely many of the intervals [X, pil 
constructed in article 2, corresponding to some fixed small ¢>0. This 
amounts to multiplying our original product by expressions of the form 


Il (H) ena I (== Jem 
nLe[X;,¥j) \NL — z AeAon[Xy,¥j] \A+Z 
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As we said at the end of the preceding article, Fuchs takes the integer 
L < 1/e. Therefore, since 


n(Y;)—n(X;) < e(Y;— X;) 


by the theorem of article 2, there are fewer 4e A, than integral multiples 
of L in [X,, Y,], and the exponential factors in the above expression do 
not multiply out to 1. Their presence would cause difficulties later on, 
and we would like to get rid of them. 
For this reason, Fuchs brings in a small multiple a; of X;, chosen so 
as to make 
1 1 qj 


nLe[Xj, Yj] nL AcAon[X;,¥ 3] A a; 


with a positive integer q;, and then adjoins to the previous expression an 
additional dummy factor of the form 


a qj 
vot e2452/45 
aj+z 


Once this is done, the exponential factors e?%7/%, e7?=7"L and e?7/* 
figuring in the resulting product cancel each other out. 


The details in this step involve some easy estimates. In this and the 
succeeding articles, when concentrating on any particular interval [X ;, Y;], 
we will simplify the notation by dropping the subscript j, writing just X for 
X,, Y for Y;, a for aj, and so forth. 

By the theorem of article 2, n(t)—n(X) < elt — X) for X <t < Y, and 
X and Y are half-odd, while the 4€ Ag are integers. Hence, 


; Y x 


S re Y 
< Dieis, at 3 ef =o eds = ctos( >). 
Y p X 


Te jee _ W- paea n 
t? 


AeAon [X,Y] A 


In the theorem just mentioned, Y— X > («/4)X with a constant «> 0 
depending on e. Therefore, if X is a very large X; (which we always assume 
henceforth), there will be numbers nL e [X,Y], neN, and then, as a 
simple picture shows, 

1 1 Y 1 


Y 1 
e e lone, lg 
nLe[X,Y] nL L X, +L IE, X X 
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Thus, when X is large, 


1 1 1 ve 1 
ee Pas ce (;-«)toe AT 
nbetx.Y)ML  aeAoatx,Y] A L X X 


Here, 1/L > sand Y > (1+ &/4)X, so the right side is bounded below by 
a constant > 0 depending on L, ¢ and « for X large enough (again 
depending on those parameters). 


Take now a small parameter n > 0 which is to remain fixed throughout 
all the following constructions — later on we will see how y is to be chosen. 
Here, we observe that if X is large, there is a number a between nX/2 and 
nX whose product with the left side of the preceding inequality is an integer. 
Picking such an a, we call the corresponding integer q, and we have 


1 1 


nLe[x,yjnL zeAgntx,¥ 4 


Because nX/2 < a < nX, the inequality 
1 TSX 
Le (“4 +1 
x<nL<y NL X L 
gives us the useful upper estimate 


n 
Sh WE XN an. 
q zA )+n 


Definition. We write 


a—z\! nL+z A-—Z 
Dyce (a oad et 
a+Z/ nvetx,y) \NL—Z/ reaontx Yi \A +z 


When using the subscript j with X, Y,a and q, we.also write R,(z) instead 
of R(z). 


Let us establish some simple properties of the group product R(z). In 
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the first place, we can put the aforementioned exponential factors (needed 
for convergence) back into R(z) if we want to: 


= q : 
R(z) = (=) e24z/4 Il (; a etm 
1+2z/a nLe[x,¥) \ 1 — z/nL 


‘ (; =i en, 
aeAontx.y] \L +2/A 


This is so by the above boxed relation involving q/a. 


In the second place, we have the 


Lemma. If 1 >0 is chosen small enough (depending only on L and e) and 
X is large, 


|R(x)| < 1 forO<x<a. 


Proof. 
1—x/a 1 + x/nL 
log|R(x)| = qlo log | —————_ 
g|R(x)| q fe TA rnr 
1—x/A 
> See (0) / : 
Ae AON [X,Y] 1+x/d 


Since a < nX < X we can, for 0<x <a, expand the logarithms in 
powers of x. Collecting terms, we find, thanks to the above boxed formula 
for q/a, that the coefficient of x vanishes, and we get 


1 1 qi 2otk 


log| R(x = —— — = : 
EIRON PA OT a N 


By a previous inequality for the right side of the boxed formula for q/a, 


q 1 ) Y 1 
2 > |=—e|log= — =. 
a L X X 


Hence, since a < yX, 


for N>1. 
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At the same time, we already have 


1 1 /Y—X 
say < (GE) 
nLe[x,y] (NL) X L 


Thus, since (1 +&/4X < Y < (1+a)x, 


1 ee 1 
a tat acacia a CE e 
nLe[X,Y] (nL) E Kay OX 


while, by the preceding calculation, 


q 1 a s aliii 
ao” [eefi] y J (xy 


Since 1/L—e > 0, for sufficiently small values of n, the second of these 
quantities exceeds the first for every N >2, as long as X is large enough. 
The required smallness of y is determined here by a, L and e, and therefore 
really by the last two of these quantities, for « itself depends on e. 
Under the circumstances just described, all the coefficients in the above 
power series expansion of log|R(x)| will be negative. This makes 
log| R(x)| <0 for 0<x <a, 
Q.E.D. 


Another result goes in the opposite direction. 


Lemma. If n >0 is taken small enough (depending only on L and £) and 
X is large, 


|R(X/2)| > 1. 
Proof. 

1X —a nL+5X 
log|R(X/2)| = qlog|2 | + log |= 
alR( 5X +a we nL—3X 

A—4X 

se log ZE 

2eAOALX,Y] A+4X 


Since a < nX, the first term on the right is 


Y-xX 1—2 
> n( +1 iog 
L L 27 


by the previous boxed estimate on q. 
Recall that in Fuchs’ construction, Lis an integer, Ag consists of integers, 
and (by the theorem of article 2) X and Y are half-odd integers. The sum 
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of the second and third terms on the right in the previous relation can 
therefore be written as 


i; loz 
X 


= 9a 


wee 


Led —n(t)) 


2Y +X 
2Y—X 


F 
if [= aya LIL ~ LX/L1 — (lo) — n)di 


(we are using the symbol [p] to denote the biggest integer < p). We have 
[t/L]—[X/L] 2 [(t—X)/L]. 
Also, n(t)—n(X) < e(t—X) for X <t</Y, with the left side integer- 
valued, so in fact 
n(t)—n(X) < [e(t—X)], X<t<X. 


Here 1/L > e, so surely [(t— X)/L] > [e(t — X)], and the right-hand 
integral in the last formula is positive. Since (1 + «/4)X < Y < (1 + «)X, 
we thus have 


Y it+3 
| log|—= 
x t—3 


2 d({t/L] — n(t)) 


Combining this estimate with the one previously obtained, we see that 


1 3+ 20 n 1+2 
log|R(X/2 > (Y-xXx ——é Jlo — —log 
glR(X/2)| > ( NG ) r Oy ae 


3+2 1+2 
— loge — nlog it A 
1+2a 1—2n 


Because Y— X > (a/4)X and 1/L—e > 0, the right side will be positive 
for all large X provided that n > 0 is sufficiently small (depending on L, e and 
a, hence on L and £). This does it. 


3. Behaviour of (1/x)log | (x — i)/(x + A)|. 


We are going to have to study (1/x)log|R,(x)| for the products 
R (z) constructed in the preceding article. For this purpose, frequent use 
will be made of the 
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Lemma. If 1 > 0, 


ð (Hio z2 is < 0 for 0<x< å and > 0 forx>A. 
OXN X XFA 
Also, 
GE i 
(tice N) > 0 for x>0 different from A. 
Proof. 
= (“to ==) DWA, ae a 
Ox \x fl ay + x? Birel xe 17). 


The right sideis > Oforx >A. When 0 < x < A we rewrite the right side as 


steers) = re) 
LEADON IEE EA 


with č = x/A, and then expand the quantity in curly brackets in powers of 
é. This yields 


2 & E 3 5 ) 
East + et + Sr + . . EES Et = cae . . x 
z(e nA gidd 
which is < O0 since 0< é<1. 
Finally, 
oI e 4x 
-log = ——— > 0 
OAdx\x ~|x+A (A? — x?)? 
for x> O XAA: 
We are done. 
Corollary. If 0<4< X, 
Lio SEA 1 x— A 
: x+A x s x+ 


is a decreasing function of x for 0 < x < À and for x > X. 

Proof. By the second derivative inequality from the lemma. 
In like manner, we have the 

Corollary. If 0< x< x', 


x —À 
x +A 


1 
x 


i 


d 
X p Er, 


is an increasing function of À for à > x' and for 0< À <x. 
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6. Behaviour of (1/x) log |R,(x)| outside the interval [X;, Yj] 


Turning now to the group products R,(z) constructed in article 
4, we have the 


Lemma. If the parameter n >0 is taken sufficiently small (depending only 
on Lande), (1/x)log|R,(x)| is decreasing for x > Y; provided that X jis large 
enough. 


Proof. Dropping the subscript j, we have, for x 2 Y, 
1 q x—a 1 x—À 
—log|R(x)| = —lo ( ) + —lo ( ) 
x ae x 3 x+a ie ees : x+A 


1 —nL 
- y ae À ) 
nLe[X,Y] X x+nL 


We are going to make essential use of the property 


n(Y)—n(t) < &Y—t), X<t<Y 


(see theorem of article 2). Since 1/L > €, we have a picture like the 
following: 


n(t) 


n(Y) 


2 


~< 


Figure 163 


Number the members of Ao in LX, Y] downwards, calling the largest 


of those 1',, the next largest 24, and so forth. We also denote by t, =L[Y/L] 


the largest integral multiple of L in [X, Y], by t, the next largest one, and 
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so on. Since L and the members of Ay are integers while Y is half-odd 
(theorem, article 2), we in fact have 1 < Y and t} < Y. 
By the above property of n(t), 
Ag Ye, 
E E VEE ON 


etc. Since, however, L < 1/e, it is also true that 


t> yeeie 
RERE 2 es 
and so on. 


We can pair off each of the 4,, X <A, < Y, with t,, and still have some 
t;s left over after all the A, are taken care of in this way. Indeed, there are 
at most n(Y)—n(X) < e(Y—X) of the AEA, in [X,Y], X being 
half-odd — in fact there are at most [e(Y — X)] of them, since n(Y) — n(X) 
is integer-valued. At the same time, there are at least [(Y — X)/L] integral 
multiples of Lin that interval. Since 1/L > e, there are more of the latter 
than the former, and, after pairing off each 4, with t,, there will still be 
at least 


(Y—X)/L]-[ey-x)] > (7-229 | 


integral multiples of L left over in LX, Y]. 
Now from article 4, 


q = —(Y—X) +7. 


n 
L 
Since Y— X > (a/4)X,weseethatifn/L < 1/L—e, [(1/L—«(Y—X)] 
is larger than q, provided only that X is big enough. Under these circum- 
stances, there will be more than enough of the points t; left over to pair off 
with the q-fold point a, after each A, has been paired with the t, corres- 
ponding to it. 
Write n(Y)—n(X) = N. Then, after the pairings just described, the 
above formula for (1/x) log| R(x)| can be rewritten thus: 


1 BY x— À 1 x—t 
—log|R(x)| = & ( t) -iio ( ‘)) 
x 2 x : ITAJ j XE 


N EaR al — 1 -t 
N (Zioe(2 *) -iog ‘)) es doit, N 
k=N+1 \X Ka a x xtti k>N+qX Da 
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As we have seen, for 1<k<N, 


PR et Ie a a PS 
E€ 

Therefore, according to the first corollary from the preceding article, each 
of the terms in the first right-hand sum is a decreasing function of x for 
x> Y. The same holds good for the terms of the second right-hand sum, 
because a < X < t!. The terms of the third sum are decreasing for x > Y 
by the lemma of article 5, since t, < Y. 

All in all, then, (1/x) log|R(x)| decreases for x > Y. That is what we had 
to prove. 


Lemma. Under the hypothesis of the preceding lemma, (1/x)log|R ¡(x)| is 
increasing for a;<x < Xj. 


Proof. We drop the subscript j and argue as in the last proof. 

Here, we number the elements of A, and the whole multiples of L 
belonging to [X, Y] in increasing order, calling the smallest of the former 
1,, the next smallest 1, and so on, and similarly denoting by t, the smallest 
integral multiple of L in [X, Y], by t, the next smallest one, etc. In the 
present situation, the property 


n(t)—n(X) < e(t—xX), X<t<y, 


ensured by the theorem of article 2, is the relevant one for us. By its help 
we see, remembering that 1/L > e, that 


k 
tk K X. + F < An: 
E 


(The reader may wish to make a diagram like the one accompanying the 


proof of the preceding lemma.) 
There are of course fewer As than t;s, just as in the proof referred to. 
Denoting by N the number of the former, we can write 


1 q, x—a N (- (a=) 1 (=) 
—log|R = =] SL —lo —-—lo 
X ogIRGII x ORO 2 x E À tx x £ ty +x 


T Liog( 22) 


k>N X 


for a< x< X. Using the lemma from the preceding article and its first 
corollary, we readily see that the right-hand expression is an increasing 
function of x for a < x < X. Done. 
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Combining the above two lemmas with those from article 4 we now 
get the 


Theorem. If n >0 is taken small enough (depending only on the values of 
Land £), and if X ; is large, the maximum value of (1/x)log|R,(x)| for x 20 
outside of (X,, Y) is attained for x = X; or x = Y,, and it is positive. 


Proof. Under the hypothesis, we have, by the results in article 4, 
1 
—log|R(x)| < 0, 0<x<a, 
x 

whereas 


2 
—log|R(X/2)| > 0 
cen hae) 


(as usual, we suppress the subscript j). The maximum in question is hence 
> 0, and it is attained for a < x < X or for x > Y. Now use the preceding 
two lemmas. The theorem follows. 
T Behaviour of (1/x)log | R;(x)| inside [X;, Y;] 

The essential step in Fuchs’ construction consists in showing that 


(1/x) log | R ;(x)| really gets larger inside [X ;, Y; | than outside that interval. 


Lemma. If «>0 is sufficiently small (depending only on L and £) and 
é, (1+(xk/5))X;<¢ <(1 + (4k/5))X;, is an integer not in Ag, we have 


1 1 1/1 1 
—log|R; > —log|R<(X,;)| + -|-——- log—, 
z g|R;(&)| X, gIR;(X;)| G so og 


where 


provided that X ; is large enough (depending on x, L and 8). 


Proof. As usual, we suppress the subscript j. For X < č < Y, we have 


1 1 q c-a\ 4q (2—*) 
—log|R a R(X)| = 
zlos|R(E)| — + log] ROO! Tiog( $= ) evan 


+ ee 
ee ae su ož +h ‘|) 


1 
as lf digg |X tml) 
nLe{x,Y] \Č E—nL| X X —nL 


J? 
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Let us start by looking at the third term on the right — the summation 
over À. 


Taking a x >0 which is fairly small in relation to « (the number > 0 
depending on e such that (1 +(«/4))X < Y < (1+4)X ), we break up 
the sum in question as 


~ “ee 
X<A<(1+k)X (1+K)X<AS<Y 
AeAo AeAo 


and look initially at the second of these terms, which, in fact, gives the main 
contribution. 

Number the elements of A, belonging to [X,Y] in increasing order, 
calling them A,(>X), 4,>4,, 43> 4, and so on. As in the proof of the 
second lemma from the preceding article, we have 

acy a ae 
E 

It is, in the first place, possible that some of the 4, with 
1 < k < eX+1 are > (1+x)X. Denoting by S the set of indices k 
for which this occurs (if there are any), we can write 


= > + 
(1+K)X<ASY Ax keS Ak k2exX +1 
AeAo 
The first sum on the right is 
1 —A 
Y ( log Ta i 
kes \ +A, 


For X < č < (1+k)X, each of the differences in this expression is 
negative by the lemma of article 5, and each is made smaller (more negative) 
when the corresponding 4, is moved downwards to (1 + K)X, by the second 
corollary to that lemma. Since it involves at most exX + 1 of the /,, the 
sum just written is therefore 


SFA ao ee me en A Ud Sees 
> ecx + {tog St!) ioe Oe) 


Writing € = (1 + ø@)X, this last works out to 


ek +(1/X) <<") ( 2+K ) ( K )} 
ae 2 jog{ —— } + bogi ———— ] — clo 
l+o fios( K Re 2+K+0 oe a 2+ 


and this is > eO(x) for k/5 < o < 4k/5 and X > 1/ex when x is 


1 
X 


X— Àk 
X+Ak 
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small. The O(x) factor involved here depends only on x and not on any 
of the other parameters. 

We now turn to the second right-hand sum in the above decomposition, 
namely 


Tee eee Ea 
Zi rs | 
DON G os( 25) X test 


Since 4, > X +k/e, the summand involving 4, is 


X+k/e 1 = EN 
=f EJ) 
xX+(k—1je \E t+é X t+ X 


because it is > the integrand here for each t e [X +(k—1)/e, X +k/e] 
according to the second corollary of article 5. In our present sum, the index 
k ranges from the smallest integer > exX + 1 up ton(Y) —n(X) (which we 
assume is not less than the former quantity; otherwise the sum is just 
zero). That sum is thus 


X+(n(¥)—n(X))/e (4 in 1 ey 
2 ef {t iog( :)- loa( ) hau 
ae é CESTA tx 


where, vy the lemma of article 5, the integrand is negative 
(for X < ë< X+kX). We have n(Y)—n(X) < e(Y—X). The last 
expression is therefore 


$ 1 =) 1 (=) 
> —] — ]-—— — 3 
a cane os(1 =$ y8 t+X di 


This is worked out by partial integration. It is convenient to write 
Y=(1+)X (so that «/4 < B < a) and make the substitution 
t= X+tX. For x=(1 + s)X with 0<s<rk, we find that 


ds fat: t— E sift — 
f toe(S—* ar = | loe( dt 
XJ 40x t+x b+s J, 2+t+5 


= L O-o — 9 — (B+s+2)log(B +s + 2) 


—!) (k —58)log(k —:s)! a+ ik +54 3log +542) h 


Putting first s = ø, then s = 0 and subtracting, and afterwards multiplying 
the result by e, we get for the previous integral the value 


off lost —0) — ple eae ina bee 


o 1 +o 
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TET) 
+ (B+2)log(B+2) + “logit +a +2) 
oO 


— («+ 2)log(k +2) — 7 


i log(k —o) + klog l 

+o 

Here,a/4 < B < a,soifx/5 < o < 4k/Swith« quite small in relation 
to a, the first two terms in curly brackets are readily seen to amount to O(0), 
taken together. The same is true for the third and fourth terms. The fifth 
and sixth terms again come to O(a). (The first two quantities O(c) obtained 
in this manner depend on g, which depends on e.) There remain the last 
two terms. Those work out to ologo + O(a). The whole expression thus 
equals e (ø log « + O(a)); this, then, is the value of the above integral, which, 
in turn, is a lower bound for 


i SEN 4 ie) 
I oi 
pe € ox T) X Gare 


That sum is thus 


1 
2> — e(o log- + o0) ); 
o 


We combine this estimate with the one for the sum in which k 
ranges over S, obtained previously. That yields, for X > 1/ex, 


1 À— é 1 A—X 
>; log —— log 
(1+QX<Asy € A+€ X A+X 


1 1 
> —eclog——eO(c)—eO(k) = - o( ct0g* + 010), 
o 


where the O(c) term depends on « (and thus on £). 


We lay the sum 
X<A<(1+K)X 
AeAo 


aside for the moment, and proceed to the examination of 


1 E+nL| 1 X +nL 
X log = i 
x<nL<y NE č—nL| X X —nL 
which we break up as 
+ 


X<nL<(1+k)X (1+x)X <nL<Y 
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The second of these sums can be handled just as the one over A, with 
k > exX +1 was treated above. Since the numbers nL are already equally 
spaced, that procedure furnishes an approximate equality in the present 
situation, namely* 


1 nL+é 1 nL+ X 
y -log —— log 
(#ijxenb<y UC nL— č X nL—X 


1 1 1 
= +(ctog++0(0)) ar (+). 


we proceed to find a lower bound, assuming that € is an integer between 
(1 + (k/5))X and (1 + (4«/5))X. (Up to now, we have not used the fact that 
€éN, which is part of the hypothesis.) In case € is divisible by the integer 
L, the expression in question is infinite, for X is half-odd. We therefore 


need do the computation only when € EN is not divisible by L. In that case, 
we rewrite the sum as 


(1 +x)X 
| (Froe 
X 6 €—t 


and begin by working out 


(1 +k)X 
| log 
X 


(As usual, [t/L] denotes the largest integer < t/L.) 
Since če N is not divisible by L, the last integral is equal to 


oa (1+x)X 
(r+ [dee 
X E+y 


for all sufficiently small y > 0. Integrate by parts, using [t/L] —[¢/L] as 


For the first sum, 


E+nL 
čë—nL 


8; pu 


——lo 
24 SER 


1 
slog 
č 


X<nL<S(1+x)X ( 


1 A +t 


1 
oy d[t/L]. 


1 
atuz 


* Thanks to article 5’s second corollary, the sum in question can differ from a 
corresponding integral by at most twice the value of (1/E) log ((nL + €)/(nL— €)) — 
(1/X)log((nL + X)/(nL — X)) for n=[(1 +x)X/L]. This is O(1/X) for large X 
when k/S<o <4k/5. 
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a primitive for d[t/L]. After making y — 0, we obtain the value 


(ce/1-tx/11) oe ~, ng (ta +wx; -teL toe 


1 
(1+Kk)X —€ 
ik ji +X CJL] —E/L] yy 

X E 


The integral in this expression is positive, and 


1 1 1 1 
= log—+log— = log—+log—+ O(1), 
zx Sona ys Dye ps See 


eee AR 
ATES Se 


log 


1 1 1 
= log—+lo = log—+log—+ O(1), 
set ee EOE (1) 


K=O 


because k/5 < o < 4k/5. Therefore, 


(1+k)X 
| log 
X 


> ([0+%)x/L]— [X/L))(oe + log—+ ow). 


1 
H d[t/L] 


On the other hand, since X < ë < (1+ x«)X, we clearly have 


(1 +x)X 
| log(t + €)d[t/L] 


X 
= ([(1+x%)X/L] —[X/L])(log X + O(1)). 


This, together with the calculation just made, gives 


1 (1+Kk)X 
f log 
CJx 


[(1 + K)X/L] — (XIE tog is ow) 
(l+oa)X K 


d[t/L] 


ey 
t—¢ 


Turning to the similar integral involving X in place of ¢, we first get 


(1+k)X 1 1 
| joe( ate = (ta +«)X/L]— [x/11) Bray 


X 


< 


f Sea Ei 
7 IEX 
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< (ca +0x/41-04/11)(to8 +108) + + O(log X) 


after taking account of the fact that [t/L] — LX (Lp G— XxX) Loe 4 
actually vanishes for 0 < t—X < 1/2, X being half-odd and L an 
integer. Thence, it is readily seen that 


1 (1 +k)X x) 
— log| —— ]d[t/L 
a (2 [t/L] 


F. [(1+%)X/L]— ATE og "ot Na o( *8*). 
x L X 


Combining this with the estimate already obtained for the similar integral 
involving č, we find that 


5 ($r FL 1). ee) 
X<nL<(iitnx \E i č—nL| X X —nL 
ee xa -1)iog* +010 


ioe o( 2%) 
L X 


for integers € = (1 + 0)X between (1 +(x/5))X and (1 + (4x/5))X. When 
X /log X is large in relation to L/k, the right side of this inequality reduces to 


L K L L 


for small x. Referring to the estimate for 


(1+Kx)X <nL<Y 


given above, we thus obtain 


X PX Sn 


Een) +1 al 
lo > 


valid for small values of k>0 with integers € = (1+0)X such that 
k/5 < o < 4x/5, and for large values of X (depending on L and x). 
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Let us return to the sum 


1 E€—A) 1 X-i 
Y -log ——log 
XSA<G1 +4) X 4 E+A| X X +å 


which was set aside earlier; here we assume that € is an integer not belonging 
to Ag, with (1+(k/5))X < č < (1+(4k/5))X. The calculation is like 
the one just made for the similar sum over nL with X < nL < (1+k)X. 
In order to keep our notation simple, we assume that (1 + x)X ¢ Ag ~- 
actually, whether this is true or not makes no real difference. 

Consider the integral 


(1+k)X 
| log|t — ë| dn(t). 


x 
Following the procedure used above for the similar integral involving 
d[t/L] instead of dn(t), this works out to 


(n((1 + k)X) — n(X))(log X + log x + O(1)) 


(1 +K)X NS 

e { n(o)— (6) 4, 
x fC 

We have Ay S N, so, if čeN does not belong to Ao, |n(t)—n(¢)| < 

|t — €|. The last expression therefore differs from 


(n((1 + k)X) — n(X))(log X + log x + O(1)) 
by at most KX in absolute value. 


From here on, the work goes just as that done above for the integrals 
involving d[t/L]. One finds without trouble that when x is small, 


1 —À 1 X—à 
X ( log l$ |- ež) = O(c) 
XSA<(Q1+n)x i E+A| X X+A 


for integers € = (1+a)X ¢ Ao, K/S SOS 4x/5, and sufficiently 
large X (depending on x). (This calculation really gives just O(c) and not 
eO(a), because the relation n(t)—n(¢) < |t — é| was all we had available 
for our choice of €.) 


The result just obtained is now combined with the earlier one for the sum 


(1+K)X SASSY 
AeAo 
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We get 


1 
) > —eclog— — O(o), 
o 


valid for € of the kind described above, provided that X is large enough 
(depending on x). 


We still have to look at the difference 


TORTS 
é E€+a X X +a 


it, however, is clearly > 0 by thelemma ofarticle 5,sincea < X < é !* 


The relation last noted and two boxed estimates above are finally 
plugged into the formula from the very beginning of this proof. That gives, 
for « > 0 small in relation to «, 


1 l 1 1 
g osl RC) eee aa (;-«)otoe” — O(0), 


provided that the integer č = (1+0)X withk/5 < o < 4k/5is € Ao 
and that X is sufficiently large (depending on x, L and e). F ormally, the 
O(c) term on the right depends on L, € and a; in fact, however, since ¢ is 
small and L large, it is essentially dependent on « alone (that is, on £), 
as one sees by looking again at how the individual O(c) terms arise in 
the above computations. 

We are using L < 1/e in the present construction. Therefore, if 
k > ø > 0 is small enough (depending on L and e), the term 
(1/L — e)a log 1/0 in the right-hand side of the preceding inequality will 
greatly outweigh the O(c) term appearing there. Then, for sufficiently large 
X (depending on x, L and £) we will have 


1 1 Let 1 
slog! R| — —log|R(X)| > =| ——e Jolog— 
z BIR(S)| — —log| R(X) AG so p 


when the integer € = (1+0)X with k/5 < o < 4x/5 lies outside Ag. 
The lemma is proved. 


* Using the relation a < ņnX and the boxed estimate on q from article 4, the 
difference in question is readily worked out to be < const. on?((a/L) + (1/X)). 
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Remark. Since n(t)—n(X;) < et—X,) for X;<t< Yj, there are at 
most $xeX ; members of Ag in the interval [(1 + («/5))X;, (1 + (4«/5))X ;] 
which, however, contains at least [(3«/5)X ;] integers. In our construction, 
e > 0 is small. Hence, given x > 0 there are at least (1 — $¢)-(3«/5)X; — 1 
integers č in [(1 +(x/5))X,, (1 + (4x/5))X;] to which the lemma applies 
when X; is large. 


It is important that the ratio (1/x)log|R,(x)| has behaviour similar to 
that described by the preceding lemma when x is near the right endpoint 
Y, of [X;, Y,]. Arguing very much as in the long proof just given, but 
using the inequality 


instead of 


n(t)—n(X,j) < e(t—X,), X;<t<Y; 


j? 
one establishes the 


Lemma. If «>0 is sufficiently small (depending on L and €) and ¢, 
(1 —(4k/5))Y; < č < (1—(k/5))Y;, is an integer not in Ag, we have 


1 1 1/61 1 
—log|R; > —log|R,(Y;)| + =| ——é }olog— 
z g|R;(¢)| Y, g|R,(¥j)| AG ) B= 
with 1 —o = €/Y;,, provided that X; is large enough (depending on x, L 
and 8). 

It is recommended that the reader think through how the steps in the 


proof of the previous result can be adapted to that of the present one, 
without actually writing out the details. 


8. Formation of Fuchs’ function ®(z). Discussion 


®(z), which actually involves the parameters e, L and yn, is 
constructed as follows. One starts by taking a small £ > 0 and then getting 
a sequence of intervals [X,, Y;] with X; > 0, corresponding to € in the 
manner described by the theorem at the end of article 2. One then picks 
a large integer L < 1/e and finally, choosing a small value > 0 for n, 
takes for each j a number aj, 


and an integer q;, according to the procedure of article 4. The parameter 
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n> 0 is chosen small enough (depending on L and e) for the sg of 
articles 4 and 6 to apply. 

We next take an exceedingly sparse sequence of the intervals [X;, Y;] 
— by this we mean that the ratios X ,, ,/X; are to increase very rapidly, in 
a way to be determined presently. The rest of the construction uses only 
the [X ;, Y;] from this sparse sequence. In terms of these, we write 


Q = 0,0) ~ ULX; Y], 


and finally put 


O(z) = Z THE 2- 20xz/L ll (; oS) e2z/nL 
L nLeQ 1 + z/nL 


ne 


x ry (; = a" e?4jzlaj . I] (; F. a eae} 
j 1 +z/a; heAgntXp¥) \1 +2/A 


Here, C is Euler’s constant (see article 3). 


The function ®(z) is analytic in Rz >Q and vanishes at the positive 
integral multiples of L outside our sparse sequence of intervals [X,, Y;], 
as well as at the points of Ao lying within the latter. It also has a q,-fold 
zero at each a;. Using the group products defined in article 4 and studied 
in the previous two articles, we can write 


oe) = FOe/L)[]R,@), 


where 


F(z) = 272% @(2-202 il (; ate 
T Z/n 


sin nz 
= zeu “(T(z PI, 
TZ 


a function already looked at in article 3. (In this last formula for ®(z), it 
is of course the product of the R,(z) corresponding to our sparse sequence 
of intervals [X ;, Y;] that is understood.) 

Lemma. If Y; < 3nX;,, we have 


|®(z)| < const. exp( #134 + asiz) 


for Rz>0, A being a constant depending on L, £ and n. 
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Proof. We have 


—22/L © 
(z) = (=) e(2— 20)z/L I] (1e) em, 
L k=1 \ Í +Z/Hk i 


where {up} is a certain increasing sequence consisting of the numbers nL 
in Q, neN, the points of A, in our intervals [X,, Y;], and the q;-fold 
repeated points aj. 

If z, Rz>0, is given, we have, for u, > 2|z\, 


3 5 
(; Zi ei = exp( — = CA 2A EA f 
1+2/p, 3u, Sik 


Clearly, 


1 1 
za + ole) 
Hy > 2z] LM; |z|? 


Il (eje 
m>2z) \ | + Z/Hx 


Eor- 0g< 4, < 2\|z|,sincex = Rz > 0, 
(C =a i grim 
1+ 2/p, 


1 =) a ( 1 ) 
E OR Re EXP | 25 Tue 
etl, Ge + z/p, cei Me 


Suppose now that Y; < 2|z| < 4j44 for some j — note that our 
condition Y; < 5nX,,, does make Yj < 4;,, for each j. Then, since 
the a, and q, were chosen so as to make 

qı 1 1 

Ak F X = 2: X pee 

a; AeAon [X.Y A nLe[X1,Y1) nL 


Hence 


< lle), 


< e2%/ Hk (!), 


whence 


for each | (see article 4), we have 


1 1 1 ( (22) ) 
oe ae — = —|{log| — ]+0(1) 
ea Hk ae nL 16: L 


1 O(log L) 
= —log|z| — 2 
Li E 
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This formula remains true when a,,, < 2|z| < Yj,,- For then 
P< 2zi (1/4) can differ from aaa eN AE) by at most 


(p 1 1 

itt +t a ae 3 Ess. 

i434 ETETE Xj+1ıSnL<SYj+1ı nL 
Ae Ao neN 


and by the above relation this equals 


2 Y- 2 2log(1 +a 
Dy Se ee elon oe 
Xj+1Snb $¥je1 NL X izi L Xj41 X jsi L 


since 
a 
(: + VK SFY < (1+a)X,,,. 


There is of course no loss of generality in assuming all the X, to be > L, 
so, this being granted, we have 


1 1 O(log L 
Mes Sn — log |z| + O(log L) 
uk<2l|z| Hk L L 


in the present case also; the formula is thus true generally. 
Using the relation just found with the preceding estimate and then 
combining the result with the one obtained previously we get, for Rz > 0, 


o ( ae 
k=1 \1+2/u, 


Hence, in the right half plane, 


2 
3 exp( “toglzi + 02) ). 


—2x/L 


|M(z)| < e(2y/Lyargz e(2-20)x/L g(2x/L)log|2|+O(l2|) — lz), 


jù 
the exponential in (2x/L)log |z| being cancelled by |z|~?*/". The function 
®(z) is thus of exponential type in the half plane {Rz > 0}. 

Once this is known, we can use ®’s obvious continuity up to the 
imaginary axis and apply the second Phragmén—Lindelof theorem from 


§C of Chapter III. For z=iy pure imaginary, the product over the u, in 
the above formula for ®(z) has modulus 1, and we see that 


liy] = e(2y/Larg(iy) gt II/L 
On the other hand, |®(x)| < const. e4* with a certain constant A, by what 
has just been shown. The function 


etiz/Le — Az (z) 
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is thus bounded on the sides of the first quadrant, and hence within it, by 
Phragmén-—Lindelof. Similarly, 


e7 "Tiz/L e7 Az (z) 
is bounded in the fourth quadrant. Thus, 


\D(z)| < const. eruina for x>0, 
QED. 


Remark. Paying a little more attention to the computation at the 
beginning of the proof just given, one sees that the constant A can be 
taken to be small if L is large. Our function ®(z) is thus of small exponential 
type in Rz > 0. This fact will not be used in our application. 


We now return to our original non-measurable sequence X EN with 
Polya maximum density D¥ > 0. At the beginning of article 2, the 
complement N ~ = was broken up into two disjoint sequences: Ao, infinite 
and of minimum density zero, which has figured in the constructions of 
articles 2-7, and a measurable sequence A, of density 1 — DX. The main 
purpose of all the above work has been to arrive at the function ®(z), having 
properties described by the preceding lemma and by the 


Theorem. If ¢>0 is small enough and the integer L, 0 < L < 1/e is 
large, if, moreover, 


1 
wie < Dy 


and the sequence of intervals [X ;, Y;] used in the construction of ®(z) is 
sparse enough, we have 


— 0o(L, 8), 


log |®(n)| 
m sup ———— 
n 


n> œ 
ner 


where ô(L, £) is a quantity > 0 depending on L and £. The quantity 


i log |®(n)| 
msp- 
n 


n= œ 
nex 


is finite and > 0. 
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Proof. Using the group products R,(z) constructed in article 4, we have 
@(z) = F(z/L)| | R;2) 
j 


with the function F studied in article 3. For each fixed j, the modulus of 


aN nL +z à-z 
E R E 
aj+Z) nlex; y \NL—Z/ sedontxj,¥j1 \A +Z 


tends obviously to 1 when zoo. R,(z) also tends to 1 when z—0, and 
in a manner dependent only on the ratio |z|/X;'°, while otherwise 
independent ofj. To see this, recall thata; > 57Xj,sothat,for|z| < jnX,, 
say, we can expand log R,(z) in powers of z, as in the proof of the first 
lemma in article 4. As we saw there, the first degree term in z is absent 
from this expansion, and we can readily deduce from the latter that 


3 93 3 
a; AcAon[X;, Yj] A nLe[Xj,Yj] (nL) 


1 
|R(z)—1] < const || eas Fie at 


for |z| < 4nX,. The sum in curly brackets is clearly < const./X f so we 
have 


Z 
IR;(z)—-1| < const. >; Iz| < 4nX, 


verifying our claim. 

Thanks to this behaviour of the R;(z), we can select a sequence of the 
numbers X ; increasing sufficiently rapidly so that, for x > 0, the product 
[1;|Rj(x)| will be sensibly equal to 1 unless x is much nearer to one of the 
intervals [X;, Y;] — to [X,, Yı] say — than to any of the others. In the 
latter situation, [];4,|R,(x)| will be practically equal to 1 and the whole 
product Į [;|R;(x)| essentially equal to | R,(x)]. 

By the asymptotic behaviour of F(z) obtained in article 3 and the formula 
at the beginning of this proof, 


M(x) ~ (2sin =) I] R,(x) 


for large x > 0. For m e N not divisible by L, the asymptotic behaviour of 
log|®(m)| is thus governed by that of [];|Rj(m)|. And, as we have just 
seen, the latter is practically 1 unless m is much closer to some [X,, Y;] 
than to any of the other [X ;, Y;], in which case the product is nearly equal 
to |R,(m)|. 

Suppose, first of all, that m € Ao. If also m e [X, Y,], then Rm) = 0 
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by our definition of the R,(z). If, on the other hand, m ¢ [X,, Y,] we have, 
by the theorem at the end of article 6, 


log|Ri(m)| may (98RD log |Ri(¥) 
m se > Y > 


a strictly positive quantity. Thus, if me Ag is near the interval LX,, Y,], we 
have 


log | ®(m)| < const. max (SEL pekan), 
m m Xı Y, 


Fix now a number K > 0 small enough to ensure the conclusions of the 
two lemmas in article 7. By the remark following the first of those lemmas, 
the interval [(1 + «/5)X,, (1 + 4«/5)X,] contains at least 


integers not belonging to Ag, when X, is large. Since A, is measurable and 
of density 1 — D}, at most 


of the integers just mentioned can belong to A,, when X, is large. And at most 
) ie) 


of them can be divisible by L. We are, however, assuming that 
Dt > 1/L + 2«. Hence 
2e 1 4 
O e oe eS ded Se, 
“tig ie emai # 3 


so, if X, is large, there are at least 


4 Deel 3k 
eA pee eee, (8D 
j(i f) ( n3 s ; 


3 
= (0-1-2) Fx <i) 
L 5 


integers č in the above interval not divisible by L, and belonging neither to 
Ao nor to Ay. Such č are thus in X. For them, by the first lemma of article 
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7, we have 


1 

logiR(ÐI — logiR(X)] , 1 ¢ -«)atog! 
É Xi 2AL 

with 1+0 = &/X,, if X, is large enough. Here, k/5 < o < 4k/5, so 

(wlog x < 1/e !) 


The choice of our small fixed number x > 0 depended on L and e (refer 
to the first lemma in article 7). The right side of the last relation is therefore 
a certain strictly positive quantity 6(L, £) dependent on L and e. The integers 
€€ now under consideration are not divisible by L, so 

mE 


: RF SRL 
sin—| > sin—, 
L 


L 


and it thence follows from the above inequality that 


log |®(é)| = const. fz log|R (X)| a 


č É x; 


for them when X, is large. 
The € satisfying this relation are in È and also in the interval 


(i r )x. (1+ tx | 
5 5 


An argument just like the one used to get them, but based on the second 
lemma of article 7 instead of the first, will similarly give us other če}, 
this time in 


(5% (1-5) 


such that 


(L, €) 


log|®(¢)|_ __ const. „ TO8gIR(Y)]| 


č ¢ Y, 


provided that X, is sufficiently large. 
From this and the preceding inequality we see in the first place that 


log |®(¢)| 


+ ô(L,e), 


lim sup 
č> o 
ex 
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is certainly > 0 by the theorem of article 6 — it is, on the other hand, finite 
by the preceding lemma. The second statement of our theorem is thus 
verified. 

For the first statement, we confront the two inequalities just obtained 
with the previous estimate on (log |®(m)|)/m for me Ag close to [X;, Y,]. In 
view of the behaviour of the product [],|R,(m)| described earlier, we see 
in that way that 


: log|® 
lim sup log|®(5)| > limsup log || + 6(L,é). 
$8 gall me PT. 


The theorem is now completely proved. We are done. 


Discussion. Let us look back and try to grasp the idea behind this and 
the preceding 6 articles, taken as a whole. On the sequence Ag, |P(m)| is 
smaller by a factor of roughly e *” than on a certain sequence 2 in the 
complement N ~ Ao. It seems at first glance as though we had succeeded 
in ‘controlling’ the magnitude of ®(m) on Ag by causing it to have zeros 
at the points of the latter contained in an extremely sparse sequence of 
intervals [X ,, Y;], that is, by using only an insignificantly small part of Ao. 
This is hard to believe. What is going on? 

The truth is that we are not so much controlling ®(m) on Ag as making 
it large at the points of N ~ Ag in the intervals [X ;, Y;]; |®(m)| is of about 
the same order of magnitude outside those intervals whether me Ao or not, 
as long as L does not divide m. |®(m)| is made large inside the [X;, Y;] 
by what amounts to the removal of some of the zeros that F(z/L) has in 
them. The latter function vanishes at the points nL, neN, and behaves 
like 2 sin((z/L)z) on the real axis; ®(z) is obtained from it by essentially 
replacing its zeros in each [X;, Y;], which are about (1/L)(Y;—X;) in 
number, by the elements of A, therein, of which there are at most 

e(Y,— X,). Since 1/L > e, we are in effect just throwing away some of the 
zeros that F(z/L) has in each interval [X;, Y;] in order to arrive at (z), 
and the result of this is to make |®(m)| considerably larger than | F(m/L)| 
at the integers m ¢ Ay therein. Outside the [X;, Y;] (where the 
modification has taken place), this effect is less pronounced. Its evaluation 
in the two cases (m inside one of the intervals or outside all of them) depends 

ultimately on the behaviour of factorials — that is the real origin (somewhat 
disguised by the use of integrals) of the (crucial) terms in ø log 1/o appearing 

in the lemmas of article 7. 
It is the simple monotoneity properties of (1/x) log |(x — A)/(x + A)| given 
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in article 5 that make the computations work out the way they do; those 
properties form the basis for Fuchs’ construction with the factors 


(| = a et 
1+2/A 


and the resulting appearance of the gamma function. The use of such 
factors leads of course to functions analytic in the right half plane rather 
than to entire functions. Analogous constructions with entire functions of 
exponential type would involve the somewhat more complicated 
monotoneity properties of (1/x)log |1 —x/A| or of (1/x)log|1—x?/A?|; for 
such work one should consult Rubel’s 1955 paper and especially the one of 
Malliavin and Rubel published in 1961. 
Malliavin’s very difficult 1957 paper is also based on use of the factors 


(; =e 
1+2z/A 


(he works mainly with the logarithms of their absolute values), and is thus 
in part a generalization of Fuchs’ work. Keeping this in mind should 
help anyone who wishes to understand Malliavin’s article. 
9. Converse of Pélya’s gap theorem in general case 

Based on Fuchs’ construction, we can now establish the 


Theorem. Let X SN have Pólya maximum density D* > 0. Given any 
D < Df, there is an analytic function 


fw) = Yaw" 


nex 


whose expansion in powers of w has radius of convergence 1, and which can 
be analytically continued across the arc 


{ei?: —nD<9<nD} 
of the unit circle. 
Proof. The method is from the end of Malliavin’s 1957 paper. We start 
by picking a small ¢ > 0 and a large integer L < 1/e with 


1 
Fach eos: 


Our result has already been established for measurable sequences in 
article 1, so here we may as well assume to be non-measurable. Then, 
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as described in article 2, the complement N ~È can be split up into two 
disjoint sequences: a measurable one A, of density 1 — D¥ and another, Ao, 
of minimum density zero. Using Ag which, in the present circumstances, is 
really infinite, we form the Fuchs function described in the preceding 
article, corresponding to the parameters L and e. From A, we construct 
the entire function of exponential type 


ce) = T] (1-5) 


2 
AeA, A 


already considered in article 1.* 
According to the theorem of the preceding article, the quantity 


: log|® 
y = lim sup log |®(n)| 
sats 


is finite. To get our function f(w), we first look at 
1 4+ i100 — C 

amy = sof at 
ERA ig tes sin ný 


for largw| < n(D¥ — 1/L — 28); it is claimed that the integral 
converges absolutely and uniformly for w in that sector, making g(w) analytic 
there. 

To check this, observe that 


IC(Q| < const. e“ — D#)n| + e101) 


by problem 29 (article 1) — as usual, we are writing ¢ = &+ in. Again by 
the lemma of article 8, 


IOG +in)| < const. e7lnl/L 
for real n. Hence, for ¢ = $ +in, neER, 


wre *O(0)C(0) 


Tt 
= const. exp ( lare wi + — + mE — xD Init. 
sin 26 jb, 


and the asserted convergence is manifest. 

We now proceed as in article 1, approximating the above integral by 
others taken around rectangles. For Rt > 0, by the lemma of the preceding 
article, 


|@(C)| < const. exp (z in| +40), 


* Should A, be empty, C(z) is taken equal to 1. 
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A being a certain constant. From this and our estimate on |C(C)|, we thus 
have 
wre “@(C)C(C) 


T 
: < const. exp} č log» + |n||argw| — yë +=In| 
sin ný jb; 


+ Ag + n(1—D¥)|n| z zini} 


< const. e(4-7+ 76+ log|whé elarewl+z/L+re—-zD5)nl 


for RE > 0, as long as the distance between ¢ and the integers (zeros of 
sin ný ) stays bounded away from 0. With the help of this relation we now 
easily see as in article 1 that if R is a large integer and I’, the contour 


Figure 164 


the contributions from the right-hand, top, and bottom parts of Tp to the 
value of 


-| e OAO ic ge 
TR 


271 sin mý 
will be very small when 


|w| < e (A-yt 228) 
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and 
ri 1 
AUST O 


This means that for such w, 


-| e“ “O(C)C(C) SETON, [eon 
TR 


: w* dé td 
2ri aerae SIONA We 


sin ný 271 


as the integer R tends to infinity. 
As in article 1, by the residue theorem 


ee OC ee 8S (_ revs : 
ah ae S nÈ (= Dre men C(nw 


for integers R. Here, 
|P(n)C(n)| < 0” 


for large n, so the power series 
1 ie) 
= (= 1)’e "@(n)C(n)w" 
T 1 


certainly has a positive radius of convergence. For |w| > 0 sufficiently small 
and 


j 1 
argw| < n| D* — — — 2e], 
|jargw| (0: L ) 


its sum must then be equal to 


ers gee ce OSE) ca 


— g(w 
QF io pp op SUE aw) 


by the preceding two relations. 
Let us look more carefully at the power series just written. The function 


vanishes at the points of A,. Therefore, since N~ A, = ZUAo our series 
can be written as 


a> TS ) — 1J'e"(n)C(n)w". 


T \ nex neAo 
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By our choice of y, 


limsup|e~"@(n)|1" = 1, 
"ich. 
and |C(n)|!" — 1 as n— œ with n ¢ Aj, according to problem 29, part 
(f) (article 1). Hence 


= See ~™(n)C(n)w", 

T nex 
the first of the two power series into which our original one was split, has 
radius of convergence 1 and is equal, in {|w|<1}, to a certain function 
f(w), analytic there. 

It is at this point that we apply the main part of the theorem from the 

preceding article. According to that theorem, if the sequence of intervals 
[X;, Y;] used in constructing the Fuchs function ®(z) is sparse enough, 


log |® log |® 
tim sup eee < lim sup SEAE O N y— ò 
n> œ n m> m 
neAo mex 


with a certain constant ô > 0 depending on L and e. In view of our previous 
relation involving C(n) we thus have 


lim sup |e 7 "@(n)C(n)|1" < e7?, 
n> æ 
neAo 


and the radius of convergence of 
1 
= $ (= 1)"'e7 "@(n)C(n)w" 
T neAo 


(the second of the series into which our original one was broken) is 
> e? > 1. There is thus a function h(w), analytic for |w| < e? and equal 
there to the sum of this second series. 

For |argw| < n(D¥ — 1/L — 2) and|w| > 0 small enough, 


fw) + hw) = TS the“ "B(n)Cln)w" 


is, as we have just seen, equal to — g(w), a function analytic in the whole 
sector 


1 
jargw| < “(3 sae 2), 
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The formula 


f(w) = —g(w) W) 


thus furnishes an analytic continuation of f(w) from the unit disk into the 
intersection of our sector with the disk {|w| < e°}: 


Figure 165 


The function given, for |w| < 1, by the power series 


1 
=F (= 1)"e7 "@(n)C(n)w", 


T nex 


having convergence radius 1 can, in other words, be continued analytically 
across the arc 


fas |9| < “(D3 Le 22) 
L 


of the unit circle. Here, ¢ > 0 can be as small as we like and L is any large 
integer < 1/e.HenceD = D — 1/L — 2« can be made as close as 
we like to Df. 

Our theorem is proved. 


C. A Jensen formula involving confocal ellipses instead of circles 


Suppose that we are only interested in the real zeros of a function 
f(z) analytic in some disk {|z| < R} with f(0) # 0. If we denote by n(r) the 
number of zeros of f on the segment [— r, r], Jensen’s formula implies that 


| ee ip ee =| “toeistrei69 — logif)| 
o P 2T Jo 


for 0 <r < R. This relation can be used to estimate n(r) for certain values 
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of r, and that application has been frequently made in the present book: 
in Chapter III, for instance, and in §A of this one. Such use of it does, 
however, involve a drawback — it furnishes a kind of average of n(p) for 
p<r rather than n(r) itself. In order to alleviate this shortcoming, we 
proceed to derive a similar formula by working with confocal ellipses 
instead of concentric circles. 


The standard Joukowski mapping 


lv +3) 
WZ — EEN 
2 w 
takes {|w| > 1} conformally onto the complement (in C) of the real segment 
[— 1, 1], and each of the circles |w| = R > 1 onto an ellipse 
4x? 4y? 


+ 

(R+R~1) (RER D 
with foci at 1 and — 1: 
GAB 


We 


Yi 
GG? dy 


y 


YG ep iy if" 
ON EU YN WU ad ay 
Wis Wie, 
hy TAL 
Mli y Bd 
Ly MSA AM 


Figure 166 


For such an ellipse we have the parametric representation 


1 : -i9 
Z = +(e + =), 
2 R 


and as R increases, the ellipse gets bigger. 


Theorem. Let f(z) be analytic inside and on the ellipse 


VAEA T 
z = 5( Re? aE =) Á 
2 R 
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R > 1, and, for 1 < r < R, denote by N(r) the number of zeros of f 
(counting multiplicities) inside or on the ellipse 


z ( eid 4 iw 
= Shen i 
2 r 


[mnt = 2 [aro 2f tal 


1 r 27 Jo 
Proof. Like that of a theorem of Littlewood given at the end of Chapter III 
in Titchmarsh’s Theory of Functions. (Our result can in fact be derived 
from that theorem.) 

Suppose that 1 < ro < rı < R, and that f(z) has no zeros inside or 
on the boundary of the ring-shaped open region bounded by the two 


ellipses 
1 a 1 ) T 
zZz = a + È j zZz = ae + E i 
2 To 2 rı 


Then log f(z) can be defined so as to be analytic and single-valued in the 
simply connected domain obtained by removing the segment. 


—F(r, +r;’), —F(ro+ro')) 


from that region: 


Figure 167 


Along the upper and lower sides of the removed segment, arg f will generally 
have two different determinations. Indeed, by the principle of argument, 


arg f(x +i0) — argf(x—i0) = 2xN(ro) 
for 


—4(r,4+ry') < x < —F(ro+79’). 
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Let us parametrize the boundary of our simply connected domain by 
putting z = 4(w+ 1/w) and then having w go around the path y shown 
here: 


Figure 168 


Then, using appropriate determinations of log f(5(u+ 1/u)) along the 
upper and lower horizontal stretches of y, we have by Cauchy’s theorem 


[oes = 0: 


Taking the imaginary part of this relation, we get 
—ro Sf =a d 
| fares == +i0) — args -i0) | 
ay 2 2 u 
n 1 ~ SiS 
- | log (ifr ))jes 
a 2 ro 
4 1 T EN 
a log| f{ =| rye’? + d? = 0, 
= 2 a 


Nto log = | log 
r ar (4 


(0) 
-f log 


1 | -i9 
2 ro 
in view of the previous formula. 


The integral J" _log| f(5(re'? + e7'%/r))|d9 is, however, a continuous 
function of r for 1<r<R, even at values of r for which the ellipse 
z = $(re'? + e7'%/r) has zeros of f lying on it — this is immediate by an 
argument like the one used in Chapter I. The result just found therefore 


Ler 
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remains valid when f has zeros on one or both of the ellipses 


( x =) PE ey 
Z = roe" + —], z = —-(re? + ; 
DS Fo ( > Lei 


as long as it has none in the region between them. Hence, if all the zeros 


of f(z) inside or on the ellipse z = (Rei? + e7'9/R) occur on the ellipses 
(or segment!) 
ys oe 
a c el dn 
2 Pr 
with 
I< py < pz <-: Spy aR} 
we have 


A = i L rer 
Pk-1 Pk 
vejs ( (ae E=) a9 
7 Pk-1È AF 


fork = 2,3,...,m. Epal the same relation holds with py = 1 and p,, 
and, iff... < R with pa and Pari = R..SincesN(n)in= sN Pr) for 
Pk-1ı Š r < pp addition of all these formulas yields 


n eid 
[vo wyi ‘ log s(5(Rev+® h =) jas 


1 r 20 Jo 
1 2n 
— >f log |f (cos 9)|d9. 
2n Jo 


Putting cos 2 = x in the second integral on the right now gives us the 
theorem. Done. 


Our desired amelioration of the information obtainable from Jensen’s 
formula is provided by the following 


Corollary. Let aandy > 0, and suppose that F(z) is analytic inside and on 
the ellipse 


-i9 
z = (oe m i ) = acosh(y +19), 


0 < 9 < 2n. If 0<n<y and F(z) has at least N zeros (counting 
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multiplicities) on the segment [—acoshn, acoshn] of the real axis, then 

E i 1 (° log|F(o| 
log|F(acosh(y +i9))|d9 — -| see 


T 
Proof. Apply the theorem to f(z) = F(az) with R = e’. 


2 


1 
(y—n)N < =| 


0 


D. A condition for completeness of a collection of 
imaginary exponentials on a finite interval 


Suppose we are given a one-way or two-way strictly increasing 
sequence of real numbers 4,, with 4, >0 for n>0, A, — 00 as n— œ, 
and, if there are A, with negative indices, 1, <0 for n < 0 and 4, — — œ 
as n — — œ. Considering the corresponding set of imaginary exponentials 
ei“! we take any number L>O and ask whether the finite linear 
combinations of these exponentials are uniformly dense in @(— L, L). If 
they are, the exponentials e^ are said to be complete on [—L, L]; 
otherwise, they are incomplete on that interval. 

If the ei are complete on [ — L, L], they are obviously complete on 
[—L, L] for any L with O< L < L. There is thus a certain number A 
associated with those exponentials, 0 < A < œ, such that the former are 
complete on [ — L, L] if0<L<A and incomplete on [ — L, L] if L >A. 
We are, of course, not limited here to consideration of intervals centred 
at the origin; when 0 < A < œ it is immediate (by translation!) that the 
ei" will in fact be complete on any real interval of length < 2A and 
incomplete on any one of length > 2A. In the extreme case where A = 0, 
the given exponentials are incomplete on any real interval of length > 0, 
and, when A = oo, they are complete on all finite intervals. Simple examples 
show that both of these extreme cases are possible. 

Regarding completeness of the exponentials on intervals of length 
exactly equal to 2A, nothing can be said a priori. There are examples in 
which the ei? are complete on [— A, A] and others where they are 
incomplete thereon. Without going into the matter at all, it seems clear 
that the outcome in this borderline situation must depend in very delicate 
and subtle fashion on the sequence of frequencies 4,. We will not consider 
that particular question in this book; various fragmentary results 
concerning it may be found in Levinson’s monograph and in Redheffer’s 
expository article. 

What interests us is the more basic problem of finding out how the 
number A — L. Schwartz called it the completeness radius associated with 
the 4, — actually depends on those frequencies. We would like, if possible, 
to get a formula relating A to the distribution of the A,. 
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This important question was investigated by Paley and Wiener, 

Levinson, L. Schwartz and others. A complete solution was obtained 

around 1960 by Beurling and Malliavin, whose work involved two main 
steps: 


(i) The determination of a certain lower bound for A, 
(ii) Proof that the lower bound found in (i) is also an upper bound for A. 


The first of these can be presented quite simply using the formula from 
the preceding §; that is what we will do presently. The second step is much 
more difficult; its completion required a deep existence theorem established 
expressly for that purpose by Beurling and Malliavin. That part of the 
solution will be given in Chapter X, with proof of the existence theorem 
itself deferred until Chapter XI. 

The first step amounts to a proof of completeness of the e'*"' on intervals 
[—L, L] with L small enough (depending on the 4,). The idea for this 
goes back to Szasz and to Paley and Wiener. 

Reasoning by contradiction, we take an L>0 and assume 
incompleteness of the e'*"' on [— L, L]. Duality (Hahn—Banach theorem) 
then gives us a non-zero complex measure u on [— L, L] with 


L . 
| em dult) = 0 


=p 


for each 4,, i.e., i(A,) = 0 for the Fourier-Stieltjes transform 


L 
A(z) = | e' du(t). 

=i 
The function Ĥ(z) is entire, of exponential type < L, and bounded on the 
real axis. Using a familiar result from Chapter III, §G.2, together with 
the one from the preceding §, one now shows that for small enough L > 0, 
the zeros J, of f(z) cannot (in some suitable sense) be too dense without 
forcing f(z) = 0, contrary to our choice of p. 


The details of this argument are given in the following article. Before 
proceeding to it, we should observe how duality can be used to demonstrate 
one very important fact: the completeness radius A associated with a 
sequence {A,} is not really specific to the topology of uniform convergence 
and the spaces 6( — L, L). If, in place of @( — L, L), we take any of the spaces 
L,—L,L), 1<p< œ, the value of A corresponding to a given sequence 
of frequencies À, turns out to be the same. 
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Suppose indeed that 0 < L < A. The space ( — L, L) is contained in each 
of the L,(—L,L) and dense in the latter. Therefore, since uniform 
convergence on [—L, L] implies L, convergence thereon, the linear 
combinations of the e'#"*, being uniformly dense in @(— L, L), will be || ||, 
dense in L,( — L, L). 

Let, on the other hand, L> A. Then the finite linear combinations of the 
eint are not || ||, dense in any of the spaces L,( — L, L). To see this, we can 
take an L, A< Ľ < L, and apply duality as above to get a non-zero 
complex measure u on [—L, L] (sic!) with f(4,) = O for each n. 
If h>0 is sufficiently small, the function 


1 tth 
p(t) = ah | p dy(t) 
is supported on [ — L, L]; ọ is clearly bounded, hence in each of the duals 
L,(—L,L), 1<q< œ, to our L, spaces. We have 
sinhz , 


Q(z) = PARL 


so in particular ĝ(z) # 0, hence g(t) cannot vanish a.e. on [ — L, L]. By the 
same token, however, 


L 
| eto(t)dt = (A) = 0 
Sw 

for each n, so finite linear combinations of the eê cannot be dense in 
HSLL. 


A considerable refinement of the preceding observation is due to 
L. Schwartz — Levinson also certainly knew of it: 


Theorem. If, for L>0, the finite linear combinations of the e'*" are not 
uniformly dense in @(—L,L), removal of any one of the exponentials ei 
leaves us with a collection whose finite linear combinations are not dense in 
L,(—L,L) (hence not dense in any of the L,(—L,L), 1 < p< œ). 


Taking the exponentials e™!, neZ, on [— m, 7], we see that this result is 
sharp. Finite linear combinations of the former are dense in each of the 
L(—1,%), 1<p<oo, but can uniformly approximate only those 
f € @—17,n) for which f(—n)= f(n) In order to have (uniform) 
completeness on [— n,n] we must use one. additional imaginary 
exponential e'””, 2 ¢ Z (any such one will do!). 


Problem 31 


Prove the above theorem. (Hint: Assuming a non-zero measure u on 
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[— L, L] with A(/,) = 0, take, for instance, 1,, and look at the function 
ọ supported on [—L, L] given by 


ot) = all el41* du(t) 


=! 


for —L<t<L. Compute ¢(z). ) 


1. Application of the formula from §C 


Let us, without further, ado, proceed to this chapter’s basic result 
about completeness. 


Theorem. Given the sequence of distinct frequencies 4, > 0, suppose that 
for some D > 0 there are disjoint half-open intervals (a,, bx] in (0, 00) such 
that, for each k, 


number of å, in (ap b] 


D, 
by, — ay 


and that 


PARAN 
r) zo 
k Ak 


Then, if0 < L < nD, the exponentials e'** are complete on [ — L, L]. 


Remark. The second condition on the intervals (ap, bą] has already figured 
in Beurling’s gap theorem (§A.2, Chapter VII). 


Proof of Theorem. Assume that the e'*"' are not complete on [—L, L], 
where 0 < L < nD. Then, as in the discussion immediately preceding the 
present article, there is a non-zero complex measure on [—L, L] with 
A(d,) =0. The function f(z) is entire, of exponential type < L, and 
bounded on the real axis, indeed, wlog, 


(*) |A(z)| < eI, 
as one sees by direct inspection of the Fourier—Stieltjes integral used to 
define f(z). Our aim is to show that 


i: log” 1A)! , 


x = œ, 
fet xs 


— 0 


which, by §G.2 of Chapter III, implies that A(z) = 0, contrary to ps being 
non-zero. 
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If f(z) is not to vanish identically, we must have b, => 00, for each 
interval (a,, b,] contains at least one zero 4, of fi. We may therefore 
re-enumerate the (a,, b,] so as to ensure that 
0 < a, <b < a, <b <a, < - ~~ (with a,—— 00); this we 
henceforth suppose done. 

Following the idea mentioned at the beginning of this chapter, we 
proceed to apply the Jensen formula from the preceding § to certain ellipses 
whose centres have been moved from the origin to the midpoints of the 
(a,, b]. Let us fix our attention on any one of the latter which, for the 
moment, we designate as (c — R, c+ R]. We take a fixed small number 
y > 0 (whose value will be assigned presently) and, with 


R 
cosh y 


TREER 


apply the corollary at the end of §C to fi(c +z) (sic!) in the ellipse 
z = rcosh(y+i¥), 0 < & < 27; 


we are, in other words, looking at f(z) in an ellipse whose major axis is 
[c —rcoshy, c+rcoshy]: 


Figure 169 


If n, 0<m<y, is a number such that rcoshy > R and N denotes the 
number of J, in (c — R, c+ R], we find that 
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1 2n 
N(y—n) < e log | A(c + r cosh (y + i9))|d9 
o 


" log late +O |, 
VJe- 


By(*), log|Â(c+rcosh(y+i9))| < Lrsinhy|sin 9|, and this, substituted 
in the first integral on the right, yields 


1 £ log|A(c + t)| 2b 
t < —rsinhy — N(y—n). 
DRAP : ? (y—n) 


However, the number N of i, in (a,, b,] is by hypothesis > 2RD > 2Dr. 
Hence 
1 |” logla(c +) 
2 eal eal) 
R 


or < 
cosh y cosh y 
Now we are assuming that nD > L. We can therefore fix y > 0 small 
enough (independently of k !) so that 


=r< RK 


Y 


D- E 
sinh y 


and then fix n>0 much smaller than the small number y so as to still 
have 

pe 

sinh y 


Sy | IE: 


With such values of y and n the right side of (+) is negative. 

Multiply both sides of (+) by rdr (the purpose of the factor r being to 
make our computation a little easier) and then integrate r from R/coshy 
to R. After changing the order of integration on the left, we get 


‘ 2 A C h? = 1 
| pr(t)log|A(c+H|dt < z (sin E nD(y— D) ee Rh 
bk re cosh” 4 
where 
S rdr 
Tort) = | ee 
à max(|t|,R/coshn) N (r? = t?) 


v ie ive — ,/(R?/cosh?y — t°) for |t| < R/coshn, 
~— (R? = 1?) for R/coshn < |t| < R 
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The function zg ,(t) assumes its maximum on [ — R, R]fort = R/coshn, 
where it equals R tanhy. Hence, since log|fi(x)| < 0 by (+), 


j Zh, & cosh? n — 1 
Ranh | log|fi(c+)|dt < $( Lsinhy — Do- R, 


kx cosh? y 
nD(y —)— Lsinhy tanh (n/2) 


by — a), 
2 cosh? n br- a) 


bk 
(3) | log|A(x)i\dx < 


a relation holding for all the intervals (a,, b,], with our fixed y and n for 
which 


mD(y—n) — Lsinhy > 0. 


As we saw at the beginning of this discussion, a, = 0. If A(z) # 0, we 
must also have 


by — as k — œ. 

ar 
Indeed, such a function fi(z) satisfies the hypothesis of Levinson’s theorem 
(Chapter JII, §H.3), after being multiplied by a suitable exponential e'” 
(see the observation at the beginning of §H.2, Chapter III). According to 
that result, if we denote the number of zeros of fi(z) with modulus < r in 
the right half plane by n,(r), we have 


n+() — z for r— œ, 


TA 
nla) 2 (= = a 


Ti 
n, (b) < (= ji by 
T 


for all sufficiently large k, since a, and b, tend to œ with k. If now 
a, < (1 —e)b, for some large enough k, the previous inequalities yield 


[A 


n,(b,)—n4(a,) < = (b,— ay) + (a+b) < ( H 2e) a 


In particular, the interval (a,, b,] can contain at most 


(= + 28 by a 


T 
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of the points A, since A(A,) = 0. By hypothesis, however, that interval 
contains at least D(b, — a,) of those points. Hence, since L < 2D, we have 
a contradiction if ¢>0 is small enough. 

Once we know that a, — œ and b,/a, — 1 for k — œ, we can be sure 
that the quantity 


2 
| sup + t 
k a? 


is finite. Then, since log|A(x)| < 0, (¥) yields 


z [ea be _ mD(y—n)—Lsinhy  tanh(n/2) & (b, — a A 
1 TEA T 2M cosh? y k=1 ak ; 


k= ak 


and the right side equals — œ by hypothesis. That is, 


= 0, 


if log IAO) | 
ee xX 
ese 


the relation sought. The proof is complete. 


Remark 1. Beurling and Malliavin originally proved this result using the 
ordinary Jensen formula (for circles). For such a proof, a covering lemma 
for intervals on R is required. 


Remark 2. In case the A, are not distinct but f(z), having the other 
properties assumed in the proof has, at each of the former, a zero of order 
equal to that point’s number of occurences in the sequence, we still 
conclude that f(z) = 0 by reasoning the same as above. 


Remark 3. If we assume the apparently stronger condition 


$ (=) a 
k=1 by 


on the intervals (a,, b,], the appeal to Levinson’s theorem in the above 
argument can be avoided. In that way one arrives at what looks like a 
weaker criterion for completeness. 

That criterion is in fact not weaker, for the condition just written is 
implied by the divergence of >, (by — 4)/a,)?. Convergence of either series 
is actually equivalent to that of the other; see the top of p. 81. 

Be that as it may, we are in possession of Levinson’s theorem. It was 


therefore just as well to use it. 
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2. Beurling and Malliavin’s effective density Dy 


A certain notion of density for positive real sequences, different 
from the one used in the first two §§ of the present chapter, is suggested 
by the result proved in the preceding article. 


Starting with a sequence A of numbers å, > 0 tending to œ, we denote 
by n,(t) the number* of 4, in [0, t] when t > 0 (as in §A), and take n,(t) 
as zero for t < 0. Fixing a D > 0, we then consider the set 0p of t>0 such 
that 

na (t) — na(t) 
Tal 


D 


for at least one t > t. Since n,a(t) = na(t+), Op is open, and hence the 
union of a sequence of disjoint open intervals (a,, b,) =S (0, 00), perhaps 
only finite in number. It is convenient in the present article to have the 
index k start from the value zero. 

The (a,, b,) are yielded by a geometric construction reminiscent of that 
of the Bernstein intervals made at the beginning (first stage) of §B.2, 
Chapter VIII, but different from the latter. Imagine light shining downwards 
and from the right, in a direction of slope D, onto the graph of n,(t) vs. t 
for t>0. The intervals (a,, b,) will then lie under those portions of that 
graph which are left in shadow: 


Figure 170 


* We allow repetitions in the sequence A; n,(t) thus counts the points in A with 
their appropriate multiplicities. 
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It is clear that each of the points 4, (where n,(t) has a jump) must lie in 
one of the half-open intervals (a,, b,]. Therefore since 4, ——+ œ we may 


enumerate those intervals so as to have 


Us edg <> Uni dy <A bh G5 <b, = * 


> 


with a, —> œ (see beginning of proof of the theorem in the preceding 
article). This having been done, we see from the diagram that when bẹ < ©, 


na(b,) — nalar) 


D, 
by, — a 


except perhaps for k =0, where the left side may be > D. 


Let us, for the work of this article, agree to call the set Op substantial 
if either by = œ or 


x C=) Lopra 
k>1 ay 


Lemma. If, for some D > 0, Opis substantial, then Op is substantial for 
On<eDo <n D: 


Proof. It is clear from our definition that Op S Op for0 < D' < D. 
If, then, we write Op and Op as disjoint unions 


Op U (a, by), 


k20 


U (a, by) 


120 


Oy 


of intervals enumerated in the way just described, each of the (a,, b,) is 
contained in some (a, bi), and in particular (ao, bo) S (ao, bo). Hence, if 
by = œ, surely bi, = œ, and Op is substantial. 

When bọ < œ and Op is substantial, we have 


z aza) ž 
) al ak i 


If there are only finitely many (ap, bx), by must be infinite for the last one 
of those by (*), so, if that one is contained in (aj, bj), say, surely b, = 00, 
making Op substantial. Otherwise, (*) consists of infinitely many terms, 
each of which is finite. Then, in case bi, = œ, we are done. When by < 0, 
however, there must be intervals (a;, b;) with! > 1 since 4, —- 00 and 


each A, is contained in some interval of Op.. Taking, then, any! > 1 and 
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denoting by 
Nie Dee eee 
the indices k — there are some — for which 
(a,, b,) = (a), bi), 
we get 
Mı 
ba; > D (b,, — a) 
k=N, 
so that 


(b, — a)? He (by — ax)? 


k=N; 


(the possibility that M, = œ is not excluded here). Because 0 < a, < & 
fork > N, we see that 


, IN 2 M 2 
(==) 2 3 (=) 
1 A j 
a, k=N, ak 


Adding both sides for the values of | > 1, we obtain on the right a sum 
which differs from the one in (*) by at most a finite number of terms (those, 
if any, for which 1 < k < N,). The former sum must thus diverge, making 


bi —a,\’ 
2 i = oO, 
121 a, 


and Op is substantial. 
We are done. 


Definition. If a sequence A of (perhaps repeated) strictly positive numbers 
has no finite limit point, its effective density Dy is the supremum of the 
D >0 for which the sets Op corresponding to A in the way described 
above are substantial. If none of the Op with D> 0 are substantial, we put 
D, = 0. Finally, if A has a finite limit point, we put D, = œ. 


The density D, was brought into the investigation of completeness for 
sets of exponentials ei by Beurling and Malliavin; its rôle there turns 
out to be analogous to the one played by the Polya maximum density 
DX% in studying singularities of Taylor series on their circles of convergence. 
We will see at the end of this article that D, is a kind of upper density, 
being the infimum of the (ordinary) densities of those measurable sequences 
containing A that enjoy a certain definite property, to be described presently. 
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It is convenient to extend our definition of D, to arbitrary real sequences 
A. 


Definition. If the real sequence A includes 0 infinitely often, D, = 00. 
Otherwise, D, is the greater of D,, and D,~ for the positive sequences 
A, = An(0, oo), 
Ao = (—A)A(O, co} (sic!); 
( —A denotes the sequence {—4,} when A = {A,}.) 


The result from the preceding article can then be reformulated as follows: 


Theorem. Let A be a sequence of distinct real numbers i,, with D, > 0.Then, 
if 0 < L < TD, the exponentials e" are complete on [— L, L]. 


Proof. Consists mainly of reductions to the result referred to. 

Suppose in the first place that the A, have a finite limit point, making 
D, = œ. We see then as at the beginning of the proof of the theorem from 
the preceding article that the e are complete on any finite interval. 
Having disposed of this trivial case, we look at Ay = An(0, œ) and 
A_ = (—A)N(O, œ). Assume, wlog, that D, = DNE in that case we 
re-enumerate A so as to make A, consist of the 4, with n > 1, and then 
claim that the e}? with n> 1 are already complete on [— L, L] for 


~ 


0 i L < DM = TD ,. 
Fix a number D with 

E = 2 

— < D < DYS — Da, 

T 


and form the open set 


Op = U (ak, by) 


k20 
in the manner described above. By definition of D, , there must be a D’, 
peep apy 


such that the set Op corresponding to it is substantial; Op is therefore 
substantial by the above lemma. We thus either have b, = œ for some k, 
or else there are infinitely many finite intervals (a,, b,) with 


aa) 
S =) 6, 
ae ak 


Let us consider the first possibility. If, say, by, = %0, there must be 
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arbitrarily large t; > ap, for which 


INGE) — Nalak +) 


Tj = Ako 


D. 


There is, indeed, at, > ap, such that 


na(T1)— nalak +) 


Ta — Ay 


2 OD 
(see the above diagram, and keep in mind that n,(t)=n,(t+) ). Then, 
however, t4 € (a, œ) S Op, so there is a t} > t, with 


Na(T2) — na (T1) 


Cote cy 


D, 


and similarly at, > qt, with 


Na(t3) — Na(T2) 


T3 — T2 


D, 


and so forth. Since n,(t) increases by at least unity at each of its 
discontinuities 1,, we must have n,(t;) — ©. But then t; — > œ since we 


are in the case where 1, ——> œ. 
Putting together the inequalities from the chain just obtained, we see that 


number of 4, in (a,,, 7; ] 


> D 


Tj TF Ako 


iînt were incomplete on [—L, L] for 


with tj— > œ. If now the e 
0 < L < xzD,we would as in the previous article get a non-zero complex 
measure u on [—L, L] with fi(A,) = 0 for n > 1, and the zeros of fi(z) 
in the right half plane would have density < L/x < D by Levinson’s 
theorem (Chapter III, §H.3). This, however, is incompatible with the 
previous relation. The e`% with n > 1 must hence be complete on[—L, L] 
in the event that one of the b, is infinite. 

There remains the case where Op consists of infinitely many finite 
intervals (a,, b,) with 


aay 
— = Con 
alt ak 


Here, however, 


number of A, in (a,, b, ] 


by, — a 
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for k>1, and the completeness of the ei” on [—L, L] for 
0 < L < aD is an immediate consequence of the preceding article’s 
result. 

We are done. 


Corollary. The completeness radius associated with A is > nD. 


Remark. Work in the next chapter will show that in the corollary we 
actually have equality. That is the real reason for D a S having been defined 
as it was. This extension, due also to Beurling and Malliavin, lies much 
deeper than the results of the present §. 


We proceed to look at how D a can be regarded as an upper density. The 
following lemma and corollary will be used in Chapter X. 


Lemma. If D, < œ for a sequence of (perhaps repeated) strictly positive 
numbers A there is, corresponding to any D > D,, a sequence X 2 A of 
strictly positive numbers for which 


[rma < 
Nimo he 


Remark. Such a sequence È does not differ by much from the straight 
- arithmetic progression 1/D, 2/D, 3/D ,.... About this more later on. 
Proof of lemma. Is based on a very simple geometric construction. 


Starting with a fixed D> D,, we form the set 


Op = J (ak, by) 


k20 


corresponding to A in the manner described above, with the intervals 
(a,, b,) enumerated from left to right. By choice of D, Op cannot be 
substantial, hence bọ < œ and 


= 2 
k>1 ak 


Let us first find a continuous increasing function p(t) such that 


< OO. 


* |na(t) + u(t) — Dt| 
(t) | ig 


This is not difficult: take u(t) to be the piecewise linear continuous function 
having slope D on each interval of [0, œ) complementary to Op and slope 
zero on each of the components (ap, b,) of Op, with (0) = O: 
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Figure 171 


Outside of Op on the positive real axis, n,(t)+ u(t) is simply equal to 
Na(bo) — D(bp —ao) + Dt, so 


t t)— Dt 
f naO + MOD Dil ae < oo, 
Os~ Op Det 


Writing ny(bo) — D(bp — 49) = c, we see from the figure that on each of 
the intervals (a,, b,), 
Da, +c = na(a)+ ula) < nalt)+ u(t) < nab) +ulb,) = Db, +c, 


“RE E beeen E 


ford, < f < b,. ano 
[7 xO mG) Dy < plea) cf dt 
ie 1+? ar +1 a OEE I 
The convergence of 


| |n,(t) + u(t) — De| 
Op 1 +t? 


dt 


thus follows from that of the sum >,, , (b, —a,)?/a?, and, referring to 
the previous relation, we get (t). 
In virtue of (+) we have also 


| © |na(t) + [u(t)] — De| 
o 1+t? 


dt <o" 
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where, as usual, [u(t)] denotes the greatest integer < u(t). The increasing 
function n,(t)+[y(t)] takes, however, only integral values, and it 
vanishes at 0. It is therefore equal to n,(t) for some strictly positive sequence 
x. È clearly consists of the points where n,(t) jumps together with those 
where [u(t)] jumps, so E > A. And 


[Bae 


3 Gixinin <0; 
0 1+t 


as required. 
Remark. For the sequence > actually furnished by the construction we 
have 

ns(t) < Dt+c. 


Corollary. If A is areal sequence for which D a <x oandD > Dy, there is 
a real sequence & including A such that 


z HDi 
| Int) F=Dth ons! aie 
CER 


— 0 


p> N.B. Here, n;(t) has its usual meaning for t > 0, but denotes the negative 
of the number of members of È in [t, 0) when t < O (convention of 
` Chapter III, §H.2). 


Proof of corollary. Write A, = A(0, œ)and A- = (—A)n(0, œ). 
Given D > both Dice and D, we apply the lemma to A, and A- 
separately, and then put the two results together to get Ł, adjoining 
thereto, if needed, the point 0* so as to ensure that A S È. 


The preceding lemma has a converse whose proof requires somewhat 
more work. 
Lemma. If A > 0 and È is a strictly positive sequence such that 
© |ns(t) — At 
i Im AE ae oo, 
Lt 
we have Dy < A. 


Proof. Let us take any D> A and form a set 


Op = U (ar, by) 


k20 


corresponding to the sequence &, following the procedure used up to now 
with positive sequences A. According to the definition of Ds, it is enough 


* with appropriate multiplicity 
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to show that Op is not substantial. In the following discussion, we assume 
that A >0. When A =0, the treatment is similar (and easier). 
Order the interval components (a,, b) of Op in the now familiar fashion: 


0 << @ <b,°< @, <l502. 4, <= 


It is claimed first of all that bọ < co. Suppose indeed that bọ = œ. Then, 
as in the proof of the previous lemma, we obtain a sequence t; —~ œ such 


that 


nx(T;) — nz(ao) 


T;— Ao 


D, 


ns(T;) > D(t; — ao), 


since of course ns(d)) = O (see figure near the beginning of this article). 
This means that n;(t) > D(t;— ao) for t>t,, n,(t) being increasing. 
Therefore, if t; is large enough to make 


(we are taking D> A !), we have 
n;(t)— At > Dt;— At—Day > 0 


fort; < t < (D/A)t; — (D/A)ay: 


ns(t) 


Figure 172 
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Looking at a qt; larger than (2D/(D — A))ao, we see from the figure that 


(D/A)tj — (D/A)ao He A 
| ns(t) er 
‘a 1 + ?? 
1 D D 
[0-4 pa H 2-2- DA 2 2 
> oe ss 8 A ETENN 
i D D 2 8A D? 2 
oe oa ye. 1 + Aes 


and this is > A(D—A)?/16D? (say) for large enough t,. Since the q; 
tend to œ, selection of a suitable subsequence of them shows that 


[Aa 
oo delat? 
a contradiction. 

Having thus proved that by < oo, we are assured of the existence of 
intervals (a,,b,) with k > 1, and need to show that 


3 (=) bed ot 
k>1 a, 


Considering any one of the intervals (ap, b,) in question,* we denote by Z, 
the straight line of slope D through (a,, ns(a,)) and (b,, ns(b,)), and look 
at the abscissa c, of the point where Z, and the line of slope A through 
the origin intersect: 


ns(t) 


Figure 173 


* b, < œ by the argument just made for bo 
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If c, lies to the right of the midpoint, (a, + b,)/2, of (ax, ,), we say that the 
index k > 1 belongs to the set R. Otherwise, when cp < (a,+,)/2 (as in 
the last picture), we say that k > 1 belongs to the set S. 


Let us first show that 


a 2 
keR ak 


When keR, the situation is as follows: 


Figure 174 


It may, of course, happen that c, > b,. In order to allow for that 
possibility, we work with 


C = min(c,, b,). 

The preceding figure shows that here 

iL Ai nal) ane 3(D — A) (cy — ap) (ci — ap) S D—A (b= ay) 
ae wid ate oe 1M 8 1+b? 


since c,—a, > 3(b,—4a,) for ke R. However, (ap, c,) S (a, by) with 
the latter intervals disjoint. On adding the previous inequalities for ke R it 
thus follows by the hypothesis that 


(by, — ay)? 


0, 
ker 1+b? 
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whence 


3 Gaal < œ 
keR by $ 


since we are dealing with numbers b, > a, > 0. The last relation 
certainly implies that there cannot be infinitely many ke R with 


b 
A Say! 
ak 

so we must also have 


A) <o 


keR ak 


We now show that 


E) <0 


keS ak 


this involves a covering argument. Given ke S, we put 


A D—A 
b; = min(b, + (bx — Ck), b; T (b; Er a), 


A A 
so that 


D-—A 7 D= 
2A (b, — ap) < b, — by < A 


and observe that n;(t) > At for bp < t < b: 


A 
(b; Ti ax), 


Figure 175 


(D-A)(b,- ¢,) 
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We see that in the present case 


ie m(t)— At a > 2(D— Abr — )(O, — bi) 


» i+? ia 1 + (b,)? 
> (D> Ay (bx — a)? 
BA pr 
I q” 


What prevents us now from reasoning as we did when examining the sum 
Eper (bk — a) /b} is that the intervals (b,, b,), keS, may overlap, 
although of course the (a,, b,) do not. 

To deal with this complication, we fix for the moment any finite subset 
S’ of S, and set out to obtain a bound independent of S’ on the sum 


(b, — a) 
kes 1+ (Db,/ A) 


For this purpose, we select certain of the intervals (a,, b,), kes’, in the 
following manner. 

First of all, we take the leftmost of the (a,, b,), kesS', and denote it by 
(xı, By). If (%1, By) is (ak, br,), Say, we denote b,, by B',; thus, 


A(R ye pe a (8, a) 


Having picked («,, {,), we skip over any of the remaining (a,, b,), kes, 
which happen to be entirely contained in («,, f',) (sic!), and then, if there 
are still any (a,, b,) left over for ke S’, choose (a, B,) as the leftmost of 


those. If (#2, P2) = (4,, br,), Say, we write 8, for b,,, which makes 
D—A ’ D—A 
ae < ~,—B: S arenes 


It is important that (f,, 81) cannot overlap with (B2, P), even though 
(xı, P1) may well overlap with (a, B2): 


Figure 176 


Otherwise, (x2, P2) would certainly be included in (a,, pi), contrary to the 
way it was chosen. It is also true that any of the intervals (ap, b,), keS’, 
skipped over in going from (a,, 8,) to («,, B2) must lie in (B,, b1). The 
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former are indeed included in («,, f',), but certainly have no intersection 
with (a,, B,), which, asa particular (a,, b,) is disjoint from all the others. 

If, after choosing («,, 8), there are still some (ap, b,) left over with k e S’, 
we go on in the same fashion, first skipping over any that may be entirely 
included in (a, P) — by the argument just made, those must in fact lie in 
(B2, B,) — and then taking (a3, B3) as the leftmost of the remaining 
(a,, b,), kes, if such there be. Defining $} as we did f', and f’, above, we 
see that the three intervals 


(Bi, By) (f2, B), (B3, b3) 
must be disjoint. 


This process can be continued as long as there are any (a,, b,) left with 
k eS’. After a finite number of steps we finish, ending with certain intervals 


(1, By), (a3 B2), es ean (a,, B,)s 


selected from among the (a,, b,) with ke S’, and having the following two 
properties: 
(i) the intervals (B,, B;) are disjoint for 1 < 1 < p; 
(ii) each of the remaining (a,, b,), kes’, is entirely contained in one 
of the (Bo p 1 < l < P. 


Foreachl, 1 < l < p,the inequality proved above can be rewritten 


[so airaa p aipat 
Re BALL (DB AN 


Denoting by S, the set of keS’ for which (a,, bx) S (n, Bi), we have 
D—A 
Dg (b,-4) < B,- Bi Sy o: 
keS) A 
the (ap b,) being disjoint, and b, is of course > f; for ke S, Hence, 


(by — a}? < (=) (Bi — 2)? 
Cen Db eee A 1 +(DB,/A)* 


which is 


8 fi nz(t) — At i 


AJ let 
l 
by the previous relation, and finally 


(Ba? a Caer f eo 
T+DBJAP | Z 14DA} ~ ADAF a), 1+ 
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By property (i) we find, summing over /, that 


iM 


By — %)? z k — Ay)? 
ET iat M nore 


am 8A A =) [mae 
(DEA) Asian ae 


According to property (ii), the sum on the left is just 


(by — a)? 3 
kes’ 1 + (Db,/ A)?’ 
that quantity is therefore bounded by the right hand member, obviously 


independent of S’, of the relation just written. 
Since S’ was any finite subset of S, we thus have 


(by — a)? ( 8A Al |nz(t)— At| 
ee ee ee ede 
È T4 (Db, /A} DAF Addon tee 


and from this point we may argue just as during the consideration of 
Eer (br — %)?/a? to show that 


Ak 2 
>D (=) <o 
keS ak 


Knowing that the corresponding sum over R is finite, we conclude that 


a 2 
k>1 a, 


That, however, was what we needed to establish in order to finish showing 
the non-substantiability of Op, from which it follows that D, < D. Thus 
D; < A, since D > A was arbitrary. Q.E.D. 


Putting together this and the preceding lemma, we immediately obtain 
the 


Theorem. Let A be a strictly positive sequence.* Then D, is the infimum of 
the positive numbers A such that there exist positive sequences= 2 A with 


ik |ns(t) — At| 


dt 
je Fr 


* perhaps with repetitions. 
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Corollary. If A is areal sequence, D, is the infimum of the positive numbers 
A for which there exist real sequences & 2 A with 


i —A 
Peg eS 


This corollary follows from the theorem in the same way that the one to 
the first of the preceding two lemmas does from that lemma. 


A positive sequence È such that 
|nz(t) — Atl it ars 
4. iat 
is measurable according to the definition in §E.3, Chapter VI. 


Lemma. If the relation just written holds for the positive sequence X and 
some A >0, we have 


na) 


—A fort—o. 
t 


Proof. If, for some y > 0, we have ns(to) > (A+n)to with to > 1, we 
see from the following diagram that 


l t ae 
epee ns(t)— At 4, i 3" 0 a o A 1? 
2 = 2 aa De 
a sok 1 + (1+2) t sa(142) 


n 
Figure 177 í vA i 
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If, then, this happens for arbitrarily large to, we can get a sequence fiz}, 


n 
P > (1 + )h 


such that 


(1+n/A)te n (t)— At 24 
| AOE 4 it red 
i Litt 4(A +n) 


for each k, making 


o =A 
| [nz(t)— At] i = oO, 
o lr 


contrary to hypothesis. Therefore n,(t)/t must be < A+mn for all 
sufficiently large t. 
By working with an integral over ((1—1/A)to, to), one shows in like 
manner that n;(t,)cannot be < (A -— n)to for arbitrarily large values of to. 
The lemma is proved. 


This result shows that the (ordinary) density of any positive sequence 
x for which 


| OTA Fy oe 
a 1+t 


is defined (in the sense of §E.3, Chapter VI) and equal to A. The previous 
theorem thus furnishes our characterization of D, as an upper density: 


For a positive sequence A, D, is the infimum of the densities Dy 
of the positive measurable sequences E > A such that 


(Wet KS Coy 


I |n;(t) — Dst| 
> eee 


Referring to the definition of Pólya’s maximum density D* given in §E.3 
of Chapter VI, we also see that 


ent 
Dt < Dg 


for positive sequences A. Simple examples show that Dy can be really 
bigger than DX; it is recommended, for instance, that the reader construct 


a measurable sequence A of positive integers for which the ordinary density 
D, is zero, while D} = 1. 
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E. Extension of the results in §D to the zero distribution of 

„entire functions f(x) of exponential type, with 

j= (logt | f(x)|/(1 + x?)) dx convergent l 

In the proof of the theorem from §D.1 we may, thanks to the 
third Phragmén-Lindelof theorem of §C, Chapter III, replace the Fourier 
transform f(z) by any entire function f(z) of exponential type < L, 
bounded on the real axis, and vanishing* at the points 1, > 0. This yields 
a result about the real zeros of such functions which is best formulated 
in terms of the effective density D, introduced in §D.2: 


If f(z), a non-zero entire function of exponential type < L, 
bounded on the real axis, vanishes at the points of the real 
sequence A, then Dy < L/r. 


In cases where A © R consists of all the zeros of f(z) (each counted 
according to its multiplicity) and where the two quantities 


lim su 


y> 


p LEIO) AN log | f (iy)| 
y yr—o ly| 


are both equal to L, we in fact have D A= D a= L/n for the two ‘halves’ 
A, = An(O, 0), A= (—A)N(0, œ) of A, which is a considerable 
amelioration of Levinson’s theorem. This is so because under the stated 
conditions A, and A_ will both be measurable and of (ordinary) density 
L/n by the Levinson theorem from §H.2, Chapter III. We know on the 
other hand that D a, and D,_ must be > the respective ordinary densities 
of A, and A_, according to the work at the end of §D.2. 


The requirement that f(x) be bounded on the real axis can be relaxed. 
From the Beurling—Malliavin multiplier theorem, to be proved in Chapter 
XI, it readily follows that the boundedness can be replaced by the milder 
condition that 


b log* |f œ| 


i 7 dx < ©, 
+X 


and the above result, together with its consequences, will still hold. The 
multiplier theorem is, however, a deep result about existence, so an 
argument which depends on it for merely refining the simple estimation 
procedure of §D.1 hardly seems satisfactory. That is why Beurling and 
Malliavin gave a direct proof of the more general result in their 1967 Acta 


* With the appropriate multiplicity at any repeated value A,; see Remark 2 at the 
end of §D.1 
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paper. Their work is presented in article 2 below. In it, an estimate for 
harmonic measure going back to Ahlfors and Carleman is used in 
somewhat unusual fashion. That estimate is derived in article 1. 


hi Introduction to extremal length and to its use in estimating 
harmonic measure 


The notion of extremal length, due to Beurling, is a natural 
development of a more special idea already appearing in his thesis, and 
is closely related to material in Gr6tzsch’s work. Ahlfors also is closely 
associated with the early study of it. 

The use of extremal length (or rather of its reciprocal) is very helpful 
and convenient in the investigation of various problems involving analytic 
functions, due partly to the strong appeal such use makes to our geometric 
intuition. This technique, based on a simple and beautiful idea, has been 
valuable in the study of quasiconformal mappings and even of problems 
in R", as well as in ordinary function theory. It is really a pity that 
familiarity with extremal length is not more widespread among analysts, 
and that most textbooks on analytic functions do not discuss it. The most 
accessible introduction is in W. Fuchs’ little book; material is also 
contained in the one by Ahlfors on conformal invariants. Hersch’s 
Commentarii Helvetici paper from the 1950s has a longer (and somewhat 
pedantic) development, as does the book of Ohtsuka. This last is not the 
place for beginning one’s study of the subject.* 


Extremal length is defined for a given family G of curves in a domain 2. 
One usually requires the curves belonging to G to be at least locally 
rectifiable. Once G and 2 are prescribed, we look at certain positive Borel 
functions (‘weights’) p(z) defined on 2. We say that one of these is 
admissible for G if 


| p(z)|dz| > 1 


p> for every curve y in the family G. The reciprocal extremal length A(2, G) 
(often called the modulus) associated with G and 2 is simply the infimum of 


| (p(z))? dx dy 


for all the p admissible for G. 


* The beautiful outline in Beurling’s Collected Works (vol. I, pp. 361-85) has now 
appeared (Collected Works of Arne Beurling; 2 vols, edited by L. Carleson, 
P. Malliavin, J. Neuberger and J. Wermer; Birkhauser, Boston, 1989). 
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The idea here is natural and straightforward. We think of p(z) as some 
kind of varying gauge or conversion factor which must be used to the first 
power to get (infinitesimal) lengths and to the second power to get areas. 
Saying that f ,p(2)|dz| > 1 for all the curves y of the family G means that 
we require our p to make each of those have (gauged) length > 1. We then 
look to see how small the (gauged) areas ff 4(p(z))? dx dy can come out 
using the different conversion factors p fulfilling that requirement. The 
infimum of those gauged areas is our quantity A(Q, G). 


WARNING Most authors work with the actual extremal 
length A(2, G) equal to 1/A(2, G), although at least one uses 
A(2, G) to denote our A(Z, G) and calls it extremal length. 
Some write A(Z, G) where we have 1/A(Z, G). Care must 
therefore be taken when consulting the formulas in other 
publications not to confound what we call A(2, G) with its 


reciprocal. 


Here are some practically obvious properties of reciprocal extremal 
length: 

LG’ = G, A(2,G') < A(2, G). 

Indeed, there are certainly at least as many weights p > 0 admissible for 
G' as there are for G. 


2. A(2, G) is a conformal invariant; in other words, if ọ is a conformal 
mapping of 2 onto Q, say, and G. consists of the images under ọ of the 
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curves belonging to G, we have 
A(Q,G) = A(Q,G). 
To verify this, observe that if ye G and o(y) = 7, then 


| polaz - f roa 


where, for € = ọ(z) e Ž, p(t) = p(z)/lọ'(z)|. Thus, to each p > 0 
defined on 2 and admissible for G corresponds a ñ > 0 defined on J, 
admissible for G; we obviously can get all weights on 9 admissible for G 
in this fashion. Since ọ is conformal, we also have (with ¢ = č + in): 


[| Oaar = {| 


for each such p. 


pE) 
g'(z) 


2 
lp'(z)/?dxdy = {| (p(z))? dx dy 


It is property 2 that makes extremal length so useful in the study of 
analytic functions. For those applications, we can go a long way using 
just the two properties and the result of the following simple 


Calculation. To find A(2, G) when 2 is a rectangle of height h and length 
l, and G consists of the curves in 2 joining the two vertical sides of 2. 


Figure 179 


Choosing coordinates in the manner shown, we look at any function 
p(z) > 0 defined on 2 for which f,p(2)\dz| > 1 when y is any curve like 
the one in the diagram. That relation must in particular hold when y is 
a line parallel to the x-axis, so we must have 


l 
| paiar > 1 for0<y<h. 


(0 
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From this, by Schwarz’ inequality, 


l 
[ otimas i > (|. peia) >I, 


(0 
SO 


Rai i h 
| | too +p avay Sos 


0v0 l 


and A(2,G) > hi/l. 


However, the function p(z) = 1/l is admissible for G, because if y is 
any curve like the one shown, 
1 length l 
{ ia Se 1 
of l l 


This p gives us exactly the value h/I for [f „p° dx dy. Therefore 


for this particular situation. 


It is important to note that the computation just made goes through in 
the same way, and yields the same result, when we except a finite number 
of values of y from the requirement (on p(z) ) that 


l 
| p(xt+iy)dx > 1 
0 

for 0 < y < h. This means that we obtain the same value, h/l, for A(2, G) 
when 2 is a rectangle of height h and length | with a finite number of 
horizontal slits in it, and G consists of the curves in 2 joining D’s vertical 
sides (and avoiding those horizontal slits): 


Figure 180 
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We can now show how extremal length can be used to express the 
harmonic measure of a single arc on the boundary of a simply connected 
domain 2. Given such a domain 2 with a Jordan curve boundary 02 
and an arc o on 02, we take any fixed zọ € 2 and consider the family G 
of curves in D which start out from c, loop around Zo, and then (eventually) 
go back to a: 


Figure 181 


(The curves belonging to G are not required to intersect themselves, 
although they are allowed to do so.) There is a precise relation between 
A(2, G)and w9(c, Zo), the harmonic measure of o in 2, as seen from Zo. 
This is due to the conformal invariance enjoyed by both A(Q, G) and 
@(G, Zo). Let us first map Z conformally onto the unit disk A in such a 
way that zo goes to 0 and o to an arc 6 of the unit circle with midpoint at — 1: 


Figure 182 
Then 


(a, Zo) 7 w,(ð, 0) = |é|/2n, 
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and, if G denotes the family of curves in A which leave č, loop around Q, 
and then come back to 4 (see the figure), 


A(Q,G) = A(A,G) 


according to property 2. From this, we already see that A(Q, G) is a 
function of || = 2n@o(o, Zo), because the whole configuration used to 
define A(A, G) is completely determined by the size of the arc õ. Calling that 
function y, we have 


A(2,G) = wW2nwa(, Zo)), 


the relation referred to above. 


If the boxed formula is to be of any use, we need some information 
about y. With that in mind, we look first at the way A(A, G), equal to 
A(Q, G), is obtained. The reflection, *, of any curve 5eG in the real axis 
also belongs to G, because the arc & is symmetric with respect to the real 
axis, due to our having chosen it that way: 


Figure 183 


Therefore, if p > 0 (defined on A) is admissible for G, we not only have 
J,p(2)\dz > 1 for any JEG, but also 


| p(z)\dz| > 1 
;* 
for such curves 7, i.e., 
| pee Steak 
7 


This means that p(Z) is also admissible for G, from which it follows that 


2(p(2) + pt) 
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is admissible for Gi whenever p is. However, 


| (p(z))? dx dy 


p(z) + pV 1 1 | 
[6e i < ff oraa + a, 
= | | (p(z))? dx dy, 
A 


so it follows that for the computation of A(A, G), we need only look at the 
functions p admissible for G such that 


p(z) = p(Z). 


Figure 184 


For such admissible weights p, 


| p(z)|dz| > = 
a 2 

when å is any curve, going from the segment [0, 1) to the arc & and lying 
in A. Indeed, given such a curve À, it and its reflection A* in the real axis 
together make up a curve ĵ belonging to G (when /* is traversed in the 
reverse direction), so that 


| vlaz + | p(z)|dz| > 1, 
A a* 


| (oe + penta > 1, 
À 


which implies the relation in question. The weight 2p(z) is thus admissible 
for the family H consisting of the curves À just described. It is, moreover, 
clear that all theq > 0 admissible for H with q(z) = q(Z)are of the form 2p 
where p(z) = p(Z) is admissible for G. 

To obtain A(A,H) we may, however, limit our attention to the q 
admissible for H with q(z) = q(Z). This is seen by arguing as we did for 
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A(A, G). In view of the preceding observation, we therefore have 
A(A, H) = 4A(A,G). 


If we now restrict the family H so as to only have in it curves À lying 
entirely in the slit disk Q = A ~ [0, 1) except for their endpoints, A(A, H), 
according to property 1, will not be augmented. It will not be diminished 
either, for such restriction of H does not give us any new admissible 
functions q.* We may therefore take H to consist only of curves A of the 
kind just mentioned without affecting the last relation. Once this is done, 
A(A, H) becomes identical with A(Q, H ),’ so we have finally 


A(Q,H) = 4A(A, 6), 


and if y is the function introduced above, 
r 1 
Wel) = De 


Another conformal mapping will enable us to identify A(Q, H) with the 
reciprocal extremal length already worked out in the above special 
calculation. Let it be granted for the moment that Q = A~ [0, 1) can be 
mapped conformally onto a certain rectangle in such a way as to make 6 
go onto one side of that rectangle, while the slit [0, 1] goes onto the opposite 
side. We shall see presently why there always is such a mapping. 


Figure 185 


The rectangle may evidently be oriented so that the images of ë and the 
slit are vertical; the mapping — call it y — will then take the curves of our 
(restricted) family H to the ones in the rectangle joining its two vertical 
sides. Denoting the latter family of curves by H’ and the rectangle itself 
by Q’, we see by property 2 that 


A(Q,H) = A(X, H’). 


* That’s because any curve À in A running from [0, 1) to ë has on it an arc lying 
in the smaller domain Q and joining [0, 1) to 6. 


t The slit [0,1] has zero area! 
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If Q’ has height h and length 1, we know by the special computation* that 
A(O HA = A/T Hence 


AO H) = hy. 
As we have already seen, however, 
A(Q, H) = 4y(|6\), 


Ų being the function presently under investigation. We have therefore 
arrived at two conclusions: 


(i) that the side ratio h/l of the rectangle Q’ (assuming always that 
a mapping @ exists!) is determined by || even though, for the 
same arc 4G, different mappings @ of the kind described onto 
different rectangles Q’ may be (and in fact are) possible; 


(ii) that the function value W(\|é|) can be evaluated, once a mapping 
ọ is available, by the formula 


YSI) = h/4l 


With a little more work we can show that a mapping @ really does exist 
and, at the same time, obtain a simpler description of the function y. The 
idea here is to get at ọ by going backwards. 

We start by taking an arbitrary h>0O and mapping the rectangle 
{z: 0< Rz <1, 0< Jz < h/2} conformally onto the quarter circle 
{z: |z|<1, Rz>0, 3z>0} in such a way as to take 1 to 1, hi/2 to i, 
and 0 to 0: 


Figure 186 


Under this mapping, the upper right-hand corner of the rectangle goes to 
a certain point e'f, 0 < 8 < m/2, where $ evidently depends on h. Successive 
Schwarz reflections in the x and y axes will now yield a conformal mapping 
of the enlarged rectangle {z: —1 < Rz < 1, —h/2 < Jz < h/2} 


* The curves in H’ join the left vertical side of Q' to its right one with endpoints 
omitted. That does not affect the computation; see the observation following it. 
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onto the unit disk A, which takes 0 to 0, the right vertical side of the new 
paegte to the arc (£ +’, etf), and its left vertical side to the opposite arc 
1B 


t 
eh, seis); 


rec 
( = 


Figure 187 


From this we see that 2ß/n is equal to the harmonic measure of the 
rectangle’s two vertical sides relative to that rectangle, as seen from 0. It 
is, however, obvious by the principle of extension of domain that this 
harmonic measure increases when h does, in fact, grows steadily from 0 
towards 1 as h increases from 0 to o0: 


Figure 188 
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Given a, 0 < « < 2z, we may therefore adjust h so as to make B = «/4,and 
there will be only one value of h for which this happens. 

Taking that value of h (which depends on «), we denote by F, the inverse 
of the last of the above conformal mappings (the one from the enlarged 
rectangle to A). If « is the length of our arc & on the boundary of the slit 
disk Q, the transformation 


PP AY C2) 


maps Q conformally onto the rectangle 


Zane <n, peat L hee 4 
2 2 


and sends č to the right vertical side of that rectangle, taking, at the same 
time, the slit [0,1] to its left vertical side. Indeed, the simple conformal 
mapping z — ,/(—z) does take Q onto the right half of A, and sends the 
slit [0,1] to the vertical diameter of that semi-circle, while the arc & of 


length « (having midpoint at — 1) goes to the arc (&~#/*>~e'#/4): 


Figure 189 


And, since f = «/4 for our value of h, F, does, according to one of the 
preceding diagrams, take the right half of A onto the above mentioned 
rectangle, making the diameter and arc go onto that rectangle’s vertical 
sides. We have, in other words, obtained a mapping ¢ of the required sort: 


e(z) = F,(./(—2)). 


The rectangle onto which this g takes Q has height h and length unity. 
Therefore, with h corresponding to « = |é| in the manner described, 


Yla) = h/4. 


We see by the preceding discussion that y (æ) is strictly increasing (from 
0 to œ) when « increases from 0 to 27; this means, of course, that the 
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inverse function Y~ ' exists. In fact, if B is related to h through the conformal 
mapping of a rectangle onto a quarter disk used above, we simply have 


w*(h/4) = 4B: 


Figure 190 


Let us now return to our original boxed relation between A(Q, G) and 
(6, Zo). From it and the above reasoning we obtain without further ado 
the following 


Theorem. Given a simply connected domain P with Jordan curve boundary 
dQ, we have, for any arc o on ôP and any Zo E 2, 


1 
gals, Zo) = A 


where G is the family of curves in D beginning and ending on o and looping 
around zo. Here, Y~ * is the strictly increasing function just described. 


Remark. The relation between wa(a, Zo) and A(Q, G) is thus one-one; 
either of these quantities determines the other. 


As we have seen, the description of y ~ 1 is based on a certain conformal 
mapping of a rectangle onto a disk. Since elliptic functions are needed for 
the precise expression of such mappings, those must be required for the 
explicit formula for Y ~+, which in fact involves elliptic modular functions. 
Fortunately, the exact value of y~ 1(A(2, G)) is hardly ever needed in 
applications, and an approximation, as ymptotically correct for small values 
of A(2, G), suffices. That can be obtained in completely elementary fashion. 


Lemma. For small values of «> 9, 


T 
a TR Fi POR 
A 2log(1/Qa°) 
with a quantity Q tending to a limit A 0 asa > 0 


Proof. The mapping ọ used above to express w is obtained by putting 
together a chain of simpler conformal mappings. The whole construction 
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can be most easily presented using the following diagram. In it, C.« denotes 
a quantity asymptotic to some non-zero constant multiple of a for a — 0. 
That constant need not be the same in the different steps. 


—— 
log(1/C.a°) 
Figure 191 
1 2n T 
~ yla = -x— = —— .E.D. 
Ag 4 log(1/C.«*) 2 log (1/C.«*) Q 


Theorem. In the preceding theorem, @g(6, Zo) lies between two constant 
multiplies of 


e7 7/4A(2,G) 


(with absolute constants). 


Proof. For small values of « = 212 9(¢, Zo), the statement follows 
immediately from the lemma in view of the relation A(2, G) = w(a). 

Because y is strictly increasing, when either of the quantities w9(o¢, Zo), 
A(Z,G), is not small, the other is not small either. Hence, since 
0 < w4(a, Zo) < 1, the statement holds generally. 


Remark. Usually what is used is the inequality 


—n/4A(Q,G) . 
Cen 74G.6) . 


(6, Zo) < 
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for most applications the precise value of the numerical constant C does 
not matter. 


Problem 32 

Show that one may replace < in the above boxed formula by = and 
C by (8/7) + o(1) for values of A(2, G) tending to zero (which covers just 
about all the situations where the formula is ever used). 

(Hint: In the proof of the lemma, all the mappings of the chain shown 
are elementary except ©. Approximate the latter by a Joukowski 
transformation which takes the small inner slit onto a circle about 0 and 
the outer circle onto a curve that is nearly a circle about 0 when a is small.) 


According to the preceding boxed inequality, any upper bound for 
A(Q, G) yields one for @a(¢, Zo). An upper bound for A(Q, G) is obtained, 
however, as soon as we are able to specify a weight p(z) > 0 on 2 admissible 
for the family G. To this feature is due the great practical value of the 
inequality. 


Suppose we have a simply connected unbounded domain 2, with 
reasonably nice boundary. We fix some z) ¢ 2 and take any 
R > dist(zo, QZ). The intersection of 2 with the disk |z — zo| < R will then 
have a connected component containing zy, which we denote by Opg: 


Figure 192 


The boundary of Og consists of part of ôP and a certain number of arcs 
on the circle |z — Zoọ| =R. Some of those separate Opg from unbounded 
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components of 2~Üpr (which must be present, 2 being assumed 
unbounded); we call the former distinguished arcs. Let us denote by Dz 
the set of points in 2 which can be joined to Zo by paths lying entirely in 
2 and not crossing any distinguished arc. If 6D has sufficient regularity, 
which we are assuming, Dp will be a bounded domain. It may, however, 
contain points z with |z—z | > R, and hence include Og properly: 


Either of these 
two arcs could 
have instead been 
taken as Øg (r). 


Figure 193 


We now single out at pleasure one of the distinguished arcs on |z — zo| = R 
and call it S(R). S(R) is part of OD,z. We are interested in estimating the 
harmonic measure 


g,(S(R), Zo) 


from above. 

For each r, dist(z9,dD) < r < R, the circle of radius r about zy 
intersects Dp (sic!) in a number of open arcs. One or more of these must 
separate zo from S(R) in Dp; in other words, any path in Dz from zo to 
S(R) must pass through it (or them). We choose such an arc and call it o(r) 
(see the preceding figure). When several choices are possible, this may be 
done in fairly arbitrary fashion; we do require, however, that the selection 
be done in such a way as to make the union of the o(r) at least a Borel 
set in C. As long as 0@ is decent (which we are assuming), this is certainly 
possible. 

Put Yr) = |o(r)|/r for dist(zo, 02) < r < R; Ar) is simply the 
angle subtended by the arc o(r) at zọ. ForO < r < dist(zọ, 02) we take 
3(r) = œ (sic!). In our present set-up, we then have the 
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Theorem. (due essentially to Ahlfors and Carleman) 


R 
@g,(S(R), Zo) < cexp( -x |! £) 


C being an absolute constant. 


Proof. We use the preceding theorem, specifying a suitable weight p on 
Q, admissible for the family G of curves in Dp that loop around zo and 
have both ends on S(R). In this we are guided by the special computation 
for a rectangle made earlier. 

Denote by S the union of the o(r), dist(zo, 02) < r < R. Then 
S S Qp; note that S need not be connected! We are assuming that it is 
a Borel set. For ze S, we put 


k 


|Z — Zol A|z — Zol) 


p(z) = 


with a constant k to be presently determined. When z € 2p lies outside the 
set S, we put p(z) = 0; this is consistent with our having taken Sr) = œ 
for0 < r < dist(z , 02). Our weight p will be admissible for G provided 
that 


| polaz 2 | 


for each curve y in Dp starting from S(R), looping around Zo, and then 
returning to S(R). 
In terms of the polar coordinates 


re? = Z— Zo 


with origin at Zọ, we have 
ldz = J((dr)+r7(dg)’) 2 Idr' 


(with possible equality) along the curves y; we thus require that 


| zolar > 1 


for ye G. Any of these y must, however, pass at least twice through each 
of the arcs a(r), dist(zo,6D) < r < R; going and coming back: 
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Figure 194 


Our condition on p(z) = k/r&r) will therefore be met if k is adjusted so 
as to make 


R 
5 | kdr AA 
dist(zo,02) ” Hr) 


k | a Pls 
o r9(r) Z 
Choosing the value of k which satisfies this last relation, we then have 
2 k? 
(pe) dxd = {| —rdgdr 
Il. st7(Hr))? 


pone Pasar 
———rdgdr 
dist(zo,0 2) Y a(r) r?(9(r))? 


R 2 R 
| : a CESON | ‘ dr 
dist(zo,09) A") o THXr) 


Here, the very first of the above integrals is by definition 


tne ee jaf oe 
2 o rr) 


Ker 


V NIS 


A(2, G), so 


Our result now follows by the previous theorem. 
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Remark 1. There is a version of this result for horizontal curvilinear 
strips in which vertical crosscuts of those strips play the rôle of the arcs 
o(r). That version, obtainable formally from ours by a change of variable, 
is best derived ab initio by again reasoning as above. From it and the 
principle of extension of domain one immediately gets the harmonic 
measure estimate used in the scholium at the end of §D.5, Chapter VII. 
The reader should go through the verification of this because that estimate 
has many practical applications. 


Remark 2. If there are several candidates for o(r) as in the preceding two 
diagrams whenever r < R belongs to a set of positive measure, an improve- 
ment of the estimate provided by the theorem is available. This is pointed 
out in an Arkiv article by K. Haliste. 

Let the candidates in question be denoted by o,(r) with 1 < l < n(r), 
and write r9(r) for the length of each o,(r), taking 9,(r)= 0 when 
r < dist(z), 02). Then the integral i /r 9(r)) dr figuring in the theorem’s 
statement can be replaced by 


R n(r) 
| (1/r.9,(r)) dr. 
o l=1 

The proof of this better result is just like that of the theorem. One takes 
for S the union of all the o,(r) for dist(zo,0@D) < r < Rand then works 
with a weight p(z), equal to zero outside S, and to 

k 
|Z — Zo] (lz — Zol) 


for zes if o,(\z—Zo|) is the arc on which it lies. 


Remark 3. If =(R) denotes the union of the arcs on |z — zo| = R bounding 
Opr (the component of 2^ {|z — Zol < R} containing Zo ), it is possible to 
get an estimate for 


W0rlÈ(R), Zo) 
similar to the one for wg,(S(R), Zo) furnished by the last theorem. One 
form of that estimate usually goes under the name of Tsuji’s inequality, 
although a better version of it can already be found in Beurling’s thesis. 
This matter will be taken up in §F.3 below. 


A celebrated application of the preceding result is in the proof, also due 
to Ahlfors and Carleman, of the Denjoy conjecture, which should be part 
of every analyst’s general background. 
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The conjecture deals with the number of limiting values that an entire 
function of finite order may tend to when its argument moves out to o0 
along various continuous paths. We say that an entire function f(z) is of 
order p if, for each e> 0, there is a constant K, such that 


If@| < Ke”. 


(The entire functions of exponential type considered so often in this book 
are thus of order 1.) A finite number a is called an asymptotic value for 
f(z) if there is a curve y going out to oo with 


f(Q—a as €—>+00 alongy. 


For example, 0 is an asymptotic value for the function e’. 
An entire function may have more than one asymptotic value. Let us 
for instance take any integer p > 1. Then the functions (sin z?)/z? and 


Aen [= dt 
o ¢ 


are both entire and of order p. When z goes out to oo along any one of 
the 2p rays 


AEG Hines Vets ak = RS E SDs 
p 
f(z) tends to the finite value 
a sin t” dt. 
a Ta 


Since the integral itself is # 0,* these values are all different. The function 
f(z) thus has 2p asymptotic values. 

Denjoy made the conjecture that the example just given represents an 
extreme case, and that indeed an entire function of order p (integral or not) 
cannot have more than [2p] asymptotic values. To prove this, Ahlfors and 
Carleman argued as follows. 

Let us assume that f(z) has n different asymptotic values, where n > 1. 
The case where n=1 needs also to be considered when f(z) has order 


< 4; its treatment is like that of the one for n> 1, and somewhat easier 


* It is equal to cos(n/2p)I (1/p)/(p — 1), as is readily seen on putting t” = x, integrating 
by parts and then taking the integral of z!/?~1e around a contour consisting 
of the positive real and imaginary axes. Here, I'(1/p) is clearly > 0 — look 
at the integral representation for T(x + 1) in §B.3! 
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than the latter. Taking, then, n > 1, we have certain curves 


Yi V2 ees Yn 


going out to oo with f(f) tending to some limit as ¢ — œ along any 
one of them, these limits being all different. We may obviously take each 
of the y, to be polygonal, and without self-intersections (just cut off any 
closed loops that y, may have: 


Figure 195 


Since f (C) tends to different limits as € — œ along the different curves Yyy, 
two of those cannot intersect at points arbitrarily far out from 0. There is 
thus no loss of generality in taking the y, disjoint, and in assuming that 
the origin does not lie on any one or them. The y, then bound n separate 
channels, or tracts, starting from a common central neighbourhood of 0 
and going out to oo: 
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Figure 196 
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We can index the y, in such fashion that fork = 1,2,...,n— 1, % and 
,+1 together bound one of these tracts, denoted by Y,, and that y, and yı 
bound one, called 2,. The preceding figure shows how things could look 
when n = 4; in it, the tracts 2, and 2, are shaded. 

The function f(z) cannot be bounded in any of the tracts Y,. Suppose, 
for instance, that f(z) is bounded in Z,. Closing up the ‘base’ of 2, in 
any convenient fashion then gives us a simply connected region, part of 
whose boundary consists of the curves y; and y2, both going out to oo: 


ra ae rane 
ph fie 
ee i 
oie al 


in ais ee 
W wy 
y 


Figure 197 


f(z), bounded in that region and continuous up to y, and y,, then tends 
to two limits, say a, and a,, according as z — œ along y, or along y3. 
In this circumstance, a well known theorem of Lindelöf implies that 


a, =a. Since, however, a, and a, are two different asymptotic values of 
f, we have a contradiction. 


Problem 33 


Prove Lindelof’s theorem. (Hint: By means of a conformal mapping, one 
may convert the region in question to the upper half plane and the 
function f to a new one, F(z), analytic and bounded for 3z > 0, continuous 
up to R, and having the property that F(x)—» a, for x ~—© 
while F(x)— a, for x— œ. Apply the Poisson representation to 
G(z) = (F(z) —a,)(F(z) — a) (sic!), thus showing that G(z) — 0 uniformly 
for z— œ in {3z > 0}.) 


Having established that f(z) cannot be bounded in any of the Q,, it 
suffices, in order to prove the Denjoy conjecture, to assume thatn > [2p] 
(with f(z) of order p) and deduce that then f(z) must be bounded in some 
2,. For this purpose, we take large values of r and look at the intersections 
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x,(r) of each of the tracts 2, with the circle |z|=r. Each %,(r) is the 
union of one or more arcs; we single out one of them, called o,(r), in such 
a way as to ensure that any path from 0 to o,(r) which touches neither +, 
nor 7y,,, (and hence stays in 2, after once entering that channel) must 
necessarily cut every o,(r’) with r’<r (the latter being defined for all 


sufficiently large r’). 
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This we do for each k, taking care to select the o,(r) for different values 
of r in such fashion as to make their union a Borel set, which is clearly 


possible since the y, are polygonal curves. 
Calling 9,(r) = |o;(r)|/r, it is then evident that 
(N+ Br) +--+ olr) < 2r. 


The above picture shows that the sum on the left may actually be < 2n. 


Problem 34 
(a) Show that if ro is fixed and large enough and R>ro, we have 


n ip dr HAAR 
lsa = 5 Sapte by pay 
k=1 dro THN) 27 ro 
(Hint: LAVA) YAO) = n O) 


(b) Hence show that for some (fixed) k there must be arbitrarily large 


values of R for which 


110 IX E Realzerosof f(z)when|” , (log* | f()|(1 +x?))dx < œ 


(c) Wlog, let the index k in (b) be unity. Take, then, the tract 2, and 
attach to it a bounded region containing 0 so as to obtain a simply 
connected unbounded domain 2: 


4 tial +S i 
re 


Figure 199 


For large R > 0, denote by 2px the set of points in 2 which can be reached 
by paths in 2 starting at 0 and not crossing o,(R). Show that for each 
ze€Q there is a number C, such that, for large enough R, 


mo < ool) 
@g,(0;(R), z) < C,exp| -r rao) 


(Hint: First do this for z = 0. Then use Harnack.) 

(d) Assuming that n > [2p] + 1, show that f(z) is bounded in 2, and thus 
bounded in 2, yielding a contradiction that proves the Denjoy conjecture. 
(Hint: f(z) is bounded on 69 since the part of that boundary lying 
outside some large circle consists of points either on y; or on y3. Fix 
any ze 2, take large values of R for which the conclusion of (b) holds 
(with, as we are assuming, the index k=1), and use the theorem on 
harmonic estimation (Chapter VII, §B.1) to estimate log|f(z)| in the 
domains Dz. Note that on 0OQgND = a;,(R), 


log|f(Q| < O(1)+ R?*® 


with € > 0 arbitrary. Apply the conclusion of (c).) 


2: Real zeros of functions f(z) of exponential type with 
J? og* |f(x)|/(1 + x?)) dx < œ% 


Now that the Ahlfors—Carleman estimate for harmonic measure 
is at our disposal, we are ready to carry out the extension of the results 
from the preceding § described at the beginning of the present one. With 


2 f(z) of exponential type and |“ (log* |f(x)//(1+x?))dx < oo 111 


that in mind, we turn again to the proof of the theorem in §D.1, considering, 
instead of the Fourier-—Stieltjes transform f(z), an entire function f(z) of 
exponential type < L with 


(x) i log CH ay < 0. 
1+x 


00 
Taking f(z) to vanish* at each point of a certain positive sequence {4,„}, 


we assume as in §D.1 that for some number D > L/z there is a sequence 
of disjoint half-open intervals (ap, b,], a, > 9, such that 


number of A, in (a,, b,] D 


by — a, 


3 e=) SiR 
k ak 


Our object is to prove that then 


e = 
| og PAC tika 
bx" 


and 


from which it will follow by §G.2 of Chapter III that f(z) = 0. 


The argument starts out exactly as in §D.1, and proceeds as it did there 
until we arrive at the examination of f(z) in the ellipses 


z = c+rcosh(y +19) 
about the midpoint 

c = (a,+5,)/2 
of one of the intervals (a,, b,], where 


rey eae a sii 
2cosh y 2 


Here, y is a small fixed number > 0, the same for all of the intervals (a,, by]. 
We continue to write 


R = (b —4,)/2 
as we did in §D.1, so that (a,, b] = (c— R, c+ R]. 
* with the appropriate multiplicity at any repeated point of the sequence — in the 


next displayed formula, such points are counted according to the multiplicity of 
their repetition. 
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G 


E cosh y 


Figure 200 


Picking a fixed n > 0 much smaller than y, and denoting the number of 4, 
in (c — R, c + R] by N (a quantity > 2RD ), we find as before that 


IR : 
N(y—n) < =| log| f(c +rcosh(y + i9))|d3 
T Jo 


1 log f(c+9I 4, 


Ty =r Je ra t’) 
forr > R/coshn. Here, however, the simple inequality 
log| f(c + rcosh(y +i9))| < Lrsinhy|sin 9| 


is no longer available for the estimation of the first integral on the right, 
because f is no longer assumed to be bounded on the real axis. Instead of 
boundedness, (*) is all we have to work with. 

Our adaptation of the earlier reasoning to the present circumstances is 
nevertheless not altogether thwarted. In the passage from the previous 
relation to what corresponds to (+) of §D.1, there is a certain amount of 
leeway. Provided that the constant 6>0 is small enough, it is sufficient to 
have 


ed log| f(c +rcosh(y +i9))| < Lrsinhy|sin9| + ôR 
for 0- <r<R 


in place of the stronger inequality written above. Indeed, substitution of 


2 f(z) of exponential type and f=, dog* |FOdI/1 + x?))dx < oo 113 
this into 
1 2n 
=| log| f(c + rcosh(y +19))|d3 
20 Jo 
yields, for R/coshy < r < R, 


Roa e) x z 


instead of (t), §D.1, so we certainly have* 


r . ‘a a ni 
1 log| f(e+ Ol 4, i 2(L sinh y — nD(y n) + 270 cosh n) | 


THS log | f(e +D 4, y 2(L sinh y — 4D(y — n) + 326 cosh 7), 


Er E eis 7 


for the values of r just indicated. (Remember: our convention in this book 
is that log” |f| > 0) 

Our assumption here is that nD > L, from which it follows that the 
coefficient of r in the preceding relation is surely (strictly) negative when 
the constants y, n and ô (all > 0) are chosen properly, as we henceforth 
suppose they are. This being the case we may now deduce from that relation 
the inequality 


(xD(y —n) — Lsinh y — 3716 cosh y) tanh (77/2) 
2cosh? n 


bk 
(§) | log“ | f(x)|dx > 


x (b; — ay)? 


by arguing as in §D.1. This is valid, then, for any of the intervals (a,, b,] 
for which (*) holds with c = (a, +b,)/2 and R = (b,—a,)/2. 
Let us denote by S the set of indices k such that 


ô 
log| f(z)| < LI3z| + 5 Paes) 


on the whole rectangle 
a, —(b,—a) < Rz < b, + (b; — 4%) 


|3z| < (bx — a,)/2. 


* remember,0 < n < y ! 
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Figure 201 


(Do not be misled into looking at the term 6(b, — a,)/2 on the right side 
of the inequality just written as a majorant for the other right-hand term 
in the rectangle. The constant 6 is usually very much smaller than L.) Since 
we are working with a small constant y > 0, there is no loss of generality in 
assuming — which we do from now on — that coshy < 2 and sinhy < 1. 
Then the ellipses z = c+rcosh(y+i9), 0 < r < R,areall contained 
in the rectangle (we are writing c = (a, + b,)/2 and R=(b,—a,)/2 ), so, if 
keS, (%) holds on those ellipses, and (§) is therefore true. From this we 
see, reasoning as near the end of §D.1, that 


«log | f(x)| 

— d 

2 fe pirana let ipei 

(xD(y — n) — Lsinh y — 4 rô cosh y) tanh (n/2) 3 ban 
2M cosh? n keS ( a ) % 


where M is a certain finite constant. 
The last relation shows that if 


=> 


È (brada? = o, 


we will have 
fo a) l = 
Í og IFO)! 4 
PN E 


whence f(z) = 0, the conclusion sought. It was, however, given that 


i.) 


2 ((b, —4,)/a,)2> = œ. 
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Our extension will thus be fully established if it can be proved that 


0 


D} ((b,—a)/a)} < œ. 


k¢S 


We set out to verify this convergence. 


Our starting point here is just the simple inequality from §E of 
Chapter III, which can be applied to any of the functions f(z —ih), heR, 
in either the upper or lower half plane, f being entire. After making a 
change of variable, this gives 


F |3z + h|log* | f(t —ih)| 
T |z—t+ih|? 


> 


(t)  log|f@l_ < Lise+h| + iÍ 


because f is of exponential type < L. Picking any k, we write 
c=(a,+b,)/2, R=(b,—4,)/2 as before, and fix our attention on the 
rectangle 


|Rz—c| < 2R B | oR; 
wishing to see whether or not 
log| f(z)| < L|3z| + OR 


therein. For this purpose we use (t) twice, making a hall of mirrors 
argument like the one resorted to several times in Chapter VI (cf. §§A.3, 
B.1 and E.4 there). 

Let us look in the top half, ©, of the rectangle in question: 


Figure 202 


Fix a small e > 0, the same for all the indices k — in a moment we will see 
how small ¢ must be taken. Putting first h = ER in (t) we get, for z € 0: 


an (3z + eR) log* | f(s —ieR)| 


l < L ERGE - ds. 
oglf(@| < L3z+eLR +- EEN 


Using then (t) with h = 0, we find that 


an eR log* | f(0)| 
dt, 
_ 9 (s—t)? + (eR)? 


log* | f(s—ieR)| < eLR+ 


T 
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which, substituted into the previous, yields 


° (Jz + 2eR)log* | f0) 


dt, ze0, 
|z—t+ 2ieR|? 


log f(z)| <= L3z F LR + Al 


Og: 


by Fubini’s theorem and the reproducing property of the Poisson kernel. 
The desired estimate for log| f(z)| will therefore hold in 0, provided that 


ô 
2eL_= —, say, 
E 4 y 
and also 
(§§) =f (2 sR og IAO] AO ae & ey, for ze0. 
TJ-  |Z—t+2ieR|? 4 


Now, however, the simplest form of Harnack’s inequality shows that for 
ze, 


œ +F œ + 
f (32 t Rog IFO at Z cif Rlog FOI a 
tJ.  |z—t+2ieR|? o (c — t)? +R? 


with a constant C, depending only one — the exact form of the dependence 
is not important here. (Actually, C, acts like 1/2.) Therefore, picking € equal 
to 6/8L, we may then determine a small constant « >0 such that (§§) is 
ensured as long as 


1 co + 
2 | lu PAU cen Fy 
tJ ~~ (c—t)? + R? 
If this relation holds, we will have 
log|f(z)| < L\3z| + ôR 


for |c—Rz| < 2R ne 0 < Jz < R and then, by obvious symmetry, 
for such Rz and —R < J < 0. 
We now bring ue index k back into our notation, writing 


(a, +b,)/2 = cą (instead of c)* 
and 
(b,—a,)/2 = R, (instead of R). 


What we have just shown is that k belongs to the set S introduced above 
provided that 


> 


* Note that wlog, c, —- 00; see top of p. 66 
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an Ry log" fl 4, 
-w (C,—t)? +R? 


T 


Regarding this condition there is, however, the important 


Lemma (Beurling and Malliavin, 1967). Let « > 0, and suppose that c, => © 
with the intervals (c, — Ry, Cp + R,) lying on (0, 00) and disjoint. If f satisfies 
(x) and S' is the set of indices k for which the preceding boxed relation 
fails to hold, 


R 2 
z(=) < o 
keS’ \ Cy 


Proof. Is based on the Ahlfors—Carleman inequality for harmonic measure 
derived in the preceding article. 
The function 


vee ~{" zlog ISO] 4, 
T 


|z—t|? 


— oo 


harmonic and positive in 3z > 0, is available thanks to (*). For each fixed 
real x, 


Uxtiy) _ | i los* Ol 4, 


y ~ onj_g(x—-t? +y 


tends to zero as y — 00 and is a decreasing function of y for y > 0, indeed, 
strictly decreasing unless log* | f(| =0 a.e., ie, |f(t)| < lon R, in which 
case the lemma is obviously true anyway. Wlog, then, there is a certain 
value Y(x) of y (perhaps equal to zero), such that 


=0 for y= Y(x), 


ay 
— — U(x+ 
2 Opo f >0 for y > Y(x). 


Continuity of Y(x) as a function of x follows easily from that of U(z) for 
“Sz > 0; the set 


a = {(x,y): y > YW) 


is therefore open, besides being obviously simply connected. 
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Figure 203 


We work with the function 
a 
V(z) = 5 == Utz) 


in the domain 2; V(z) is harmonic and (by construction) strictly positive 
there, and zero on 09. Wlog, ie 2, so that 


V(i) > 0. 


The idea now is to assume that 


È, (Ri/ ex)? = 00 


keS’ 


and then derive therefrom the contradictory conclusion that V(i) = 0. 
That will prove the lemma. 
To say that ke S’ means that 


U(c,+1R,) > aR,, 


whence, U(z) being > 0 in {3z >0}, 
U(x +iR,) > oR for ¢,-$R, < x < co, +4R, 


by Harnack, in other words, 
Y(x) > R, for c,—ZR, < x < c,+4R, when ke’. 


This observation we will use presently. 
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For large r, let o(r) be the circular arc of radius r about i (sic!), lying 
entirely in 2 save for its two endpoints which are on the curve y = Y(x). 
Given R, the arc o(R) divides 2 into at least two simply connected regions, 
one of which contains i and is denoted by Dz. We apply the theorem on 
harmonic estimation (Chapter VII, §B.1) to V(z) in Dz. Since 


(04 (4 
VQ). < —%2 < -(R+1 
(z) 5 5! ) 
for z on o(R) and V(z) = 0 on dQ, we find that 
vi) < sR + 1)o9,(0(R), i). 


To estimate the harmonic measure appearing on the right, we now 
apply the last theorem of the preceding article (Ahlfors-Carleman). Fixing 
any large ro (more or less at pleasure) and writing (r) = |o(r)|/r as usual, 
we have by that result 


avd 
9,(9(R), i) < Coexn( -z | +) 


for R > ro; here Co is a constant, depending, of course, on the choice of 
ro, but independent of R. 

In the case where Y(x) is zero at both ends of an arc a(r), we have 
Hr) = m+ 2arcsin(1/r). In the general situation, one may bring in the 
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angles ¢(r) and y(r) shown in the following figure, and in terms of them, 


Hr) = at 2aresin — g(r) — y(r): 


Figure 205 


To investigate the integral occurring on the right side of the previous 
inequality, it is better to first work directly with g(r) and y(r), bringing 
in the quantities c,, R, (with k eS’) only towards the end. 

We have: 


T 


m + 2 arcsin te) g(r) — y(r) 
r 


T 


> i i g TA 


z + 2arcsin — (x + 2 arcsin — 
r r 


r 


g 1 - oft) + 2+0 
T 


Hence 


R 
z| Je ue oiled ROOT [OWO 
rr) to Je r 


ro o 
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In terms of the polar coordinates about i 


re? = z—i, 


the integral on the right has a simple interpretation. It is none other than 


aji rd@dr 
T J J Qn{ro<|z—i| < R} ri i 


where Q is the complement, in 


{z: Jz > Oand |z—i| > ro}, 


of the union of the arcs o(r) for r >To. Q certainly includes the complement 
of D in the region just mentioned, and may, indeed, include the latter 
properly: 


This also is part of Q 


Figure 206 
Writing 
Qr = QA {z: ro<|z—ilļl<R}, 


we see, going over to rectangular coordinates, that 


onar i ai dx dy 
Q 


n r E E 


ro 


whence finally 


K R 1 dxd 
Fee A E + ‘(| suse 
o P(r) Pie 4! TIRO pe mee ea 


ri 
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Substitution of this into the above estimate for harmonic measure yields 


f const. dx dy 
R < 
9, (0(R), i) is exp( f oe So). 


from which 
Goal eres! 
oe -= 
1+x +y? 


The constant here depends on ro, but is independent of R. 
Let us now make R — oo. By the last relation, divergence of 


i dx dy 
oits Fy 


will then force V(i) = 0. As we have seen, however, 


R+ 
V(i) < const. 


Y(x) > R, for c—4Rp < x < oq +4R, 


when kes’, so, when kes’ is large, the rectangle of height R, with base 
on [c,—3R, c,+4R,] must lie in Q (recall that the intervals 
(Ch — Re Ce + Ry) S (0, 00) are disjoint and that c,—> œ !): 


Figure 207 


Therefore, fixing a suitable ko, 


dxd A 
al+x*-hy kesi ste + R?) 


k> 
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Again, since (c,—R,, ¢,+R,) | (0,00), c, > Rp and, since c, => 0, 
c, > some number A >Q for k > ko. From the preceding relation we 
thus get 


dxd As Rue 
[| a > az (*). 
qgi+x TY 6A +3 keS’ Ck 
k> ko 
Divergence of the sum on the right therefore makes the integral on the left 


infinite, which, as we have just shown, implies that V(i) = 0. 
But V(i) > 0. The right-hand sum must therefore converge, so that 


È (R,/e,)? < œ. 


keS' 


This is what we had to prove, however. We are done. 


Let us return to the discussion preceding the lemma, where we saw that 
the index k belongs to the set S provided that 


ae Rylog* ISO] 4, 


T Sat =a)? FRE 


<S ARE 


` Knowing that 


io 
kat ay 


we wished to conclude that 


y bk — a 2 ape 
keS a, ý 


for, as had already been deduced then, this would imply that 


i log [fl x AN 
Eya 


—o 


and hence that f(z) = 0 (our desired result) by §G.2 of Chapter III. 

The lemma shows, however, that the above condition on the numbers 
cy = (a, + b,)/2 and R, = (bx — a)/2 certainly holds* except for those k 
belonging to a set S' for which 


R 2 
5 (®) =< 00, 
keS’ \ Cy 


* see footnote, p. 116 
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As in §D.1, we may, wlog, assume that 


by 
= ea” 3 
ak 


so, since the a, > 0, the preceding relation becomes 
b, — a, \? 
keS’ ak 


Thus, we surely have 


TENE 
Si k ) < 0, 
k¢S ak 


from which it follows that 


z=) ate 
keS ak 


in view of the divergence of the corresponding sum over all k. 


In this way, we have proved our generalization of the result in §D.1: 


Theorem. Let f(z), entire and of exponential type < L, satisfy 


F log* | f(x) 


ean Cau tine 
x 


= 0 


and vanish* at each of the numbers 4, > 0. If, for some D > L/n, 
there is a sequence of disjoint intervals (a,, b,], a, > 0, with 


b= 2 
OR 
k ak 


number of 4, in (ap b] 


and 


\ 
S 


by — a 
for each k, then f(z) = 0. 


Remark. The number L enters into this theorem solely on account of ($). 
We may therefore replace the condition, figuring in the hypothesis, that 
f be of exponential type < L by the simpler requirement that f be of 


* with appropriate multiplicity at any repeated value A, 
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(some) exponential type, with 


lim sup log f(y) Fy) and lim sup log | f(y)| FAW) 


yo y y>- o ly| 


both < L (see Chapter III, §E). Of course, the latter in fact implies that 
f(z) is of exponential type < L (see the last theorem in §E.2, Chapter VI 
and especially the discussion in §B.2 there), so that, logically, we have 
gained nothing. It is nevertheless often easier in practice to estimate the 
two limsups than to obtain a good upper bound on f’s exponential type 
by direct examination of that function. 


Once the result just stated is available, it is useful to bring in the effective 
density D, discussed in §D.2. Arguing as at the very beginning of the 
present §, we then obtain the following propositions: 


Theorem. Let A be a sequence of real numbers on which a non-zero entire 
function f of exponential type vanishes,* with 


vais log | f(iy)| it an RS log| f(iy)| 


y> a y y>- yl 


both < Land 


f° log’ If) 4. 


o0. 
Le x4 


— oo 


Then D, < L/n. 


Theorem. Let the real sequence A consist of all the zeros (with repetitions 
according to multiplicities) of the entire function f figuring in the previous 
result, and suppose that the two limsups occurring there are each exactly 
equal to L. Then for A, = AN(0, œ) and A- = (—A)A(0, œ), we have 


Dy, oo DN = es 


As remarked at the beginning of this §, the second of these two theorems 
is a considerable improvement of the one of Levinson for functions with 
real zeros (§H.2, Chapter III). It can be used to replace Pólya maximum 
density by effective density in some of the earlier results in this book, thus 


* with appropriate multiplicity at any repeated member of A 
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strengthening them. For instance, the first theorem from §E.3, Chapter VI, 
can be extended as follows (keeping the notation of the place where it 
appears originally): 


Theorem. Given a weight W(x) > 1 tending to œ as x ~ + œ hha a 
number A > 0, suppose that 


| 2 log Wa(x) 


i 
+x 


and that W(x,) < œ.for each of the positive numbers x,. If the effective 
density D of the sequence {x,}is > A/n, €@,4 isnot || ||w-dense in @y(R). 


To compare this improved result with the original one, it suffices to note 
that there exist positive sequences having ordinary density equal to zero 
for which the effective density is infinite. 


Again, we can now see that the entire function ®(z) of exponential type 
A with 
2 log* |® 
pe NOG) of aie 
a Lax 
whose existence was treated during the discussion of de Branges’ theorem 
(near the beginning of §F.3, Chapter VI) in fact satisfies |®(x,,)| > W/(x,) 
on a sequence A of real x, for which 
z z A 
Dy + = Dy vi = = te 
T 


This represents a certain improvement over the asymptotic relation 


obtained for that sequence by use of Levinson’s theorem. 


F. Scholium. Extension of results in §E.1. Pfluger’s theorem 

and Tsuji’s inequality 

Extremal length is not only useful for finding the harmonic 
measure of single arcs on the boundaries of simply connected domains (as 
in §E.1); it can also be applied when examining the harmonic measure of 
fairly general sets lying on those boundaries. In the latter situation one 
obtains an estimate instead of the exact relation holding for arcs. The main 
result there is based on work of Pfluger which was published in the same 
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volume of Commentarii Helvetici as the one where Hersch’s article 
appeared. Another form of the result, involving, however, a more special 
notion than extremal length (or rather one formulated in more particular 
fashion), can already be found in Beurling’s thesis. 

Logarithmic capacity and the logarithmic conductor potential play an 
important rôle in Pfluger’s work; these are explained in the first of the 
following three articles. In order to apply his result so as to obtain an 
analogue of the Ahlfors—Carleman estimate given near the end of §E.1, 
some elementary theorems about univalent functions are needed. Those 
may be found in many standard texts on complex variable theory. 


1 Logarithmic capacity and the conductor potential 


If 2 is a bounded domain having reasonably decent boundary 
02, we have, for the Green’s function G a(z, w) associated thereto, 


Ga(z,w) = log + | log|€—w|da@o(¢, z); z,we2. 
ag 


|z—w| 
We saw in §C.1 of Chapter VIII that this formula remains valid for certain 
unbounded domains 2 whose boundary includes the point at œ and is 
not too sparse there. It cannot, however, be true for unbounded domains 
with compact boundary. Indeed, when 09 is compact but 2 unbounded, 
the right side of the relation tends to — œ as z — œ% if we 2 is fixed and 
finite. At the same time, G a(z, w) is supposed by definition to stay > 0. 
In complex variable theory, there is a standard procedure for adapting 
the various notions of local behaviour originally defined for the points of 
C to the point at œ on the Riemann sphere. One first uses a linear 
fractional transformation to map © to a finite point a, and then says that 
a function defined near and at œ has such and such behaviour there if the 
one related to it through the transformation behaves thus (in the usual 
accepted sense) at a. The Green’s function for a domain 9 on the Riemann 
sphere having reasonable boundary, with oo € Q, is defined in accordance 
with that convention: taking a linear fractional transformation g which 
maps 2 onto some domain € © C, we put 


Go(z, w) a Gz(9(z), o(w)), Z,WE Dk 


In this extension of the definition of G (z, w) to domains 2 containing 
00, all of the usual general properties of that function holding for domains 
D c C are preserved. That is, in particular, true of the important 
symmetry relation 


Ga(z,w) = G4(w, Z), 
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established at the end of §A.2, Chapter VIII. We see also that when w e€ 2 
isnot equalto co, Ga(z,w) is described by just the ordinary specification: 


As a function of z, Gg(z,w) is continuous and > 0 on 
2 ~ {w}, harmonic in 2 ~ {w} (including at 00), and zero on 
dQ. Near w, it equals log (1/|z — w|) plus a harmonic function of z. 


For w = œ, however, our definition leads to the following description: 


Gə(z, œ) is continuous and > 0 on J ~ {00}, harmonic in 
2 ~ {oo}, and zero on 09. Near œ, it equals log|z| (sic!) 
plus a function harmonic in z (including at o0). 


Keeping these characterizations in mind, we easily obtain an integral 
representation for Go(z, œ) akin to the one given above for Gg(z, w) and 
bounded domains 2. Fix, for the moment, a finite we 2, and consider the 
function 


h,(z) = log|z—w| + Gg(z,w) — Go(z, œ). 


According to the descriptions just made h,,(z) is bounded and harmonic in 
2 (including at z = w and at z = œ ), and continuous up to 02. Therefore, 
as long as 0@ is decent (which we are assuming throughout this § !), 


h,(z) = | hC) doal, z) = | log |f —w|dao(¢, 2). 
aD 32 


As z— œ, log|z—w|—G,(z,00) = o(1)+log|z|—Go(z, 0) tends 
to a certain finite limit, which we denote by — yg, so then 


h,,(Z) aa, Ga(00, w) — Yo 


Making z — œ in the previous relation, we thus obtain 
—yg + Go(~,w) = | log|€ —w|d@o(¢, œ) 
32 


After using the above mentioned symmetry property and then replacing 
w by z, this becomes 


Gə(z,0) = yg + | log|z—{|d@o(¢, 0), 
32 


the integral representation sought. 
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From the last formula, we see in particular that 


Yq ONZE CZ: 


The positive measure wo( , ©) of total mass 1 supported on ôP has 
constant logarithmic potential equal to yg thereon. Yg is called the Robin 
constant for 2. 


If we imagine a very long metallic cylinder perpendicular to the x — y 
plane, cutting the latter, near its own middle, precisely in 0, and having its 
different pieces joined to each other by thin perfectly conducting wires, 
an electric charge placed on it will distribute itself so as to make the 
electrostatic potential constant thereon. Near the x-y plane, that 
equilibrium distribution will depend mainly on z = x + iy and hardly at 
all on distance measured perpendicularly to the cylinder’s cross section; 
the same is true of the corresponding electrostatic potential. To within a 
constant factor, the latter*, near the x — y plane, is practically equal to a 
logarithmic potential in z= x + iy corresponding to a measure giving the 
amount of electric charge per unit of cylinder generator length. The second 
of the aboved boxed formulas shows that if the whole cylinder carries one 
unit of electric charge per unit of length (measured along a generator), the 
electrostatic potential (see footnote) at equilibrium is 


| log——deva(C, 0) 
ag z=] 


(near the x — y plane); this is called the logarithmic conductor potential (or 
equilibrium potential) for 0Z. The constant value that this potential assumes 
on 09 is equal to the Robin constant Yg. 

In physics, the capacity of a conductor is the quantity of electricity which 
must be placed on it in order to raise its (equilibrium) electrostatic potential 
to unity. That potential is there taken as logL + yg instead of yg when 
dealing with a long cylinder of length L bearing one unit of electric charge 
per unit of length (see footnote); in this way one arrives at a value 
L/{logL + yg) for the capacity of the cylinder. Even after division by L 


* measured from a certain reference value depending on the cylinder’s length and 
net electric charge, but not on its cross-sectional form 
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(in order to obtain a capacity per unit length), this quantity shows practical- 
ly no dependence on jg, i.e., on the cylinder’s cross section, because the 
length L is assumed to be very large. That is why mathematicians have 
agreed on a different specification of logarithmic capacity. 


Definition. The logarithmic capacity, Cap 02, of the compact boundary 
OF is equal to 


Cm: 


where yg is the Robin constant for 2. 


The logarithmic conductor potential and measure wo( , ©) 
corresponding to it are characterized by an important extremal property. 
From physics, we expect that the equilibrium charge distribution@9( , ©) 
on 09 should be the positive measure u of total mass 1 carried thereon 
for which the energy (cf. Chapter VIII, §B.5) 


d 
f fe ar a ay 


is as small as possible. That is true. 


Lemma (goes back to Gauss). If u is a positive measure on 0D with 
u(02) = 1, 


| = OEE dye) > Ya, 
gadaa, ZC] 


and equality is realized for u = wə( , ©). 


Remark. It is not too hard to show that equality holds only for 
u = @9( , ©). We will not require that fact. 


Proof of lemma. Since 


1 
f los dO CO E 
Aor ZN 


we have 


1 
l fe Bon SHa da o(f, 00) {du(z)— dwg(z,)} = 0 
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for any measure u on 09 with (02) = wa(02, œ) = 1. Now* 
| | log —— du(¢)du(z) — Yə 
aajo |z =r | 


Jeuk 
a 


Is f iog pag — dwgl¢, œ))(du(z) — dw a(z, 00)) 


+ f ; ae 
a9 JAD 


In the last expression, the second double integral is zero, as we have just 
seen. However, foa (dud) —dao(l,0)) = 0, so the first double integral 
in the last expression is positive, according to the scholium and warning 
just past the middle of §B.5, Chapter VIII. (The argument alluded to there 
works at least for sufficiently smooth signed measures of total mass zero 
supported on compact sets. The positivity thus established can be extended 
to our present signed measures y — @o( , ©), with u not necessarily 
` smooth, by an appropriate limiting argument (regularization).) We see in 
_this way that the first member in the above chain of equalities is positive. 
That’s what we had to prove. 


— dawg(é, 00) dw glz, o0) } 


)(du(z) — dw a(z, «0)) 


gje% œ) {du(z) — dwa(z, 00) Vg 


The following exercise gives us an alternative procedure for verifying that 
1 
| | log —— (dl) — dwal, 00) )(du(z)—daa(z,0)) > 0 
aadag |z—$l 
when (02) = 


Problem 35. (Ahlfors) 
(a) Show that for large R, 


i ee A 
PETE 2 


where C is a certain numerical constant (its value will not be needed) 
and ô(¢, w, R) — O uniformly for ¢ and w ranging over any compact set 
in C, as R— oo. (Hint: Wlog, w—¢ = a > 0. Use the polar 
coordinates re’? = z—{ and, in the double integral thus obtained, 
integrate r first.) 


i + 2nlogR + C + O(¢,w,R), 
w 


* note that faafaa log(1/|z — tI)dwa(¢, 00)du(z) = Yə, a finite quantity! 
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(b) Hence show that 


| | log———(dy() -dol 20) (du(w) — derg(w, 00) > 0 
aaJag  |—wl 
for any positive measure u on 0F having total mass 1 (the double integral 
may be infinite). Pay attention to the problems of convergence and of 
possibly getting oo — oo. (Note that under our assumptions on 09, yg 
is certainly finite.) 


2 A conformal mapping. Pfluger’s theorem 


Let us fix any finite union E of closed arcs on {|z|=1} and a 
simple closed curve I about 0 lying in the unit disk A. The unit 
circumference and I bound a certain ring domain A, lying in A, and we 
denote by G the family of curves 4 lying in A; and going from the set E toT: 


Figure 208 


In this article we will be mainly concerned with the reciprocal extremal 
length 


A(Ay, G) 


(see §E.1 for the definition and elementary properties of reciprocal extremal 
length). 

Pfluger found a relation between A(A;, G) and the logarithmic capacity 
of E defined in the preceding article. That relation also involves the curve 
I’ of course, but in fairly straightforward fashion. To arrive at Pfluger’s 
result, we construct a conformal mapping of A onto a certain disk with 
radial slits. 
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Let 2 = (CU{o})~E,sothatd9 = E. With the harmonic measure 
@g(_ , z) for this domain, we form the conductor potential for E, 


in f io BBC, ao 
E |z—¢| 


described in the last article. Our conformal mapping will be constructed 
from the function 


Ve(z) = U,(z) + u.(5). 


We have, first of all, 
V,(z) = V,(1/2). 
Explicitly, since E =S {|¢|=1}, 


Z 
no = [rope © 
1 


ZEK] 


= fog iZ|-~+- 2 toe, dwa(¢, 0), 
E 


‘from which we see in particular that 
V,(z) — -œ for z —> 0 
and hence also, that 
V,(z) — —0o, Zz — œ. 


Since V,(z) is harmonic in C ~ E ~ {0} and V,(z) = 2yo for zeE, the 
previous relations and the maximum principle imply that 
V,(z) < 279 for z ¢ E. 


The function V,(z) has a harmonic conjugate V,(z) in {0 < |z| <1}. V,(z) 
is of course multiple valued there; we proceed to investigate its behaviour. 
For 0 <r < 1, we have 


. j : 
y ig ez 1 < ee a eee d ae 00 ’ 
g(re’’) Ik o|- aoe} oe ! 
from which 


aV,(re'*?) -f 1—r 


ér or dgl +1? —2rcos(9—1) 


daa(e™, 00), 
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whence, by the Cauchy—Riemann equations, 


aV,(re'’) $ | ye 
ag ~ Jl +r? —2rcos(9 — 1) 


daa(e", 0). 


From this we see, firstly, that V,(re'’) is a strictly increasing function of 
9 for each fixed r, 0<r<1, and, secondly, that V,(re'*) increases by 


aT E , 
| per ye a a 
o Jel +r? —2rcos(9—7) 
= 2n| daze œ) = 2r 
E 


when 9 goes from 0 to 27. The determinations of Yz) are, however, well 
defined and single valued in the simply connected region 


{z: O<argz<2zn, 0<|z|< 1}. 

It therefore follows from the calculation just made that 
V,(z) — argz 

is single valued (and harmonic) in {0 < |z| <1}, and hence that 
fel) = exp(Ve(z) + iVe) = zexp(Ve(z) + iVe(z) — log z) 


is single valued and analytic there. Since V,(z) = log|z|+ O(1) near 0, 
f(z) is bounded in a punctured neighbourhood of that point and thus 
analytic at 0 also (with f,(0) = 0). The function f,(z) is therefore analytic 
in A. We are going to show that it maps A conformally onto a disk with 
radial slits. 

As we have seen, 


Vle’) = 2y9 for è? e E 


while 
V,(e'9) < 2yo when ei? ¢ E. 
The boundary value 


V,(e'%) = lim V,(re'%) 
tS 
must, on the other hand, be an increasing function of 9 like each of the 
V,(re'*), augmenting by 2x when 9 does. In fact, V,(e!*) increases only on 
the arcs making up E; on each of the complementary arcs of {|z| = 1} it 
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is constant. To see this, it suffices to observe that 
V,(z) = U,(z) + U,(1/z) 


is harmonic, hence infinitely differentiable, along each of those 
complementary arcs, on which, by symmetry, 


OV, 
E(Z) aN 
or 
Thence, by the Cauchy—Riemann equations, 
T (eid 
AL 0 for e'* ¢ E. 
0g 


We see that when 9 increases from 0 to 27, f,(e'*) describes a closed path 
of the following form, going through it exactly once: 


Y ii ka wh 
k, H Wy VUR i; 


Figure 209 


The arcs of E are taken onto those on the circle {|w| = e7%}, and the 
ones complementary to E go onto the radial slits. Each of the latter, by 
the way, really is traversed exactly once in each direction (inward and then 
outwards) as e? runs through the complementary arc corresponding to 
it. This is due to the convexity of V,(e'*) in 9 on each of those 
complementary arcs, which may be verified by noting that 


; 1 ’ 
E Ca = | log | ————-. | dwale", ~) 
= 4 sin? (ie) 5 j 
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for ei? ¢ E, whence 


av,(e%) _ { 1 
E 


2 — 
oR 2s ( 24 =) 
2 
for such 9. 


Let Q denote the (bounded) region enclosed by the path traced out by 
fele?) as 9 goes from 0 to 2x. Then, if weQ, arg(f,(e'*) — w) increases 
by exactly 2x when 9 does, and fg(z) must assume the value w exactly 
once in A, by the principle of argument. We see in the same way that none 
of the values w outside of Q are assumed by f,(z) in A; fg thus maps A 
conformally onto Q. 

It is good to have a more compact formula for f;(z) at our disposal. Since 


dwlc", œ) > 0 


VAz = J logiz( + 2) log —_=da(¢, 0), 


1 
|1 — fz 


we may take the harmonic conjugate V,(z) equal to 


1 
argz + 2 are( zz Java œ) 


for0 < |z| < 1, and hence 


fia zexp}2 i: toe( + Hyto ~)| 


for zE A. 
These results are important enough to be summarized in the following 


Theorem. Let E be a finite union of arcs on {|z|= 1}, and denote by 
wəg( , z) the harmonic measure for 


= (Cu{%}) ~E 


The function 


O zexpd2 i loe( + z Jara a} 


maps the unit disk A conformally onto a domain Q obtained by removing 
certain radial sits from the disk{|w| < e?’?}. Under the mapping, the arcs 
of E go onto others, lying on the circumference {|w| = e7’?} and precisely 


2 A conformal mapping. Pfluger’s theorem 137 


covering it, and the complementary arcs of the unit circumference go onto 
the radial slits. 


Figure 210 


Once the conformal mapping f; is available, it is easy to obtain estimates 
for the reciprocal extremal length A(A;, G) specified at the beginning of 
the present article. To do that, we need two lemmas. 


_ Lemma. e”? > 1. 


Proof. Uses the minimum property of the conductor potential. Denoting 
the unit circumference by K, let us write 


€ = {|z|>1}U{oo}, 


so that 0€ = K. If E S K, any positive measure u of total mass 1 
supported on E is certainly supported on K, so, by the extremal property 
in question (lemma at the end of the preceding article), 


1 
yr OS | | log dyu(l)dy(z) 
EJE |z—¢| 


Choosing p = @g( , ©), we get 


Ye S Yo 


Referring to the formula 


K 1 1 
>| log——,d9 = log—, |z| 21, 
2r Jo |z — e| |z| 


we see that yg = 0. Therefore yg > 0, as required. 
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Lemma. For |z|< 1, 


eee. we cl eee ae 
(1 + |2|)? (1 —|z]) 
Proof. By the boxed formula from the theorem, 
felz) 


Z 


log 


1 
= 2| tog dwat, 00). 


The integral on the right evidently lies between 2log(1/(1 + |z|)) and 
21log(1/(1 — |z|)). The lemma follows. 


Consider now any simple closed curve I about 0 lying in A, and write 


zer (1 +|z|)? 


For a finite union E of arcs on the unit circumference, CapE = e`”? 
and the quantity A (Ar, G) are then related through 


Pfluger’s Theorem. If |z| < 4(3—./5) for zeT (so as to make Mp < 1), 
the logarithmic capacity of E satisfies the double inequality 


M7 1/2 e7 T/AlAr,G) < Cap E< mp 1/2 eT /A(r,G) 


Proof. The conformal mapping fg described in the preceding theorem 
takes the ring domain A; bounded by the unit circumference and IT onto 
another, Q;, bounded by ôQ and the curve = f,(I) : 


—> 


fe 


Figure 211 
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Under this mapping the curves of the family G — those lying in A; and 
joining E to T — are taken to the ones lying in Q; which join the 
circumference {|w| = e?’?} to. Denoting the family of the latter curves 
by G, we have 


A(Ar,G) = A(Q;,G) 


on account of property 2 of extremal length (§E.1). 

By the second of the preceding two lemmas, I lies inside the circle of 
radius Mp about 0, and in the present circumstances, Mp < 1 < e”? 
thanks to the first of those lemmas. The picture is thus as follows: 


Figure 212 


For the moment, let us denote the ring 
iM, iw ey 


by &, and the family of curves in & joining its inner to its outer boundary 
by H. Then, if p(z) > 0 is any weight on & admissible for the family H (in 
‘the parlance of §E.1), the weight p*(z) on Q; equal to p(z) on QFN & and 
to zero on QN ~ £ is certainly admissible for G, so, by definition (SE.1), 


A(QQz,G) < | | (p*(z)'dxdy = | | (p(z))?dxdy 
OF é 


(the presence of radial slits in Q makes no difference here). Since the 
infimum of the right hand integral for the weights p in question is just 
A(@, H), we have A(Q;, G) < A(é,H); that is, in view of the previous 
relation, 


A(Ar,G) < A(é, H). 


The right side of this inequality can easily be calculated explicitly by a 
procedure much like that of the special computation for a rectangle in §E.1, 
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reducible, in fact, to the latter by logarithmic substitution. In that way one 


finds without difficulty that 


2n 


NEH = —— 
oo log (e*”?/Mr) 
Plugging this into the preceding relation we get 


y 
7a — (log Mr/2) 


A(âr,G) < 


The second of the above two lemmas also implies that the circle of 
radius m, about 0 lies entirely inside the curve I’. From this we see by an 


argument like the one just made that 


T 


= = Te 
Ya — (log m,/2) 4 


(again the radial slits of Q cause no trouble). 
Combining the last inequalities, we find that 
T 


— llogM < < — 4log mr, 
Yo 710g Mr AGA, G) Yo 7108 Mr. 


or, since Cap E = e3, 


M; 1/2 e7 T/A(Ar,G) < Cap E< mr 1/26 = n/A(Ar,G) 


3. Application to the estimation of harmonic measure. 
Tsuji’s inequality 


Q.E.D. 


The use of Pfluger’s theorem in estimating harmonic measure is 
made possible by the fact that Cap E is a majorant for |E| when E is a 
closed subset of the unit circumference. We restrict our attention to finite 
unions of closed arcs; results valid for such sets are general enough for 


most purposes.* 


A sharp (i.e., best possible) relation between Cap E and |E| (for E on 
the unit circumference) is known; its derivation is set as problem 36, given 
further on. For us a less precise result, having, however, a more straight- 


forward proof, suffices: 


Lemma. If E is a finite union of closed arcs on the unit circumference, 


|E| < 4r Cap E. 


* See below, at end of the proof of Tsuji’s inequality. 
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Proof. Is based on the extremal property of the conductor potential. 


Figure 213 


The part of E lying to one of the two sides of the imaginary axis has measure 
> |E|/2; suppose, wlog, that for E,, the part lying to the right of that 
axis, we have 


|E.| 2 ZIEl. 


` Arguing as in the proof of the first of the two lemmas in article 2, we see 
that 


CapE, < CapE. 


We have, however, CapE, = e~’, where, by the extremal property 
referred to (lemma, end of article 1), y is the minimum value of the 


expressions 


1 
| | Nop TA 
Eee Ee [z= 


formed using positive measures p on E, of total mass 1. 
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Suppose that E, consists of the arcs I,, Iz, ..., Iw By means of 
different rotations about the origin, we may move the I, to new arcs I; on 
the right half of the unit circumference, arranged in the same order as the 
I; but just touching each other, with |I;] = |J,| for j = | ee Set 


j 
' 
| 
| 
: h 
i 
I 
| 
1 
| 
I 
i 
l i 
| I 
i} I 
I I 
| 1 
| / 
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| 1 
| Z 
| A 
y 
| ¢ 
! ¢ 
| oe 
| + 
I a 
cert 
I Figure 214 
We denote ()7_, I; by I; T is a single arc and |I'| = |E,|. 


A mapping y from E, to J’ can now be defined in the following way: 
if CeI;, we let Y(¢) be the point on I’; having the same position, relative to 
the endpoints of that arc, that ¢ has, relative to the endpoints of I;. We then 
have 


Iw(z)—W()| < |z—¢| for z and CeE,. 


Indeed, when z and ¢ belong to the same arcI,, there is equality, and, if 
z and ¢ belong to different arcs, strict inequality, the effect of Y being to 
move each arc of E, closer to all the others (since E, lies on a 
semi-circumference): 
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Lf; 


|z-S| 


ae 


Zz 1 
Figure 215 


From the last inequality, we get 


| | log” 
E+ J E+ 


If u is the measure on I’ given by the formula 


pA) = ww (A), As I, 


the integral on the right can be rewritten 


1 
ah d < log = d(0) dy(z). 
u(C)dy(z) hae °8 JOVO] uC) du(z) 


| f loge) gE )duy(¢’); 


it is, moreover clear that any positive measure of total mass 1 on I’ can 
be obtained as a p, for proper choice of the measure u on E, with 
u(E,) = 1. Choose, then, p so as to make p, the equilibrium charge 
distribution for the arc I’ (article 1). The integral just written is then equal 
to y', the conductor potential for I’, so, by the previous relation, 


1 
eS | | log dyu(f) du(z). 
Es J Er jae C4 


The expression on the right is, however, > y according to the observation 
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made above. Thus. 


1 


A 
or, in terms of CapI’= e`” and Cap E,, 
Capl’ < CapE,. 


The logarithmic capacity of the single arc I' may be expressed directly 
in terms of |T'| = |E,| after going through an elementary but somewhat 
tedious computation. We, however, do not require any great precision, 
and content ourselves with a simple lower bound on Cap’. Suppose, 
wlog, that I’ is the (counterclockwise) arc from e~™ to ef", where 
0 < « < 27/2, so that |I| = 2a, and denote by @ the horizontal 
projection from I’ onto the vertical line through the point 1: 


r=...’ 


Figure 216 


g(I') is thus the straight segment 
J = [l—isina, 1 +i sing]. 
For z and Cel’, we clearly have 
lp(z)— ep) | < |z—¢1, 
whence, by an argument like the one made above, 


CapJ < Capl’. 
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The left side of this inequality is easily calculated. The Joukowski 
transformation 


z—1 z—1)\? 
aa hil aaa r a = eps ew 
ising ising 
takes the exterior of J conformally onto the domain {|w|> 1}, with oo 


going to œ; so, if 2 denotes the domain 


(CUf{o})~J, 


we have 


=A gent Ye 
a + 7 +1 Ji. 
sin a sin & 


For large values of |z|, the expression on the right reduces to 


2 
log|z| + toe) + (=), 
sin & |z] 


whence, from article 1, 
: 2 
yg =  lim(Go(z, 0)—log|z|) = ioe( =), 
zo sin g 


G,{z,00) = loglw| = log 


and CapJ = ¢°* = $sina. 
Since 0 < « < n/2, a < $rsina, so 


"| = 2a <= 2x CapJ 


by the calculation just made and hence, in view of the relations established 
above, 


II] < 2xnCapI’ < 2nCapE, < 2nCapE. 
On the other hand, 
|E| < 2|E,| = 2|, 
so finally 
|E| < 4r Cap E. 
We are done. 
Remark. For sets E on the unit circumference, 4n Cap E is in general a 


poor upper bound for |E|; it has the same order of magnitude as | E| only 
when E is an arc or at least a set of fairly simple structure. As a rule, the 
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comparison between |E| and Cap E becomes worse as the set E under 
consideration becomes more disconnected. It is not hard to construct totally 
disconnected closed sets E on the unit circle for which |E| = 0 and yet 
Cap E > 0. Descriptions of such constructions are found in many books, 
including the ones by Nevanlinna, Kahane & Salem, and Tsuji. 


Problem 36 

(a) Let E be compact and composed of a finite number of smooth arcs, and 
put2 = (C—E)u{o}. If f(z), analytic in 2, has modulus < 1 there 
and is zero at oo, show that 
lim |zf(z)| < Cap E 
(Hint: Look at log|f(z)| + Gə(z, 0). ) 

(b) Let E bea finite union of closed arcs on the unit circumference. Show that 


CapE > sin(|E|/4). 


(Hint: With 
1 p et+z 
gz) = — - dt, zeEQ, 
2n Jpe' —Z 
take 


e™e(z)/2 a! etig(0)/2 


F(z) 


2(e™#9@)/2 + e T22) 
and use the result of part (a).) 


Remarks. This proof of the inequality in (b) is from Lebedev’s book on 
the area principle. The inequality becomes an equality for single arcs E. The 
supremum of the left-hand limits in (a) for the kind of functions f 
considered there is called the analytic capacity of E, and the f given in 
(b) actually realizes that supremum. For more about analytic capacity 
and its rôle in approximation theory the reader should consult the 
monographs by Garnett and by Zalcman. 


Combination of the lemma just proved with Pfluger’s theorem shows 


that if E is a finite union of arcs on the unit circumference and I a simple 
closed curve about 0 on which |z| < $(3— V 5), we have 


es a One 1/2 @—n/A(Ar,G) 
2n 


where mp = inf,.-(|z|/(1 + |z|), and A(Ar, G) is related to E and F in 
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the way described at the beginning of article 2. The use of this relation to 
estimate harmonic measure for simply connected domains comes 
immediately to mind on account of the conformal invariance of both 
harmonic measure and extremal length. Some control on the quantity mp 
is of course needed if the results obtained are to have any practical value. 
We use a couple of the elementary properties of univalent functions for 
that; those are covered in many texts, for instance, the ones by Nehari 
and by Markushevich. 


Lemma. Let © be a simply connected domain with zọ € ©, and put 
Ryo = dist(Zo, 00). 


If o is the circle |z — zo| = Ro/16 and ọ is a conformal mapping of © onto 
the unit disk A with @(z.)=0, @ takes o onto a closed curve T` about 0, 
such that 


lw] < $(3—./5) forweD 
and that 

|wi/(1+|wl)? > 1/75, wer. 
Proof. 


Figure 217 


The function 


(Zo + Ros) 


10. Rete 
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is certainly univalent for |¢| < 1,and has a Taylor expansion of the form 
E + Ast’ + Ant” 
there. f also maps {|¢| < 1} conformally onto a region included in the disk 
{Iwl < 1/Rol@'(Zo)|}- 
Thence, by the Koebe 1/4-theorem, 1/Ro|@(zo)| > 1/4, or 
Rol@(Zo)| < 4. 
Denoting by ® the inverse to o, we have, on the other hand, 


O(w) — Zo 


= w + Bw? + Byw? +> 
(0) 3 : 


for |w|< 1, with the left side univalent there. Here, ®(0) = 0 is distant by 


at least R,/|®’(0)| units from the boundary of ®(A), so, by Koebe’s 
1/4-theorem, R,/|®(0)| > 1/4, i.e., 


ile 


Rol@'(Zo)| = 


According to the distortion theorem, 


Cl aoe pve 
a+ naes (1—|¢|)? 
for || < 1, so, in terms ofz = Zo + Ro% and g, 
Rolo'@ollo1 L < Rolg'Zo)llé| 
(LIE ae ae meee 
Hence, if |z— zo| = R,/16, 
4/16 1 3—./5 
lp(z)| < a 1/16? z : < 5 


by the first of the above inequalities, in other words, 


TE 


Iw] < 5 frw er = g(a). 
When |z—zo| = Ro/16, we also see by the second of the above 
inequalities and the relation involving |g(z)| and ¢, that 
1/4-1/16 4 1 
be, ee 


(1 + 1/16)? IP 72° 
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Thence, since r/(1 + r)? is increasing for 0 <r < 1, 


ish sae ea een 
(1 + |wl)? (73/722 NEE 


The lemma is proved 


Now we can give the 


Theorem. Let © be a simply connected domain bounded by a Jordan curve. 
Taking a zo € ©,we denote byo the circle of radius -dist (Zo, 00) about Zo, 
and by ©, the ring domain bounded by 60 and o. If F is a finite union of 
closed arcs on G0, let S be the family of curves in O, joining F to o. Then 


lk. 25) Xx, 18e, 2 8) 


Figure 218 


Proof. Let @ be a conformal mapping of © onto the unit disk A with 
g(Zo) = 0; takes F S 00 onto a finite union E of arcs on the unit 
circumference, and the circle ø to a simple closed curve I about 0, lying 
in A. The function ọ thus maps the ring domain 0, conformally onto Ar, 
the region bounded by T and the unit circumference, and takes the curves 
of the family S to those lying in Ay, joining E to T. Denoting, as usual, the 
collection of the latter curves by G, we have, by property 2 from article 1 
(conformal invariance of extremal length), 
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A(@,,S) = A(Ay, G): 
On the other hand, 


IE] 


Oo(F, Zo) = ae 


According to the second of the preceding two lemmas, we can apply 
Pfluger’s theorem with our curve T, so 


Cap E < mr 1/2 .—2/A(Ar,G) 
where 


|w] 


m = inf ————. 
4 wer (1 +|w|)? 


By the same lemma, we have here, 
ma ALTO: 
From the first of the above lemmas we now get 


\E| 


= Gap E eaeatce nee’, 
2n 


so, by the preceding two relations, 
MelFNZs) ae else Ey Q.E.D. 


Remark 1. In the theorem, one may replace A(0,,S) by A(O,S,) where S, 
is the family of curves in © joining o to F, for the two reciprocal extremal 
lengths are equal. Indeed, every curve in S, has on it an arc which, by 
itself, belongs to S. Therefore, if a weight p(z) on ©, is admissible for S, 
the weight p,(z) on 0 equal to p(z) in ©, and to zero inside the circle ø is 
admissible for S,, and hence A(0,S,) < A(O, S). On the other hand, 
S S Sp so if a weight p,(z) on © is admissible for S,, its restriction, p(z), 
to ©, must be admissible for S. This makes A(O,,S) < A(@,S,). 


Remark 2. As stated at the beginning of this §, Beurling’s thesis already 
contained practically the same result. 


Remark 3. Note that here we have the exponential 


e7 7/A(Oo,5) 


where the corresponding theorem of §E.1 (for single arcs) involves the 
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expression 


om n/4A(QZ,G) 


There is, however, no real discrepancy between the two results. The extra 
factor of 4 figuring in the second exponential is due to the fact that the 
curves of the family G involved there start from an arc on 09 (the one 
whose harmonic measure at Zp is in question), loop around Zo, and then 
go back out to that arc. The curves of our present family S just go in 
from the set F on 00 to the circle ø about zo; they don’t go back out to 
F again. 


Remark 4. The present result, unlike the corresponding one of §E.1, 
furnishes an inequality whose two sides are generally not of the same 
order of magnitude. According to the remark following the first of the 
above lemmas, the estimate given will usually tend to get less and less 
precise when applied to sets F = 00 having more and more components. 
The right side of the inequality is really a measure (roughly speaking) of 
logarithmic capacity rather than of harmonic measure. Our result does 
nevertheless have its uses. 


One application of the last theorem is to the derivation of a generaliza- 
tion, usually known as Tsuji’s inequality, of the Ahlfors-Carleman estimate 
given at the end of §E.1. Suppose we have a simply connected domain 0 
(bounded or not), with 60 consisting of a Jordan curve, or of J ordan arcs 
going out to oo. Let Zo € 0. 

Ifr > dist(zo,d@), we denote by O, the component of 


On {|\z—2Z| < 7} 


containing the point zo. ©, is bounded by all or part of 00, and, in the 
second case, by certain arcs on the circle |z— zo| = r as well. We call 
the union of these (r) (understanding that Ł(r) may be empty), and 
write 


Ar) = |Z(r)\/r. 


For 0 < r < dist(zp,00), X(r) consists of the entire circumference 
|z—Z | = r, and then we put 


G(r) = œ (sic!) 


as in §E.1. 
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Fixing any R > dist(zo, 00), we look at harmonic measure wop( , Z) 
for the domain Opg. Concerning the latter, we have the 


Theorem. (Tsuji’s inequality) 


sie 


Oa CAR Zo). =< 186 <8. 


Proof. Consider first the case where X(R) consists of a finite number of 
arcs which we may just as well look on as closed. Taking the circle o of 
radius ;:dist(z,0@) about zo, we proceed to obtain an upper bound for 
the reciprocal extremal length A(@,,S), where S is the family of curves in 
@,, the ring domain bounded by Op (sic!) and ø, joining X(R) to ø. For 
this purpose, it is enough to exhibit a single weight p(z) > 0 on @,, 
admissible for the family S. Then, by definition (§E.1), we'll have 


A(S) < il ( p(z))? dxdy. 
Os 
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Write 


Ee gery Tiss 


dist(zo,d@)<r<R 
and, for ze Ł, put 


k 
|z—z9|6(|z — Zol) 


p(z) 


where kis a constant yet to be determined. For z ¢ È, we take p(z) = 0. 
If A is any curve in ©, joining X(R) to o, we have (cf. proof of 
Ahlfors—Carleman inequality, end of §E.1), 


| P(z)|dz| > | p(z)|d|z — zoll. 
A A 
Putting dist(zp,d0) = Ro and writing 
Z— Z = re’, 
we see that the integral on the right is 
R R d 
2 | Pdr t=) vk | A 
Ro Ro rO(r) 


Fork = 1 ies dr/r0(r), the last expression is equal to unity, making p(z) 
admissible for the family S of curves A. 
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Using the indicated value of k, we get 


R k 2 
f| coram = [racer = fihla) 90 
R k 2 R dr 
= EIRY = 2 =< a (A 
ES ARS iS r0(7) 
whence 


NOTS) P= k= iff 
o rO(r) 


(since O(r) = œ for 0<r< Ro ). 

Substitution of the last relation into the inequality furnished by the 
preceding theorem now yields the desired result when X(R) is made up of 
finitely many arcs. 

The general case (with X(R) © On{|z—2Z9|=R} consisting of count- 
ably many open arcs ) is easily reduced to the one just handled, which 
certainly obtains whenever 00 is an analytic Jordan curve. One simply 
takes limits, working with an exhaustion of © by domains having analytic 
Jordan curve boundaries. To get the latter, map © conformally onto the 
unit disk and then take the preimages of smaller concentric disks. The 
details of this procedure are left to the reader. 


Remark. Tsuji himself did not quite arrive at the inequality found here. 
In its place he got 


es dr 
3 -f r 8(r) 
wo SR < aaa +e ; 
J-K) 
with a parameter x of arbitrary value < 1. The estimate provided by our 
result is better, because in it the integration goes all the way out to R. 


Instead of using extremal length to derive his formula, Tsuji worked 
with a differential inequality due to Carleman. That procedure is known 
as Carleman’s method, and its application is not limited to simply connected 
domains. Therefore, since our definition of the function @(r) makes sense 
when (0 is multiply connected (i.e., has ‘islands’ in it), it is very likely true 
that Tsuji’s original estimate (with the parameter x) holds for that more 
general situation. Regarding this possibility and most of the other material 
in the present § and in §E.1, the reader should consult the Arkiv paper 
by K. Haliste; I have not checked thoroughly to make sure that all the 
details of Tsuji’s argument go through for multiply connected domains. 

It would be very good if the result proved above (without the parameter 
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Kk ) could be shown to hold when 0 is multiply connected.* In at least one 
special situation, this is known to be so. That is when X(R) is the whole 
circle |z—z)| = R and the rest of 00, consists of radial segments inside 
that circle; the desired inequality then follows by a celebrated theorem 
of Beurling which may, for instance, be found in Nevanlinna’s book. 
For Carleman’s method, the reader should first consult the little book 
by Heins, going afterwards to those of Nevanlinna and of Tsuji. Haliste’s 
paper, already referred to, is recommended to anyone who wishes to 
become more familiar with the whole circle of ideas just discussed. 


For certain geometric configurations, Tsuji’s inequality can be deduced 
from the one of Ahlfors and Carleman proved in §E.1. Without attempting 
to describe the most general circumstances whereunder this is possible 
(which would oblige us to enter into all kinds of fussy geometric 
considerations), let us restrict our attention to the simple situation where 
© consists of a disk together with n (unbranched) arms extending outward 
therefrom: 


Figure 221 


* 


Beurling’s notes on extremal distance and harmonic measure have appeared in 
volume I of his Collected Works, published almost 5 years after the above lines 
were written. A version for multiply connected domains of the theorem given above 
on p. 149 is found in those notes on p. 372 (Theorem 3), and from it the analogue 

of Tsuji’s inequality (without the x) for branching channels with islands in them 
is readily derived (see pp 374-376 of the notes). Beurling’s Theorem 3, and 
especially its elegant proof, were closely guarded secrets until his collected works 
came out. 
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Consider the case where (’s central disk is just A. In order to keep 
things really simple, let us also suppose that any circle of radius r> 1 
about the origin intersects each of the arms along a single arc, although 
this assumption is not really necessary (see the discussion of the arcs S(R) 
and o(r) near the end of §E.1). Say that {|z| = r} intersects the jth arm of 
© along the arc £ (r). In terms of the notation used with the previous 
theorem, we then have 


Sr) se Da (PT) ee (Pe te ee Tare ok 
and if we put 

6(r) = |Z;(r)|/r for r > 1, 
we have 

Olr) = O,(r) + 8r) +: + 9,(7). 


When 0 <r <1, we put each of the 0,(r) equal to œ. 
Under the present circumstances, we clearly have 


DoR, O = È vonl), 0), 


and, for each j, by the Ahlfors—Carleman inequality, 


@».(Z(R), 0) < copf -a | os l 
sagi 0 r6;(r) 


with an absolute constant C. Therefore, wishing to show that 


Wo,(2(R), 0) < Kexp}—n[ <7} 
S o ro(r) 


with a numerical constant K, it is more than sufficient to verify that 


Neal ts atr E a 
aii Se teed o r6(r) 


for O(r) = D_, 9,(r), when the 6;(r) are > 0 and 


R dr 
T ———— 
o ro(r) 


(When this last condition is violated, the desired inequality for wo, (Ł(R), 0) 
is true anyway with K = e?.) 
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Problem 37 

Prove that under the given condition the boxed inequality holds. (Hint. 
One may, in the first place, assume all the quantities j dr/r0;(r) to be 
finite. Otherwise, if, say, the one with j =n were infinite, we could drop 
the term corresponding to it in the sum 


n R d 
ORTE EE $ e-a] “| 
j=l 


o r0;(r) 


and then set out to prove an inequality like the boxed one with n—1 
terms on the left and a smaller function @(r) > 0 on the right. The 
stated assumption now being granted, we consider the function O(r) 
to be fixed. Let, wlog, the largest among the quantities 

(fs dr/r0;(r)} exp { -nfi dr/r0,(r)} be the one corresponding to j=1. 
Taking any k > 1, make the variations 60,(r)=1n0,(r), 60,(r) = — n6,(r) 
and 60(r)=0 for j#1, k in the functions 0,(r); here y is an 
infinitesimal > 0. These variations are allowable because the functions 
0,(r) + 60,(r) are still all > 0 and still add up to A(r). 

Show that, under the variations just described, 


5S(0;,03,---,9,) = 
à M 6,(r) dr a Gar dr ) 
"Jo OP Jo 7A) 
mer sabaiari 
Es exp) = > 
o relr) o rO,(r) 


and that the quantity in { } is certainly > 0 unless 6,(r) = const 0,(r). The 
maximum value of S(0,,...,0,) for 0; +0, +- +0, = 0 is therefore 
attained when, for each j, 0,(r)=A,0(r) with a constant A; > 0. Here, 
A, +å2+: +A, = 1. Observe finally that when M > 2, e M4 is an 
increasing and convex function of A for0 <A <1.) 


X 


Why we want to have multiplier 
theorems 


A. Meaning of term ‘multiplier theorem’ in this book 


Suppose we have a function W(x) > 1 defined on R. We will be 
interested in the question of existence of non-zero entire functions (z) of 
arbitrarily small exponential type for which 


W(x)p(x) 


is bounded, or belongs to some L, class, on the real axis. The purpose of 
the present chapter is to discuss some of the reasons for this interest. 

Existence of the entire functions ọ is of course not guaranteed for 
arbitrary weights W(x) > 1. For us, a multiplier theorem is any result 
describing conditions on W from which that existence must follow. When 
such conditions are realized, we think of W as a weight that can be 
‘multiplied down’ by the ‘multipliers’ g. In those circumstances, we also 
say that W(x) admits multipliers. 


Warning. The term ‘multiplier’ is used here with meaning entirely different 
from that accepted in harmonic analysis and in the study of singular 
integrals. 


The first restriction on a function W(x) > 1 which is to admit 
multipliers concerns its size. If @(z) is a non-zero entire function of 
exponential type with W(x)|@(x)| < C on R, we have 


log|g(x)| < logC — log W(x), 
so, since 


i log” |ọ(x)| 


ay Rae “i 
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must be finite by §G.2 of Chapter III, we have to have 


|" log W(x) : 


saml 


The same condition on W must hold if we require, for example, that 
W(x)ọ(x) € L,(R) with p > 0. 


Problem 38 

Prove the assertion just made. (Hint: Insertion of the factor 1/(1 + x?) 
into the integrand makes the L, integral smaller. Use the relation between 
arithmetic and geometric means.) 


Things would be very simple if the boxed condition on W, necessary for 
that weight to admit multipliers, were also sufficient. That, unfortunately, 
is just not true, and some additional restrictions on W’s behaviour are 
needed. A really adequate description of the minimal additional 
requirements to be imposed on a weight in order that it admit multipliers 
is not yet available; one has, on the one hand, some fairly straightforward 
sufficient conditions which are more than necessary, and, on the other, a 
criterion which is both necessary and sufficient for a very extensive class 
of weights, but at the same time quite unwieldy. 

These matters will be taken up in the next chapter, the last one of this 
book. What we do in the present one is mainly to show some applications 
of multiplier theorems to various questions in analysis. In the following 
two articles we first review an elementary but quite useful such result 
already established in Chapter IV and then state a much deeper one, 
whose proof is deferred until Chapter XI. 


jiy The weight is even and increasing on the positive real axis 


As we saw in §D of Chapter IV (see especially the corollary at 
the end of that §), a construction used in the study of quasi-analyticity 
also yields the following 


Theorem. (Paley and Wiener) If W(x) > 1 is even, and increasing for x > 9, 
W admits multipliers if and only if 


log W(x) ax <= CO. 
1+x? 


—o@ 
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Under the specified circumstances, then, convergence of the integral is 
both necessary and sufficient. This multiplier theorem is of considerable 
value in applications in spite of its elementary character. Levinson and 
Mandelbrojt have used it extensively, as did Paley and Wiener, and it will 
render considerable service in the construction of some important 
examples to be given in the next chapter. At that time, it will be helpful 
to refer to a different derivation of the result, independent of the special 


properties of the function (sin z)/z. We proceed to give one now. 
The basis for our argument here is the formula 


[ie dv(t) = =x| “tog a(~), x0, 
0 


valid for functions v(t) positive and increasing on [0, 00) which are O(t) 
for both t>0 and t — œ. This is just the first lemma of §B.4 in 
Chapter VIII. Starting with a weight W(x) > 1 whose logarithmic integral 
converges, we take a suitable constant multiple m(t) of log W(t) (the 
constant will be specified later) and then, fixing an arbitrary a>0, put 


2 


1 % Maat 
as SNA 


oe 


vt) = at — Í noe t>0, 
max(t,A) T 
where A is a large number depending on a in a manner to be described 
immediately. 
We have 
y(t) = a | BO 0<t<A, 
Ea 
and 
v(t) = a— | mera IO t>A. 
LO t 


Therefore, if we choose A so as to make 
Nt 
| MO < g 
oT Or 


which is certainly possible thanks to our assumption on W, v(t) will be 


an increasing function of t, with 0 < v(t) < at for t>0. It is also clear 
that 


——a for t — oo. 
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Using the function v in the above formula gives us 


| log dv(t) = -xÍ log 
0 


A 
Since, however, m(t) is increasing according to our assumption on W, the 
right side of the last relation is 


2 


x m(t) 
ini 


x+t 
ENF 


5, 


dt. 


x dt 
t? 


Xpt 
Xl 


< -mo | log 


for x >A. The substitution t = t/x takes the integral figuring herein 


over to 
le f= 
log 


a certain (finite) numerical quantity — call it C — whose exact value we do 
not need to know. Thus, 


| log 
0 


Write, for 3z > 0, 


dt 


>, 
T? 


— 


2 
a dv(t) < —Cm(x) for x2 A. 


2 
Z 
1— 2 dv(t). 


U(z) = [oe 


0 


U(z) is harmonic in the upper half plane and, for our present function 
v(t), continuous up to the real axis, where it is certainly bounded above in 
view of the previous relation. Moreover, 


(oa) |z]? 
U(z) < | log( 1+ dv(t), 


0 


and, after integrating by parts, the right side is easily seen to be ~ za|z| 
for |z| — œ, keeping in mind that v(t)/t — a ast — oo. When z =iy 
with y > 0, the inequality just written becomes an equality, showing that 
U(iy)/y — za for y— o. 

These facts imply that 


tli? aA (t 
UEA | = O ar for 3z>0 


TJ- o |z—t|? 


by an argument exactly like the one used to prove the theorem of §G.1, 
Chapter III. Plugging the previous relation into the integral on the right 
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then gives 


e 
lt|> 4 PF 


whence, since m(|t|) increases with |t|, 
; Ce 
U(x+i) < O(1) — TD for |x| > A. 
Taking a larger O(1) term of course ensures this estimate’s validity for all 


real x. 


The idea now is to observe that the integral 


| log 
0 


would represent the logarithm of the modulus of an entire function of 
exponential type, if the increasing function v(t) were integer-valued. Our 
v(t), of course, is not (it is absolutely continuous!), but one expects that 


| log 
0 


(with [v(t)] designating the greatest integer < v(t) ) should be close to 


z2 
g 
t 


dv(t) 


d[v(t)] 


2 
Z 
eer: 
t 


2 
Z 
1— 72 dv(t). 


UG = [ioe 


(0) 


This is indeed true as soon as z gets away from the real axis, and we have 
the following simple 


Lemma. If v(t) is increasing and O(t) on the positive real axis, 


o) z? 
| logji -Z aO- ave) 
0 
max(|x!, Iyl) ji ! 
lona e a NE E 
oef 2iy e aa 


jur D2 (= y. 30, 


Proof. Assuming that 3z #0, integrate the left-hand member by parts. 
Because v(t) = O(t), the integrated term vanishes, and we obtain 
2 
z 
1— 2 dt. 


| igi boD log 


0 
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Fixing z, let us introduce the new variable ( = z?/t?. As t runs through 
(0, co), Ç moves in along a certain ray Z coming out from the origin. 
When Rz? < 0, the distance |1 — | decreases as t increases, so, since 
v(t) — [v(t)] > 0, the expression just written is < 0. 

If, however, Rz? > 0, |1—C|, for increasing t, first decreases to a 
minimum value |3z?|/|z|? and then increases, tending to 1 as t — œ: 


0 1 X 


Figure 222 


Hence,since0 < v(t)— [v(t)] < 1, the expression under consideration is 
< log(|z|?/13z°1). 
We see that fẹ log|1—(z7/t”)| (d[v@] — dv(¢)) is 


0, IxI<lyl, 


< |x| ly| ) 
lo as + rte ak: |x|>|yI. 
(5 2Ix| 


The right-hand side can be represented by the single expression 


log ( edh» A Iyl l 
2\y| 2 max (|x|, |y) 


The lemma is proved 


Using the lemma with our function U (z), we get 


(oe) $\2 
| tog] -5P 


2 
o t 


d[v(t)] < log*|x| + U(x +i), 
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so, by the relation established above, 


| log 
0 


For each integer k > 1, denote by å, the positive value of t for which 
v(t) = k. Then, noting that v(0) = 0, we have 


œ oO z? 
| log|1 I] (1-5) 
0 k=1 Ai 


so, putting 


g(z) = T(1-3) (sic!), 


k 


paca! 


d[v(t)] < O(1) + log*|x| — m(x) xeR. 


-Zlab®] = log 


> 


the preceding inequality yields 


C 
log|g(x+1)| < OES ti a xeR. 


Arguing as we did above for U(z), we find without trouble that 
log|g(z)| < O(1) + zalz\; 


in other words, @(z) is entire and of exponential type < na. 
The relation involving g(x +1) and m(|x|) can be rewritten 


lolx +i)JeC™"/2 < const, xeR, 
where C is a numerical constant independent of a and of m(t). Going back 
to our even weight W, we now take 
2 
m(t) = —log W(t), tO; 
C 
and the entire function g of exponential type < za furnished by the 
construction just made satisfies 
W(x)|o(x+i)]| < const,  xeR. 
This ọ is of course non-zero, so, since a> 0 is arbitrary, we have again 
arrived at the theorem stated at the beginning of the present article. 
2i Statement of the Beurling—Malliavin multiplier theorem 


The result just discussed implies in particular that if an entire 
function F(z) of exponential type has, on the real axis, a majorant 
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M(x) > 1, increasing when x > 0 and decreasing for x <0, such that 


ie log M(x) 


nae tyes Bie, 
x 


then there are non-zero entire functions ¢ of arbitrarily small exponential 
type for which F(x)g(x) is bounded on R. It suffices indeed to apply the 
theorem with the weight W(x) = M(x)M(—x). In such circumstances, the 
function F(z) is thus a factor of other non-zero entire functions, having 
exponential type arbitrarily close to that of F and bounded on R. 

It is very remarkable that the monotoneity requirements on the majorant 
can be dispensed with here. The mere condition that F be entire and of 
exponential type somehow implies enough regularity for the weight 
1+ |F(x)| so that convergence of the logarithmic integral associated with 
the latter already ensures its admitting of multipliers. 


Theorem (Beurling and Malliavin, 1961 — called the theorem on the 
multiplier). Let F(z) be entire and of exponential type. In order that the 
weight |F(x)| + 1 admit multipliers, it is necessary and sufficient that 


co = > 
[PED < we 
TEN apie 

This result is much deeper than the one of the preceding article, and there 
is so far no really simple way of arriving at it. A proof based on material 
from §C of Chapter VIII will be given in the next chapter. For the time 
being, the reader is only asked to take account of the theorem’s statement. 
Some of its important consequences will be deduced in the following §§. 


B. Completeness of sets of exponentials on finite intervals 


We return to the study of completeness of collections of functions 
eint begun in §D of the last chapter. There, we obtained a lower bound 
for the completeness radius associated with an arbitrary real sequence A 
of distinct frequencies ,; we wish now to show that that lower bound is 
also an upper bound, thus arriving at a full determination of the 
completeness radius. The reader should perhaps again look through the 
beginning of §D, Chapter IX, before continuing with the present 
discussion. 

The lower bound just referred to is most conveniently expressed in 
terms of the Beurling—Malliavin effective density D, for the sequence A, 
defined in §D.2 of the previous chapter. According to a theorem in that 
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§, the completeness radius associated with A is > nD ,; the exponentials 
eint A, E€ A, are, in other words, complete (in any of the usual norms) 
on each interval of length < 2nD,. 

Showing this completeness radius to be equal to nD, was the first use 
made of the multiplier theorem stated in §A.2, which was indeed elaborated 
for that specific purpose. This application is given in the present §. Our 
task here is thus to prove that the completeness radius for A cannot be 
larger than xD a; this amounts to establishing incompleteness of the 
el"! A, € A, on any interval [—L, L] with L > nD}. 


The known procedures for doing this are all based on the duality 
argument described at the beginning of §D, Chapter IX. Desiring, for 
instance, to prove that linear combinations of the e'*"" are not dense in 
L,(—L, L), one tries to obtain a non-zero g in the dual of that space — in 
this case, an element of L,,(— L, L) — for which 


L 
| giles dt. =.0) | AP eri. 
=E 
Establishing incompleteness in this way thus involves proof of an existence 
theorem. That is why the determination of upper bounds on the 
completeness radius has always given much more difficulty than the search 
for lower bounds, which essentially depend on uniqueness theorems (based 
on various forms of Jensen’s formula). 

The idea is to arrive at the function g by constructing its Fourier 
transform 


L 
| ei” g(t) dt. 


Sk 


Suppose, for instance, that we are able to construct a non-zero entire 
function G(z) of exponential type < L, vanishing at the points of A, for 
which 


i |G(x)|dx < œ. 


— 0 


The function 


gt) = ae | $ e~ #*G(x) dx 
2n 


= 9 
is then continuous, and an argument just like the one used in proving the 


Paley-Wiener theorem shows that g(t) = 0 for |t| > L (Chapter III, 
§D). We therefore certainly have g e L, (R), and the Fourier inversion 
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theorem for L, gives 


GQ) = F e" g(t) dt. 


>L 


For each 4, € A, we then have 


L 
| e4g(t)dt = G(d,) = 0. 
=L 

And g(t) #0 since G #0. Our aim can thus be accomplished by showing 
how to get such a function G when the sequence A and any L > nD a are 
given. 

Beurling and Malliavin obtained a complete solution of this problem 
around 1961. Considerable effort had previously been expended on it by 
others who had succeeded in finding various constructions of entire 
functions G, subject always, however, to restrictive assumptions on the 
sequence A. This was done by Paley and Wiener and then by Levinson; 
later on, Redheffer obtained a number of results. I have worked on the 
question myself. Many of the methods devised for these investigations are 
still of interest even though they were not powerful enough to yield the 
final definitive conclusion; some of them indeed find service in the present 
book. The reader who wants to find out more about these matters should 
consult Redheffer’s survey article (in Advances in Math.), which gives a 
very clear exposition of most of what has been done. There, the delicate 
question of completeness of the e'*"' on intervals of length exactly equal 
to 2xD, is also discussed. 


Before going on to article 1, let us indicate how the work will proceed. 
We are given a sequence A © R with D, < oo.* Picking any ņ > 0, we 
wish to construct a non-zero entire function G(z) of exponential type 
< n(D, + 3n), say, such that 


G(A) = 0 for AeA 
and 


Je |G(x)|dx < œ. 


—-@ 
Because the distribution of the 4e A may be very irregular, it is not 
* It is best to allow A to have repeated points; that makes no difference for the 
constructions to follow. 


t with, of course, appropriate multiplicity at the repeated points of A 
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advisable to start with the Hadamard product 


z 
PEENE 


A#0 
Instead, we first turn to the second lemma of §D.2; Chapter IX, and to its 
corollary. Given D > Dy, these provide us with a real sequence E > A 
for which 


| POSU <1 
TAN 


Here, n;(t) denotes the number of points* of X in [0, t] if t > 0, and minus 
the number of such points in [t, 0) if t < 0. For our purposes, we take 


D = D, +. 


The points of £ are already quite regularly distributed. Assuming, wlog, 
that 0 ¢ 2, we form the function 


Fi = Tl (: = sern, 
Aer À 

which turns out to be of exponential type. Its behaviour is worked out in 

article 1. 

The next step (in article 2) is to prove what is called the little multiplier 
theorem. This result (which, strictly speaking, is not a multiplier theorem 
in the sense adopted for that term at the beginning of the present chapter) 
gives us a non-zero entire function (z) ofexponential type ny such that 


f log* |F(x)e(x)| 


5 is ees GOS 
Te l +x 


The theorem stated in §A.2 is finally applied to the product Fọ in order 
to obtain the function G. In this way, the completeness radius associated 
with A is seen to be < nD, + 3n),' and the exact determination of the 
former quantity thus carried out for real sequences A (article 3). 


It is somewhat remarkable that all the difficulties involved in the 
completeness problem for sets of exponentials e'** having complex 
frequencies 4, already occur in the one about exponentials with real 
frequencies. The more general problem is rather easily reduced to the 
special one, and our solution of the latter made to yield one for the former. 


* taking multiplicities of repeated points into account 


t when the points of A are distinct 
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The completeness radius associated with arbitrary complex sequences A 
can thus be worked out. This result also is given in article 3. 


i The Hadamard product over £ 


Having fixed n > 0 and put D = D a+n, we take a real sequence 
x > A having, perhaps, repetitions, such that 


di =< a, 


ñ |nz(t) — Dt| 
E oa bce t 
being assured by §D.2 of Chapter IX that such exist. During this article 
and the next one, we will assume that n,(t) = 0 for |t| < 1, i.e., that 2 
(and hence surely our original A) has no points in (—1, 1). Doing so 
simplifies some details in the work, but does not make the results obtained 
less applicable. 
Let 


F(z) = (1-2 )e 


Then we have the 


Theorem. If n;(t) = 0 for —1 <t < 1 and 


| [nz(t)— Del i Sine 
1+? 


F(z) is of exponential type, and 


eens Riera < xD\sin 9| + ccos 9, 
f: 


P= 0 


where c is a certain constant. When 9 = + 7/2 the limit superior on the 
left is an actual limit, and equality holds. 


Proof. The last lemma of §D.2, Chapter IX, tells us that 


nz(t) — D fo t— +0. 


This, however, is not in itself enough to make F(z) of exponential type; 
for that, boundedness of | f R (1/t)dn;(t)| as R — œ is also necessary — 
and sufficient — according to the Lindelöf theorems of §B, Chapter III. In 
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the present circumstances, we have, however, 


f dns(t) _ (R) + ns(—R) -f nel) i 
1 


AIN R 


2 
<|jj<r É 


t)— Dt 
o(1) +| mes dt = O(1) 
1<|t|<R t 


since 


t)— Dt 
| |Ns( Us ha PRON 
>21 t 


so F is of exponential type. 
For y real, we have 


7 1 foe) y? 
log|F(iy)| = a log r dn;(t). 
After integrating by parts and then using the asymptotic behaviour of 
ns(t), we easily find that 
log|F(iy)| ~ xDly| for y— +o. 


To study the behaviour of F(z) on the real axis, we take 


ae | ml) = Dt P 
t 
le> 1 


(the integral being absolutely convergent), and then look at 
e B(x) 


for real x. Here, we are able to fall back on work already done for parts 
(a) — (d) of problem 29 (§B.1, Chapter IX). Denote 


ZA(0,c) by 2, 


and 


Then, if x > 0, we can write 


x2 
TERCA 


(—Z)N(0, œ) (sic!) by Z_. 
x 
2 1+- 


(a 


Since lim, (ny, (t)/t) exists, the first sum on the right is < o(x) for 
x — œ by problem 29(d). (For the solution of parts (a) — (e) of that 


log|F(x)| = ¥ log 


AEE + 
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problem, it is not necessary that the zeros of the function C(z) considered 
there be integers — they need only be real and positive.) 
What is left on the right side of the previous relation can be rewritten as 


le (toe(1 + *) - =) 0 — dny, (0)). 
7 t t 


This is integrated by parts, upon which all the integrated terms vanish 
( ny, (t) and ns_(t) are zero for 0 <t < 1!), and we end with 


E x? al iz 


o X+t t 


Since 


$ is ea 


[Oo Oa p | nz(t) — Dt a 
|t|21 


with the right-hand integral absolutely convergent and equal to c, the 
left-hand integral is also absolutely convergent and equal to c, so the 
previous expression is ~ cx for x — oo. 

We see that 


log|F(x)| < cx +0(|x|) for x — œ. 


In like manner, the same is seen to hold for x — — œ. The function 
e~°?F(z) is thus in modulus < e°% on the real axis when x is large, and 
has the same growth as F(z) on the imaginary axis; it is, moreover, of 
exponential type. Our desired result now follows by application of a 
Phragmén-Lindel6f theorem, as in part (e) of problem 29. 


We shall have to look more closely at the behaviour of | F(x)| on the real 
axis. Of course, 


CRA | k (toe 


—o 


i | 4: =) dn,(t),  xeR. 

t t 
Regarding integrals like the one on the right, one has the following general- 
ization of the formula derived in problem 29(b): 


Lemma. Let v(t), zero on a neighborhood of 0 (N.B.!), be increasing on 
(— œ, 00) and O(t) there. Then 


oo 00 2 
| (oei -*| +*) an a f RAY 


we x — tit? 
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at the xeR where v'(x) exists and is finite, and also at those where v(t) 
has a jump discontinuity. 
Remark. The expression on the right is a Cauchy principal value, viz., 
2 
xatvee 
lim | UGR dt 
&>0 lt- x| >e = t t 


See the end of §C.1 in Chapter VIII. 


Proof. Taking an ¢>0, integrate 


| (ioe + *) dv(t) 
-xe t 


by parts. Under the given conditions, the integrated terms corresponding 
to t= + œ vanish, and, if v'(x) exists and is finite, the sum of the ones 
corresponding tot = x + e€ tends to zero as e — 0, leaving us with the 
right side of the identity in question. When v has a jump discontinuity at 
x, that identity is valid because each of its sides is then equal to — oo. 


1% 
t 


Application of the lemma to our function F (formed from n,(t) which 
vanishes for |t| < 1) yields 


log|F(x)|_ = f EN 
| 


t21 Xt i 


In using this relation, we will want to take advantage of the condition 


n;(t) — Dt 
{ EO eer heat aaplg 
|t|>1 1+t 


and for that we will be helped by the formula 


x di l 
= — — xX log 
t21 Xt t 


which is easily verified by direct calculation. From this and the previous, 
we get 


x+1 
x-1 


2 — 
log|F(x)| = | see lee alg 
| 


ERL 4 


== 


The second term on the right is > 0, and tends to 2D as x — + œ; for 
it, we certainly have 


i 1 x+1 
Dx log|———_ 
[ aft 


dx r= 1 cor 
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As far as we are concerned, then, the behaviour of log|F(x)| is governed 
by that of the Cauchy principal value on the right, involving the integrable 
function (n;(t) — Dt)/t?. It will be convenient in the next article to denote 
that principal value by U(x), i.e., . 


x? n- Dt 
| Ss Oe 
PESI 


oaa ‘ie 


2 The little multiplier theorem 


We proceed to construct a non-zero entire function g(z) of 
exponential type ny which will make 


i. log* IFO) 4, 


s ID 
1+x 


—o 


F being the Hadamard product formed above. According to what was 
observed at the end of the last article, the relation just written will certainly 
hold if 


f° Ux) +1019) a eg 


xd 1+x? 
with the function U(x) defined there. Let us write 
= >M, 
A(t) = k ) Dt, [t| 1 
0, —1<t<l1. 


Then, as we have seen, 


+1 
U(x) = log|F(x)| + Dxlog mal 
x= 
is equal to 
œ 2 
f LA 
ae ay sa 


For the function ọ we are seeking, log| p(x)| will be related to a similar 
expression, 


f° se 5(t) a 


et 


= 
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involving a ô(t) obtained in a certain way from A(t). The property 


[ovea <E 


and the fact that A(t) + Dt increases both play important rôles in that 
construction. Here is how it goes: 


Lemma. Given the function A(t), zero on (—1, 1), fulfilling the conditions 
just mentioned, and a number n > 0, there are two sequences 


Lastr ks ee S 
t= Wi Oy Nee a a ee 


and a function ô(t), zero on (—1, 1), with the following properties: 


(i) $ (an a) 4 PAG al aaa) < oœ; 
k=-1 Xk 


(ii) nt + ô(t) is increasing on (— œ, œ); 


(iii) ô(t) is o(t) fort — + œ; 


(iv) i IBO ae < O: 
t 


(v) for eachk = lor < —1, 
Xk+1 A 
| (t) +50) 4, 


i? 0; 


(vi) for Xk S t S yay, 
|A(t)+ 6()| < (D+n)Oy42—X,-1)s 


where, to cover the cases k = —2 and k = 1, we put x) = Q. 


Remark. Property (i) certainly implies that x,/x,_, —> 1 fork — +o. 
Keeping this in mind, the reader familiar with the modern theory of H, 
and BMO will recognize in properties (v) and (vi) a stipulation that the 
functions 


x; (A(t) + d(t)) 
$0) = (D + 1) (X42 — Xp- 1) 0% 41 — Xr) 


t? Xk < t < Xk+19 


0, t ¢ Dk Xuyel 
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be atoms for RH, (to within constant factors tending to 1 for k —> + 00). 
About this, more later on. 


Proof of lemma. It suffices to show how to get the x, with k > 1 and the 
function 6(t) when t > 1, the constructions on (— œ, —1] being exactly 
the same. 

We start by putting x, = 1. Then, assuming that x, has already been 
determined (and ô(t) specified on [1, x,) if k > 1 ), let us see how to find 
Xr is and how to define d(t) for x, < < Xerri 

As x > xX, increases, the integral 


*t—x X x — x 
“dt = log— — ——* 
t oe x 


Xk 


tends to œ, while 


f AOI yr 


t? 


Xk 


remains bounded, by hypothesis. Hence, unless the ratio 


* |A(t)| SIE aN, 
| 2 dt Bea dt 


remains always < n for x > x,, there is a value of x for which it is 
equal to our given number y. If equality last obtains fora valuex > x,+1 
we call that value x, , ,; in any other case we put x,,, = x, +1. We thus 
have x,,, > X,+1 and also 


[Oa p n| t— Xe ay 


Xk Xk 


with equality holding when x,,, > x,+1. 
We have 


Xk+1 ven “kt tp =X 
| Pie Beas | Sak 0) 
ie B 


Xk Xk 


for the difference on the left can be rewritten as 


er 2| ( pledge n )ear 
oe tee Neen (Garry 


with c = (x,+x,4,)/2, 1 = (%j4;—%)/2, and the new variable 
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t = t—c. Therefore, as x’ increases from x, to X,,,, 


Xk+1 x’ 2f 
n dt 
| ihe 


Xk 


increases from —nf%**'((t—x,)/t?)dt to nf (Œ+, —t)/t)dt > 


n f+ ((t— x)/t*) dt, and, by the previous relation, there must be an 
x’ € [xk X,4,] for which 


| SDa + nf EE TES a, 


2 2 
Xk t Xk t 


We denote that value of x’ by x,, and put 
O(t) =n —t)” for x, S <x, 77- 


In this way, the function ô(t) is defined piece by piece on the successive 
intervals [x,, X,4,) and thus on all of [1, 00), since our requirement that 
Xe, Z Xy+ 1 ensures that x, => oo. 


Figure 223 


We must verify properties (i) — (vi) for this ô(t) and the sequence {x}. 
Property (ii) is obvious, and (v) guaranteed by our choice of the x’. To 
check (i), observe that when x,,, > x, +1, 


= 2 Ca Fs Xk+1 
N (Xk+: Xy) 2 n| ee | Ng 


2 2 
2 Xk+1 t 


> 


Xk Xk 
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4, AN 2 (°|AC 
Xk+1>XK+1 Xk+1 N Jai t 


The sum of the (xk+1 —x,)?/x?,, with xk+ı = Xk+ 1 is, on the other 
hand, obviously convergent, so we have 


© w 2 
>? (= 2) AEE 
k=1 Xk+1 


This certainly implies that 


whence 


Xk+1 
Xk 


— |, k — œ, 
and we must also have 
œ x 2 
2 [= k+1 < oO. 
For (iii) and (iv), we use the fact that 
BO = nlx, -—tl < n(y4,—%) forx, S t < Xpt 


Thence |6d(t)/t| < n(x,4,—Xx)/x, on [Xk X,4,), but, by what we have 
just seen, the right-hand quantity tends to zero for k — oo. Again, 


[ae mt Aarie tan 


XE 


> 


Xk 


and the convergence of {'°(|6(t)|/t”) dt follows from property (i), already 
verified. 
We are left with property (vi). Given k > 1, we have 


| * AOE 4 _ | *2 A(t) +l) 4 26 
t? ie 

Xk-1 Xk+1 

by (v) and (for k = 1) the fact that A(t) = ò(t) = 0 for 

Xo = 0 < t < 1 = x. There are thus points t' and t”, in [x,_,, Xp) 


and [xp+1> X,42) respectively, for which 
A(t’) + d(t') > 0 
A(t”) + d(t") < 0. 


According to (ii), ô(t)+nt increases, and A(t)+Dt is increasing by 
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hypothesis. Therefore, if x, < t < X,44, 
A(t) + ôl) > AW) +46(¢')-(D+nt-t) > —(D+ n+. — %-1); 
and 


A(t) + d(t) < A(t") + d(t")+(D +n)" —t) < (D+ n)Xr+2— X): 


ur SOIT (1)0+(7)V 


Figure 224 


We see that forx, < t < x,4,, 
|A(t) + d(t)| < (D+) max {(x,4.— Xb), (p41 — X14) } 


more than what is asserted by (vi). 
The lemma is proved. 


Theorem. If A(t), zero on (—1, 1) and with A(t) + Dt increasing on R, 


satisfies 
A 
| | (t)| it 


t? 


and if 5(t) is the function furnished by the lemma, we have 


i" | U(x) + v(x)| 


sere) <7 a, 
ad ne Lx 


where 


Opa me f° wee AU 


i Oe rie 
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and 
ae Ot 
Wx) = f i 
Eo xr tt 
Proof. Taking the sequences x,, X2, X3,... and X_,, X_2, X-3; 


provided by the lemma, we can write 


Mert hye? -A(t)+6 
x (DE AD a 
xt 


Lixy Poca tS | 
k#-—-1,0 


Xk 


Putting, therefore, 


Xk+1 2 A 
Vile) = f A LU 
x 


Xk 
it is, in order to prove the theorem, more than sufficient to verify that 


sany 
y Í Wla < 
k#—1,0 


x 


100) 
For this purpose, we use what has become a standard tool of singular 
integral theory. 
Denote by I, the interval [x,, x,4,) and by If the one having the same 
midpoint as I,,, but twice its length: 
mri 


Xk Xk+1 25 


Figure 225 — ], —’ 


We then break up each separate expression 


AE] 
| ao dx 


x 


— 0 


(| sà | Plas 
R~I* e e 


and estimate the last two integrals with the help of different techniques. 
In considering the first one, we call on property (v) from the lemma. 
According to it, if x ¢ If, 


V(x) f 1 A(t)+ô(t) K 
I 


2 2 
et ae 


x 
| (=, È 1 j£ + d(t) dt 
et =C t? ; 


as 


ll 
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where the constant c is arbitrary. We take c equal to the abscissa of Ips 
midpoint, and thus find that 


fo lag a E eee 
e+ [xl xP oti OS (x —t)(x—0) ta 


A aa, i gga ca 
ating 4 Neale 


which boils down to just 


i -— IAE) + S(O) 5, (!). 


In exactly the same way, we get 


[le 2 i BOTO 


ra x 
so finally 
{ LOPPI Ae) + 50 4, 
RoT "X t 


To estimate the integral of |V,(x)|/x? over I*, we begin by using 
Schwarz: 


Iv) ait {Reon 
Jes seeks SU ge) © 


At this point one must recognize that 


ee) eG (x, 


where l 
ay Reena 
W(x) = — f 
tj) ox 
is the Hilbert transform of the function 


(A(t) + d(t))/t?, tel, 
0, tél. 


wie 


W(t) = 


The L, theory of Hilbert transforms was discussed in the scholium at the 
end of §C.1, Chapter VIII, and according to that theory we have 


IE (W(x)? dx = | j (W,(t))? dt. 
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| i (27 gk taal at | (0) ab 
EON x Ie t 


which, used in the previous relation, yields 


| IKON a < reinn? | (070V). 
| es T t 


Combining this inequality with the one for the integral over R~ If, 
we get 


Thus, 


| DEO o | JAM + SO) ay 
2 a ra t2 


x 
+ mainyin( { (30V a)” 


We can now obtain an estimate good enough for our purpose by using 
a very crude procedure on the right-hand integrals. We simply plug the 
inequality 


= oo 


AQ) +S] < (D+m)(Ue-11 + Wel + lkal) tele, 
(property (vi) of the lemma) into each of them and find, fork > 1, the right 


side of the previous relation to be 


(Ray + [Ix ay Tye Da 


2 
Xk 


< (2+ /27)(D +n) 


We therefore certainly have 


S I I,| +H 2 
| MAGUE 10 + (| EEn +| xl | sal) 


3 Xk 


— 0 


fork >. 1. 
From this we see that 


00 co œ = 2 
3 | Pil ay < 1D+n) y (== aa) À 
EAE 8 k=1 x 


k 


We have 


(Xk+2 si < E E + (Xk+ — X)? + (X42 T 
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and, by property (i) of the lemma, 
Y Kat ISET. Aa 
k=1 Ka ‘ 


so that x,,,/x, —> 1 as k — oo. The right-hand sum in the previous 
inequality is hence certainly convergent, and we conclude that 


x eN a <<) OO, 
k=1J-wo X 


By the same reasoning, it is also shown that 


vf” LY) 


2 
Sw Wg dle 


(be. < Keele 


Combination of this with the previous relation finally yields 


l BESNA 
el PIRSA 
by the observation at the beginning of this proof. Q.E.D. 


Remark. Thinking back to the remark immediately following the 
statement of the previous lemma, the reader acquainted with the modern 
theory of H, should recognize that in the argument just given, exhibition 
of a specific atomic decomposition for (A(t) + 6(t))/t? was used to show that 
that function belonged to RH,. This reasoning was employed by Beurling 
and Malliavin some 13 years before Coifman brought atomic decompo- 
sition into H, space theory* as a systematic tool in 1974. True, the work 
of Beurling and Malliavin was never widely circulated, and the version 
of it finally published by them in 1967 is very hard to understand. 

It turns out that a function belongs to RH, if and only if it has an 
atomic decomposition like the one figuring in our proof (in general, with 
atoms having non-disjoint supporting intervals). Fefferman’s celebrated 
theorem on the duality of RH, and BMO is easily seen to be equivalent 
to this result, whose if part was essentially verified in the course of the 
above reasoning. The only if part, which guarantees the existence of atomic 
decompositions for arbitrary functions in RH,, is deeper. What 
Coifman did was to obtain a direct proof of that existence, and thus arrive 
at a new proof of the Fefferman duality theorem. 

The reader who wishes to go into these matters should first look at 


* For martingale H,, he was preceded in this by Herz. 
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problem 11 on page 274 of Garnett’s book* and then consult the articles 
referred to there. 


We have now done most of the work needed to establish the 


Little Multiplier Theorem (Beurling and Malliavin, 1961). Let £ be a 
sequence of (perhaps repeated) real numbers lying outside (—1, 1), with 


iI |n,(t) — Dt| 


; dij ate 
MR ET 


for some D > 0, and put 
Z 
F(z) = [I (: -- ern 
Ack A 


Given n > 0, there is a sequence S of real numbers lying outside (—1, 1) 
such that 


—- —+ yn fort—+0 


and, for a suitable real number y, the function 


sey = ey (12) 


AcS 


satisfies 


f: log" IFO L o. 


a3 1+ x? 
ọ(z) is entire and of exponential type. 

Remark. According to the theorem in article 1, F(z) is of exponential 
type — so, then, is the product F(z)g(z). The limits of 


log|F(iy)e(iy)| 
ly| 


for y — + œ both exist, and are equal to z(D + n), a quantity as close as 
we like to nD. Because the product has a convergent logarithmic integral, 
one can show by the method of §B.2, Chapter VI, that in fact 


|F(z)g(2)| < C,exp(x(D +n)|3z| + elzl) 


* The one on bounded analytic functions — the recent publication by Garcia-Cuerva 
and Rubio de Francia is also (and especially!) called to the reader’s attention. 
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‘for each e>0. At the same time, F(z)g(z) vanishes (with appropriate 
multiplicity) at each point of the given sequence È. 


Proof of theorem. Fixing the number 4 >0, we take the function d(t) 
corresponding to it furnished by the lemma and v(x), related to d(t) as in 
the statement of the preceding theorem. The function U(x) figuring in that 
result is, as we know, related to our F by the formula 


U(x) = log|F(x)| + Dxlog 


x+1 
see 


Let us obtain a similar representation for v(x). 
Write 


m |t| >1, 

v(t) = 

oE 

By property (ii) of the lemma, v(t) is increasing on (— œ, œ), and, by 
property (iii), 


we), 
t 


n as t — +00. 


v(t) is in fact piecewise constant, with jump discontinuities at (and only at) 
the points x,, k= +1, +2,... mentioned in the lemma’s statement: 


Figure 226 
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According to the lemma and discussion at the end of the last article, 
we have 


œ 2 
v(x) = | 3 8) at = f ae TU Het A E 


ox—t 0 e 


- f(e 


In terms of 


H(z) += | (1s 
we thus have our desired representation: 
i 
if 


Using this formula with the previous one for U(x), we can reformulate 
the conclusion of the last theorem to get 


1— A + *) avo + nxlog 


x+1 
xeli 


z| NRZ 
1 — -| + — }dv(t), 
| 2) an 


v(x) = A(x) + nxlog ee 
x= 


Ar aae EO 


iF \log| F(x)| + H(x)| 
1+x? 


— eo 


The use of 


J (= 


obviously the logarithm of the modulus of an entire function, in place of 
H(z) comes now immediately to mind — one recalls the lemma of §A.1. 
(N.B. For p > 0, [p] denotes, as usual, the greatest integer < p, but 
when p < 0, we take [p] as the least integer > p, so as to have 


[-p] = —[p].) 


Here, one must be somewhat careful. The expression 


fee 


is very sensitive to small changes in v because of the term Rz/t in the 
integrand; replacement of v(t) by [v(t)] usually produces a new term linear 
in Rz = x which spoils the convergence of the integral involving log|F| 


| + Teao) 
t t 


1 -4 + 7 avo 
t t 
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and H. What we do have is a relation 


Jee: 


< yx + 2log*|x| + O(1), xeR, 


x+i 
PERAS 
t 


* amo — dv(t)) 


valid with a certain real constant y. 

To show this, a device from the proof of the theorem in article 1 is used.* 
Assuming, wlog, that x > 0, we observe that the left-hand member of the 
relation in question can be rewritten as 


(oe) oN 
| aie, 
0 t 
+ | (toe 
0 


1 Ti —— 
To estimate the first integral we fall back on the lemma from §A.1, 
according to which it is 


(d[v(t)] — dv(t)) 


iis H| ž)ar- v(—t)] + dv(— t) — d[v(t)] + dv(t)). 


< logt|x| + O(1). 


The second one we integrate by parts, remembering that v(t) = 0 for 
|t| < 1. When that is done, the integrated terms (involving the differences 
(—v(—t)) —[—v(—t)] and v(t)— [v(t)] ) all vanish, leaving 


a Lv(t)] ee Ned oot 2 


+ [ (G0 
Pee Wel ý 


The first term here is just yx, where 


- f [v(t)] — v(t) + (— Raat 


x+i 
ie 


Coah — (v(t)— Evtt)])} dt. 


(a quantity between — 1 and 1). In the second term, the expression in { } 
lies between — 1 and 1, while 


1+Ž= < 0 


a 
ay 
Bee 


* One may also work directly with the expression 


Sia >i {log|1 — (x+i)/t|| + x/t}d([v()] — v(t), adapting the proof of the lemma 
in §A.1 to the (improper) integral involving the first term in { }and using partial 
integration on what remains. 
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for 1 < t < œ since x > 0. The second term is therefore < log|1+x+il| 
(cf. proof of the lemma in §A.1). 
Putting these results together, we see that 


SE 


< log*|x| + O(1) + yx + logl1+x+il 


x+i 
PEESI 


+ žabo — dv(t)) 


for x > 0, proving the desired inequality when that is the case. A similar 
argument may be used when x is negative. 


Having established our relation, we proceed to construct the entire 
function ¢(z). Take S as the sequence of points where [v(t)] jumps, each 
of those being repeated a number of times equal to the magnitude of the 
jump corresponding to it; S simply consists of some of the points x,, 
k= +1, +2,..., with certain repetitions. We then put 


oz) = eT] (1-2 en 


taking care to repeat each of the factors on the right as many times as 
the A corresponding to it is repeated in S. This function ¢(z) is entire, 
and clearly 

log|g(z)| = —yRz + | (108 


20 


ive ; $ Faapo] 
t t 


The inequality proved above now yields 
loglọ(x +i) < H(x+i) + 2log*|x| + O(1), xeR. 
Obviously, n,(t) = [v(t)], so 


ns(t) 
t 


— n ast—> Ło. 


Also, 


r F 5 = © |d(t)| +1 
|ns(t) ntl a, < | v(t) ntl+ 1 4 ia i | O+ AVIEN 
1+t? 1+ť (Pas 


— 0 — 0 —o 


by property (iv) of the lemma. The hypothesis of the theorem in article 1 


therefore holds for the function e” (z), so it — and hence (z) — is of 
exponential type. That result (as well as the second Lindelöf theorem of 


§B, Chapter III, on which it depends) is also easily adapted so as to apply 
to functions like H(z), and we thus find, reasoning as for e’’ p(z), that 


H(z) < const.|z| + O(1). 


188 X B Completeness of sets of exponentials on intervals 


H(z) is, of course, harmonic in 3z > 0. These properties of H are used to 
get a grip on log|F(x +i)|+H(x +i), the idea being to then make use 
of our relation between log|@(x + i)| and H(x +i). 

Because F(z) is of exponential type, we certainly have 


log|F(z)| + H(z) < const.|z| + O(1), 


with the left side harmonic in 3z > 0. The functions |F(z)| and e”@ are 
actually continuous right up to the real axis, as long as we take the value 
of the latter one to be zero at the points of S; moreover, 


(jë (loglFO)I+HO)+ 4 2 


pe 1+ x? 
by the observations made at the beginning of this proof ( (a), denotes 
max(a,0) for real a ). We can therefore use the theorem of §E, Chapter III 
(actually, a variant of it having, however, exactly the same proof) so as 
to conclude that (with an appropriate constant A) 


J5 (log|F(t)| + H(t))+ 


dt. 
A a a e ad A 


log|F(x+i)| + H(x+i) < A + 


Now we bring in the above relation involving |ọ(x +i)| and H(x +i), 
and get 


log|F(x +i)| + loglọ(x+i) < O(1) + 2logt|x| 


|" [log| F(t)| + H(0)| 


+ 
tJ. (x—t)?+1 


from which we easily see that 


hs log* | F(x + i)g(x +i)| 
5 dx 
Poe x* +1 


< PO, 


following the procedure so often used in Chapter VI and elsewhere. Having 
arrived at this point, we may use the theorem from §E, Chapter III once 
more, this time in the half plane {3z < 1} — the function F(z)¢(z) is entire, 
and of exponential type. Doing that and then repeating the argument just 
referred to, we find that 


Me log* FOO) 4 
al 1+x? 


which is what we wanted to prove. 
We are done. 
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Remark. If the function v(t) = nt + 6(t) were known to be integral valued, 
log | p(z)| could have been taken equal to H(z) in the above proof, and the 
discussion about the effect of replacing v(t) by [v(t)] avoided. To realize 
this simplification, we would have had to modify the lemma’s construction 
so as to make it yield a function 6(t) with d(t) + nt integral valued. As a 
matter of fact, that can be done without too much difficulty, and one thus 
arrives at an alternative derivation of the preceding result. Such is the 
procedure followed by Redheffer in his survey article. 


3. Determination of the completeness radius for real and complex 
sequences A 


We are finally ready to apply the result stated in §A.2. 


Theorem (Beurling and Malliavin, 1961). Let A be a sequence of distinct real 
numbers having effective density D, < œ. Then the completeness radius 
associated with A is equal to nD}. 


Proof. According to the discussion at the beginning of this §, it is enough 
to show that the e, AeA, are not complete on any interval of length 
> 2nD,, and for that purpose it suffices, as explained there, to establish, 
for arbitrary y >0, the existence of a non-zero entire function G(z) of 
exponential type < n(D a + 3n) with 


ie |G(x)|dx < © 


— oo 


and 
G(A) = 0 for AEA. 
Writing D = D, +n, we take the real sequence È 2 A such that 
Peete sid. «, 
fit "ae? = 


used in article 1 at the start of our constructions. We then throw away 
any points that È may have in (— 1, 1), so as to ensure that n;(t) = 0 there.* 
This perhaps leaves us with a certain finite number of pe A not belonging 
to È (the points of A in (— 1, 1) ); those will be taken care of in a moment. 


We next form 
EU eel (1-2 Jen 


as in article 1, and use the little multiplier theorem from article 2 to get 


* That does not affect the preceding relation! 
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the non-zero entire function (z) of exponential type described there, such 
that 


i log" IF i go. 


EEN 


70 
As remarked just after the statement of the little multiplier theorem (and 
as one checks immediately), when y — + œ, 


Leg KOON earl) gn) R 
[yl 
Put now 
F(z) = wey ERG =p). 


pe 
=t<7 <1 


The relations just written obviously still hold with Fy standing in place 
of F. The theorem on the multiplier enunciated in §A.2 therefore gives us 
a non-zero entire function y(z) of exponential type < ay with 


|Fo(x)p(x)w(x)| < const,  xeR. 
In view of the previous relation, we clearly have 


sm sup ee oA nD ay 


yr+o ly| 


so the boundedness of Foy on the real axis implies that that product is of 
exponential type < n(D, + 3n) by the third Phragmén-Lindelof theorem 
from §C of Chapter III. 

The function ¢(z) furnished by the little multiplier theorem has a zero 
at each point of the real sequence S, with 


s(t) 
t 


— n fort—+0. 

We can thus certainly take two different points s,,s,¢S (!), and 
(z)/(z — sı )(z — s2) will still be entire. Let, finally, 

Fo(z)g(z)W(z) 


(Z—s,)(2— s2) 


G(z) = 
This function is entire and of exponential type < 2(D, + 3n), and 


E (G(x) (dx! < æ. 


— 0 


Also, G(z) vanishes at each point of A since F(z) does. We are done. 
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Remark. If A has repeated points, the argument just made goes through 
without change. The entire function G(z) thus obtained then vanishes with 
appropriate multiplicitly at each point of A. 


In order to now obtain the completeness radius for sequences of complex 
numbers A, we proceed somewhat as in §H.3 of Chapter III. 


Notation. For complex À with non-zero real part, we write 
A = 1/R(1/A). 


If A is any sequence of complex numbers, we let A’ be the real sequence 
consisting of the 4’ corresponding to the AeA having non-zero real part. 
Should several members of A correspond to the same value for 1’, we look 
on that value as repeated an appropriate number of times in A’. 


We then have the 


Theorem (Beurling and Malliavin, 1967). Let A be any sequence of distinct 
complex numbers. If 


the exponentials e, A€ A, are complete on any interval of finite length. 
Otherwise, they are complete on any interval of length < 27D, and, if 
that quantity is finite, incomplete on any interval of length > 2nDy,.. 


Proof. If the et” are incomplete on (say) the interval [— L, L], there is (as 
at the beginning of §D, Chapter IX) a non-zero measure u on [— L, L] with 


L 
| endu = 0, AEN 
= 
The non-zero entire function 
L . 
G(z) = | e‘ du(t) 
=}, 


of exponential type < L thus vanishes at each point of A, so, since G 
is bounded on the real axis, we have 


RZ 
p [A|? 
A#0 


by §G.3 of Chapter III. 
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Let © denote the complete sequence of zeros of G (with repetitions 
according to multiplicities, as usual). The Hadamard representation for 
G is then 


Giz) = Aze” J] (1 a 2) er 
ek H 
u+0 
Denote by S the difference set 


x ~ {leA: RA £0}; 
then 


Gz) = Aze” T] (1 ~2)erm Il (1 ~Z) 


peS 
n#0 
Take now the function 


Go(z) = Aze? J] (1 s z) ez”. TT (1 3 z) eA 
pes H AeA’ A 
n#0 
(with exponentials e7/* and not e”/ in the second product!). By work done 
in §H.3 of Chapter III, we see that Go(z) is of exponential type, and that 
IGo(x)| < |G(x)|,  xeR, 


so that Go(x) is bounded on the real axis (like G(x) ). 


Write 
| X 
EMEA og|Go(iy)| 
y> o y. 
and 
log|G,(i 
Boos imap ESAD 
y>- o ly| 


Observe also that 
log|G(z)| < L\3z| + O(1) 


by the third Phragmén—Lindelof theorem of §C, Chapter III, since G is 
of exponential type < Land bounded on the real axis. 

Apply now Levinson’s theorem (Chapter III, §H.3) to the zero 
distribution for Go(z), and then use Jensen’s formula on the one for G(z) 
together with the estimate just written for the latter function. The two 
zero distributions are the same asymptotically,* so, by an argument just 


* Refer to volume I, pp. 74-5. 
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like the one at the end of §H.3, Chapter III, it is found that 


B+B 
2 


L. 


Once this is known, we have by §D of Chapter IX, 


B+B 
Z 


tDy S Jbz 


since Go(z) vanishes* at the points of A’ & R. Incompleteness of the e', 
AeA, on [— L, L] thus implies that L > nD, and those exponentials 
must therefore be complete on any interval of length < 27D,.. 


We must now show that if 


A 
y 
AEA |A| 

2+0 
and D, < œ, the e*, AeA, are incomplete on any interval of length 
> 2nD,. Fix any y > 0. The previous theorem and remark then give us 
an entire function f(z) # 0 of exponential type < 2(D,- + 3n), 
vanishing’ at each point of A’, and such that (wlog) 


TT 04) ee xeR. 


Denote by = the set of non-zero, purely imaginary we A, and then put 


1—2z/A Z 
a) = so pEi) 
Using the two Lindelöf theorems of §B, Chapter III we easily see that 
g(z) is of exponential type, thanks to the convergence of the above sum 
of the | 341/1417. g(z) vanishes at each /€ A (save that at the origin, in 
case 0€ A). By calculations like one made in §H.3, Chapter III, we also 
verify without difficulty that 


BaT] 1—iy/A 
DE D T 


| < o(lyl) 


and 


log [| 


pee 


i 
les = < o(lyl) 
H 


* with the appropriate multiplicity at repeated points of A’, which may well have 
some, although A does not 


t with the appropriate multiplicity 
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as y—> + œ, the second on account of the convergence of DY ce!/lHI- 
Therefore, since f(z) is of exponential type < n(D,, + 3n), we have 
l i £ 
fim ae D E 
yr+toa ly | 


It is now claimed that 


È log* lg) ix 
1x" 


< oO. 


—@ 


Because | f(x)| < 1, this will follow from the convergence of 


jee 1 x 
log* (: -*) 
ease nt p 
and of 


9 1 A 1—x/A 
[l spate Th (G4 ox 
Using the pure imaginary character of the peZ and the relation 
1/1’ = R(1/A), we see at once that the factors 1—x/u, HEE, 
(1—x/A)/(1—x/2’), A eA’, are all in modulus > 1 for real x. The log* 
may therefore be replaced by log in these integrals. 
Once this is done, the resulting expressions are easily worked out 


explicitly using Poisson’s formula for a half plane. In that way we find 
the first integral to be equal to 


T log (1 Jk =) 
peZ |a] 


and the second to be 


< log(1 +). 


Veh’ | A | 2 


Both of these sums, however, are finite since Ð ea |JA|/|A\?_ < œ. 
A#0 
Convergence of the logarithmic integral involving g is thus established. 


Thanks to that convergence, the theorem from §A.2 applies to our entire 
function g. There is, in other words, a non-zero entire function w(z) of 
exponential type < ny with g(x)W(x) bounded on R; reasoning as at the 
end of the preceding theorem’s proof we can even choose y so as to have 


dx 


| e A 


= 00 


Referring to the above estimate on log|g(iy)|/|y| and applying the usual 
Phragmén—Lindelof theorem, we see that zg(z)W(z) is of exponential type 
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< „(D a +4n). This function certainly vanishes at each AeA, so the 
ei AeA, are not complete on [ — n(Da + 4n), n(Da + 4n)] according to 
the discussion at the beginning of this §. 

The theorem is completely proved. 


Problem 39 

Let A be any sequence of distinct complex numbers. Show that the 
completeness radius associated with A is equal to z times the infimum 
of the numbers c>0 with the following property: there exist distinct 
integers n} corresponding to the different non-zero À in A such that 


AEA 
2+0 


This criterion is due to Redheffer. (Hint: Look again at the constructions 
in §D.2 of Chapter IX.) 


C: The multiplier theorem for weights with uniformly 
continuous logarithms 


The result of Beurling and Malliavin enunciated in §A.2 is broader 
in scope than may appear at first sight. One can, for instance, deduce 
from it another multiplier theorem for weights fulfilling a simple descriptive 
regularity condition. This is done in article 1 below; the work depends 
on some elementary material from Chapter VI and the first part of 
Chapter VII. 

In article 2, the theorem of article 1 is used to extend a result obtained 
in problem 11 (Chapter VII, §A.2) to certain unbounded measures on R. 


1 The multiplier theorem 


Theorem (Beurling and Malliavin, 1961). Let W(x) > 1, and let log W(x) 
be uniformly continuous* on R. Then W admits multipliers iff 


* Beurling and Malliavin require only that 

o(s) = esssupyerllog W(x +s) — log W(x)| be finite for a set of se R having 
positive Lebesgue measure. To reduce the treatment under this less stringent 
assumption to that of the uniform Lip 1 case handled below, they observe that 
there must be some M < œ with œ(s) < Mona Lebesgue measurable set E with 
|E| > 0. But then E — E includes a whole interval (—h, h), h > 0, so 
os) < 2M for|s| < h, being clearly even and subadditive. From this point, 
one proceeds as in the text, passing from W to W,; the only changes are in the 
constants. 

This argument is valid as long as W(x) > 1is Lebesgue measurable, for then 


a 1/p 
a(s) = lim (| Ilog W(x +s) — os eare*a 


po 
is also Lebesgue measurable (the integrals are by Tonelli’s theorem, 
log W(x +s) — log W(x) being Lebesgue measurable on R?). 
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<= 00 


| log W(X) ix 
1 +x? 


— 0 


Remark. The weaker assumption that loglog W(x) is uniformly 
continuous on R does not imply that W admits multipliers when the above 
integral is convergent. For an example, see the following chapter. 


Proof of theorem. As explained at the beginning of §A, convergence of the 
integral in question is certainly necessary if W is to admit multipliers; we 
therefore need only concern ourselves with the sufficiency of that 
convergence in the present circumstances. 

We may, to begin with, replace the hypothesis of uniform continuity for 
log W(x) by the stronger one that 


llog W(x) — log W(x’)| < C|x— x’ for x, x'ER, 


i.e., that log W be uniformly Lip 1 on R. Indeed, the former property gives 
us a fixed h >Q such that 


llog W(x) —log W(x’)| < 1 whenever |x—x’| < h. 
Take any smooth positive function g supported on [ —h, h] with 
h 
| p(t)dt = 1, 
=h 


and define a new weight W,(x) by putting 
h (o) 

log W,(x) = | (log W(x —t))p(t)dt = | (x — s) log W(s) ds. 
=h — 0 


Then, by our choice of h, 
log W(x) — 1 < logW,(x) < logW(x) + 1. 
Again, 


dlog W,(x) 


(e) h 
A | g'(x —s)logW(s)ds = | g(t) log W(x — t) dt. 
x ie =} 


Here, since g(—h) = (h) 


II 
S 


h 
| o'(tlogW(x)dt = 0, 
h 


so 
dlog W,(x) 


h 
dx (ie 9'(t)(log W(x — t) — log W(x) dt. 
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By the choice of h, the integral on the right is in absolute value 


h 
< | lp'(t)\dt = C,. say, 
-h 
so 
dlog W,(x) c hai 
dx 2 > 


and log W,(x) satisfies the Lipschitz condition written above. 
We also have 


e` W(x) < W,(x) < e W(x). 
by the previous estimate, so 


i log WC) 4 


eye ss a 


provided that the corresponding integral with W is finite. If, then, we can 
conclude that W,(x) admits multipliers, the left-hand half of the preceding 
double inequality shows that W(x) also does so, and it is enough to 
establish the theorem for weights W with log W uniformly Lip 1 on R. 

Assuming henceforth this Lipschitz condition on log W(x) and the 
convergence of the corresponding logarithmic integral, we set out to show 
that W admits multipliers. Our idea is to produce an entire function K(z) 
of exponential type such that 


i log* KOI 4, 


Lx goes 


while 
4K(x) > (W(x))* forxeR 
with a certain constant a > 0. Application of the theorem from §A.2 to 


K(z) will then yield multipliers for W. 
Following a procedure of Akhiezer used in Chapters VI and VII, we 


form the new weight 


W,(x) = sup{|f(x)|: fentire, of exponential type < 1, 
bounded on R, and | f(t)/W(t)| < 1 on R}. 


If log W(x) satisfies the Lipschitz condition written above (with Lipschitz 
constant C) we have, by the first theorem of §A.1, Chapter VII, 


W(x) > HWE)IVCtY for xeR. 
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What we want, then, is an entire function K(z) of exponential type with 
convergent logarithmic integral, such that 


K(x) > (W,(x)), 
say, for xER. 
In order to obtain K(z), we use Akhiezer’s theory of weighted 
approximation by sums of exponentials, presented in Chapter VI. We 


work, however, with a weighted L, norm instead of the weighted uniform 
one used there. Taking 


OG) =" x7)? W Co), 
let us consider approximation by finite linear combinations of the 
eñ, —1<4K< 1, in the norm || ||. defined by 
Pf taor ) 
= = ——| dt }. 
lg llo,2 JEL QA) 


According to our assumed convergence of the logarithmic integral 
involving W, we have 


| logQ®) ay 
ge eS od 


o0. 


Hence, by a version of T. Hall’s theorem (the first one of §D, Chapter VI) 
appropriate to approximation in the norm || ||o,2 (see §§E.2 and G of 
Chapter VI), linear combinations of thee’*, —1<4å< 1,arenot || |lo> 
dense in the space of functions for which that norm is finite. This, and 
the Akhiezer theorem (Chapter VI, §E.2) corresponding to the norm 
| llo,2 (see again §G, Chapter VI) imply that 


eri 
| me ah <io; 
Lee Lx 


where 
Q(x) = sup{|f(x)|: f entire, of exponential type < 1, 
bounded on R, and || f lo. < 1}. 


Observe now that for any function f with | f(t)/W(t)| < 1 on R, we 
certainly have || fla. < 1. Clearly, then, 


Q(x) > W,(x), 


and, if we can show that (Q,(x))? coincides with an entire function of 
exponential type on the real axis, we can simply take the latter as the 
function K we are seeking. 
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For that purpose we resort to a simple general argument. The space of 
Lebesgue measurable functions with finite || llo, norm is certainly 
separable, so, since the entire functions of exponential type < 1 bounded 
on R belong to that space, we may choose a (countable!) sequence of those 
which is || ||g.2 dense in the collection of all of them. Using the inner 
product 


1(° fg) 


Cf, Da = a _. O X, 


one then applies Schmidt’s orthogonalization procedure to that dense 
sequence, obtaining, after normalization, a sequence of entire functions 
”,(z) of exponential type < 1, bounded on R, with || 9, lo. = 1 and 


{Pw Pm?Q =0 ifn Am. 


Finite linear combinations of these g, are also || llo,2 dense in the 
collection of all such entire functions. 
Fixing any x, € Rand any N, we look at the finite linear combinations 


N 
S(x) = F, ay. P(X) 


k=1 


such that ||Sllo.. < 1, seeking the one which makes |S(x9)| a maximum. 
Since the Q, are orthonormal with respect to < , Ja, the condition on 
|S lo,2 is equivalent to 


N 
a |a|? < I 
k=1 


so, by Schwarz’ inequality, 


N 
|S(xo)| < A 2 ozo}. 
k=1 


For proper choice of the coefficients a,, the two sides are the same; the 
maximum value of |S(xo)| for the sums S is thus equal to the quantity on 
the right. 

Put 


N 
Ky(z) = > oz) ex2); 
k=1 
this function is entire, of exponential type < 2 (sic !), and bounded on the 


real axis, where it is also > 0. As we have just seen, for each given xeER, 
the maximum value of |S(x)| for sums S of the kind just specified is equal 


200 X C Weights with uniformly continuous logarithms 


to ./(Ky(x)). It is now claimed that when N — oo, the K p(z) converge u.c.c 
to a certain entire function K(z) of exponential type < 2, and that 


K(x) = (,(x)), xeR. 
Given any particular N, we have, for each of the sums S, 
|S(x)| < Q(x) 
by definition of the function on the right, so 
R (2) 
As we already know, 


fe loga ay 


1 x7 oS Bee 


— oe 


Therefore, since the K,(z) are of exponential type < 2, the last relation 
implies that they all satisfy a uniform estimate of the form 


|Ky(z)| < C,exp(2|3z|+elz|), zec. 


Here e > 0 is arbitrary, and C, depends on it, but is completely independent 
of N. The statement just made is nothing other than an adaptation, to 
approximation in the norm || |lg., of the fourth theorem in §E.2, 
Chapter VI, proved by the familiar Akhiezer argument of §B.2 in that 
chapter. 

By the estimate just found, the Ky form a normal family in the complex 
plane, and any convergent sequence of them tends to an entire function 
for which the same estimate holds. However, Ky.,(x) = Ky(x) on R, so 
the entire sequence of the Ky is already convergent, and 


BIE an Bh 


is an entire function, obviously of exponential type < 2. 
We still have to prove that 


K(x) = (Q4())? 


on R. Of course, 0 < K(x) < (Q,(x))? since each Ky(x) has that 
property, and it suffices to show the reverse inequality. Take any x, € R, 
and choose an entire function f(z) of exponential type < 1, bounded on 
R, with || f lo. < 1 and at the same time | f(x 9)| close to Q; (xo). By our 
choice of the g,, the orthogonal series development 


LS, Pk?a P(x) 
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converges in norm || _ ||9. to f(x). For the partial sums 
N 
Py(x) = > CFs Pera Plx) 
k=1 


we have, however, 

IPvila2 < If lla < 1, 
so by definition, 

|Px(x)| < Q(x), xeR. 


Hence, since the Py are of exponential type < 1, another application of 
our version of the fourth theorem from §E.2, Chapter VI, gives us the 
uniform estimate 


IPy(z)| < C,exp(|9zl+elz|), zeC, 


on them. (Again, ¢ > 0 is arbitrary and C, depends on it, but is independent 
of N.) The function f(z) of course satisfies the same kind of estimate, and 
u.c.c convergence of the Py(z) to f(z) now follows from the relation 


If —Pwllo.2 SNA 0 
by a simple normal family argument. We see in particular that 
Px(Xo) > S (Xo). 


Since || f lla. < 1, however, 


Paol < i (> SPa) nl) < V(Kw(%o)) 
so £ 

JKn) > Ifl- 8 
with arbitrary €> 0 for large enough N. Thence, 

V(K(xo)) > Ifo). 


But we chose f with | f(xo)| close to 2, (x) — indeed, as close as we like. 
Finally, then, 


J(K(Xo)) > Q,(Xo), 
whence 
K(x) = (Q,(~)), xeR, 


the reverse inequality having already been noted. 
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We are at this point essentially done. The entire function K(z) of 
exponential type < 2 satisfies the relation just written. We have 


O,(x) > Wax) > HW(x))VOCY 
on R, where W(x) > 1,s0 4K(x) > 1, xeR, and it follows from 
S LO 
EEA E eA 
that 


dxo <o; 


© log* K(x) 

Rl i he Sieg 

The theorem of Beurling and Malliavin from §A.2 now gives us, for any 

n > 0, an entire function (z) # 0 of exponential type < n with 
4K(x)|y(x)| < 1, = xeR, 


Les 

POX) (WE) E TEER: 
Taking any fixed integer m with 

| 

m CEE 
we get 

W(x)|(WO))"| < 1 onR. 


Here (y/(z))” is entire, of exponential type < mn, and not identically zero. 
Hence W(x) admits multipliers, n > 0 being arbitrary. The theorem is 
proved. 


Remark. Beurling and Malliavin did not derive this result from their 
theorem stated in §A.2. Instead, they gave an independent proof similar 
to the one furnished by them for the latter result. See the end of §C.5 in 
Chapter XI. 


2 A theorem of Beurling 


In order to indicate the location and extent of the intervals on R 
where a complex measure p has little or no mass, Beurling, in his Stanford 
lectures, used a function o(x) related to u by the formula 


ew) = | el du(t)|. 


— oo 
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(Truth to tell, Beurling wrote o(x) where we write — o(x). Some of the 
formulas used in working with this function look a little simpler if the 
minus sign is taken in the exponent as we do here.) 

For finite measures u, (x) is bounded below — a(x) is positive if 
frida(t)| < 1. Large values of o(x) then correspond to the abscissae near 
which p has very little mass. In problem 11 (§A.2, Chapter VII) the reader 
was asked to show that if the function o(x) associated with a finite complex 
measure u is so large that 


| Be) ax =F , 
eed Or oe 


then the Fourier—Stieltjes transform 


PQ) = | e* du(t) 
cannot vanish over any interval of positive length without ps vanishing 
identically. Beurling originally established the gap theorem in §A.2, 
Chapter VII, with the help of this result, which is also due to him. 

The multiplier theorem from the preceding article may be used to show 
that the result quoted is, in a certain sense, best possible. This application, 
set as problem 40, may be found at the end of the present article. Right 
now, we have in mind another application of that multiplier theorem, 
namely, Beurling’s extension of his result to certain unbounded complex 
measures u. This is also from his Stanford lectures. 

When pis unbounded, we can still define o(x) by means of the formula 


eo? i= | e Fl du(s)| 


as long as we admit the possibility that o(x) = — oo. In the case, however, 
that o(x) > — œ for any value of x, it is > — œ for all. The reason for 
this is that o(x), if it is > — œ anywhere on R, is uniformly Lip 1 there. 
To see that, we need only note that 


[xe > pami = KE; teR, 


whence 
| e —“Ndu(t)| < e= | e FN |du(t)l, 


and 


a(x’) = ~o(x) —.|x—}. 
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Interchanging x and x’, we find that 


|o(x’) —o(x)| < |x’ — xl, 


a relation used several times in the following discussion. 

Let us consider an unbounded yp for which o(x) > — oo. In this more 
general situation, o(x) is usually not bounded below (as it was for finite 
u), and we need to look separately at 


a (x) max(a(x), 0) 
and 


— min(o(x), 0) (sic!). 


a (x) 


Since o(x) is uniformly Lip 1, so are o*(x) and o~ (x). 

The functions o* and o` serve different purposes. Large values of o+ (x) 
correspond (as in the case of o(x) when dealing with finite measures) to 
the abscissae near which y has very little mass. o` (x), on the other hand, 
is large near the places where u has a great deal of mass. With unbounded 
u, one expects to come upon more and more such places (where a (x) 
assumes ever larger values) as x goes out to + œ or — œ along the real axis. 

Beurling considered unbounded measures u having growth limited in 
such a way as to make 


Lemma. Under the boxed condition on o`, oa (x) is o(|x|) for 
x—>+0. 


Proof. Let 0 < c < 1, and suppose that for any large xo, we have 
@ (Xo) 2 2cXo: 

Then, by the Lip1 property of o7, 
a (x) > cx for (l1—c)xo < x < (1+0)Xo, 


so 


p “<2 P 2c? 
( 


age l 
1-c)xo a (1 +c)? 
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If the boxed relation holds, this cannot happen for arbitrarily large values 
of Xo, and o~(x) must be o(|x|) for x— œ. Similarly for x — — o. 


Lemma 


Se 
| e7* ldu(t)| < e 


x1 


Proof. By definition, 


xt 
Cage eS | Gora de) i) |dy(t)|. 


cl 


This holds a fortiori if o(x) is replaced by = (x). <p0(x).. The Lip 1 
property of o7 now makes 


Gute aes AX) ead eH et SX 
so we have 
xti xo 
| ea e AdAS ef em du(t)| < e. 


Done. 


From these two lemmas we see that if the function o` corresponding to 
an unbounded complex measure p fulfills the above boxed condition, 


| * e-du] 


is convergent for every ô > 0. In that circumstance, the Fourier—Stieltjes 
transforms 


AA) = E eite- öl dut) 


are available. The fi, are nothing but the Abel means frequently used in 
harmonic analysis to try to give meaning to the expression 


l ei% dult) 


when the integral is not absolutely convergent. It is often possible to 
interpret the latter as a limit (in some sense) of the fi,(A) as ô — 0 for 
certain (or sometimes even all) values of 4e R. We have examples of such 
treatment in the first lemma and theorem of §H.1, Chapter VI. 
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Definition. If {°,,e~%"|du(t)| < œ for each 6 > 0, we say that “A(A)” 
( f(A) itself is in general not defined!) vanishes on a closed interval [a, b] 
of R provided that 


fi,(A) 0 uniformly fora < A < b 
as ô — 0. 


In terms of this notion, Beurling’s extension of the result established in 
problem 11 takes the following form: 


Theorem (Beurling) Let u be a complex-valued Radon measure on R for 
which 


but at the same time, 


œ $ 
| EOE = Co, 
alx 


ao and o* being the functions related to u in the manner described above. 
If also “(A)” vanishes on an interval of positive length, u is identically zero. 


Remark. According to the previous discussion, the condition on a (x) 
means that u, although (perhaps) unbounded, does not accumulate too 
much mass anywhere. The one involving o*(x) means that there are also 
large parts of R where u has very little mass. 


Proof of theorem. Let, wlog, “fi(A)” vanish on [— A, A], where A > 0. The 
function 


o` (x) + log(1 +x?) 


is uniformly Lip1 on R, so, by the theorem of the preceding article, the 
integral condition on ø` makes it possible for us to get a non-zero entire 
function f(z) of exponential type a < A such that 

e~? (x) 

1+x? 


If < 


From this, the second of the above lemmas yields 


ot l 1 xh, 
Ne fen SOAs 
iv If@| |du()| < T(x? lies e7* Oldu(t)| 


e? 


1+(\x|—1)? for |x| 2 ii 
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so by summation over integer values of x, we get 


| If@|ldu()| < æ, 


making 
dv(t) = f(t)du(t) 


a totally finite measure on R. 
To v we now apply the result from problem 11. Write 


(> 0] 
a = | e ll dy(t)|; 
= 00 


q(x) is just the analogue of the function o(x) corresponding to the finite 
measure v. Without loss of generality, {”,,|dv(t)| < 1, so t(x) > 0. Also, 
|f(x)| < 1, so |dv(t)| < |dy(t)| and 


et) < eee) 
ie., t(x) > o(x). Combining this with the previous inequality, we get 


a(x) => o*(x), 
whence 


| na) Ox" =" 100 
R LEX 


by hypothesis. 
It is now claimed that 


| eM dy(t) = 0 for |Ay| < A-—a. 
By the Paley—-Wiener theorem, we have 
ls) tive | e" o(A)dd, 


where ọ is (under the present circumstances) a continuous function on 
[—a, a]. Therefore, 


f caa = im | e7 tleitot f(t) d u(t) 


6-0 
= im | eloteit4 o(A)e ~’! dAdu(t) 


6-0 


6-0 


= lim | | eT’ eito + Mt u(t) p(A) dA; 
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here, for each 6 > 0, absolute convergence holds throughout. The last limit 
is just 


by | P(A) f(A + 2o)dx 
6-0 —a 
which is, however, zero when |2| < A—a since then fi,(A+ 2o)— 0 
uniformly for |A| < a as ô— 0. 

The claim just established and the integral condition on t(x) now make 


v = 0 by problem 11. That is, 
f(x)du(x) = 0. 


If the function f vanishes at all on R, it does so only at certain points 
x, isolated from each other, for f is entire and not identically zero. What 
we have just proved is that u, if not identically zero, has all its mass 
distributed on the points x,. Then there must be one of those points, say 
Xo, for which 


U({xo}) # 0. 


That, however, cannot happen. If, for instance, xo is a k-fold zero of f(z), 
we may repeat the above argument using the entire function 


F(2) 


(= Xo)" 


faz) = 


instead of f; doing so, we then find that 
foldu(t) = 0. 
Since fo(xo) # 0, we thus have 
H({Xo}) = 0, 


a contradiction. 
The measure u must hence vanish identically. We are done. 


Problem 40 


Show that the result from problem 11 is best possible in the following 
sense: 


If u is a finite complex measure and 


Co ta | el du(t)|, 


= 0 
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then, in the case that 
“ox 

| BE <A O, 
Tott 


there is a finite non-zero complex measure v on R such that 
oO 
e ed < e 
= pO 


but (4) = 0 outside some finite interval. 


(Hint. One takes dv(t) = f(t)dt where f(t) is an entire function of 
exponential type chosen to satisfy |f(x)| < e “/n(1+x’). ) 


Yet another application of the result from article 1 is found near the end 
of Louis de Branges’ book. 


D. Poisson integrals of certain functions having given 
weighted quadratic norms 
A condition involving the existence of multipliers is encountered 
when one desires to estimate certain harmonic functions whose boundary 
data are controlled by weighted norms. As a very simple example, let us 
consider the problem of estimating 


U(z) = |" ea Uer 3z > 0, 
tJ_o|Z— 


when it is known that 


| |U(t)|?w(t)dt < 1 
with some given function w(t) > 0 belonging to L,(R). We may, if we 
like, require that 


|U(t)| < some M forteR, 


where M is unknown and beyond our control. Is it possible, in these 
circumstances, to say anything about the magnitude of | U(z)| ? 

If the bounded function U(t) is permitted to be arbitrary, a simple 
condition on w is both necessary and sufficient for the existence of an 
estimate on U(z). Then, we may wlog take z = i, and rewrite zU (i) as 


$ 1 
j -o WE + 1) U(t)w(t)dt. 
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The very rudiments of analysis now tell us that this integral is bounded for 


I) |U(t)|2w(t)dt < 1 


Ae 


if and only if 


G Jk; u uw <2 GO 
_ , w(t)(t? + 1)? 


It is for such w, then, and only for them, that the estimate in question 
(with arbitrary z having Jz > 0 ) is available. 

The situation alters when we restrict the spectrum of the functions U(t) 
under consideration. In order not to get bogged down here in questions 
of harmonic analysis not really germane to the matter at hand, let us simply 
say that we look at arbitrary finite sums 

Sith ule eae = 
AEE 

with some prescribed closed £ & R — the spectrum for those sums. 
When & = R, such sums are of course w* dense in L,,(R), because an 
L, function whose Fourier transform is everywhere zero must vanish 
identically. In that case we may think crudely of the collection of sums S 
as filling out the set of bounded functions U ‘for all practical purposes’, 
and our problem boils down to the simple one with the solution just 
described. It is thus natural to ask what happens when È # R, and the 
simplest situation in which this occurs is the one where R ~È consists of 
one finite interval. Then, we may take the complementary interval to be 
symmetric about 0, and it is possible to describe completely the functions 
w for which estimates of the above kind on the sums S(t) exist. The 
description is in terms of multipliers. 


Theorem. Let w>0 belong to L,(R) and let a>0. A necessary and 
sufficient condition for the existence of a B, 38 > 0, and corresponding 


constant Cp, such that 
l SB S(t)dt} < a Hele Sowar ) 


-o lt— bl? 


for all finite sums 
S(t) = X Aci” : 


is that there exist a non-zero entire function g(t) of exponential type < a 
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which makes 


Pe. IO: 
Wheres ea 


Proof: Necessity. It is convenient to work with the Hilbert space norm 


fll = ab Lfto/?m(ar 


and corresponding inner product 


<f,9> = | f(t)g(t)w(t)dt. 


Assuming, then, that for some f, J8 > 0, we have 
| 3 z S(t)dt 
=o |B t| 


for all sums S of the given form, there must, by the Hahn—Banach theorem*, 
be a measurable k(t) for which 


< Cls 


|kl| < œ 


and 


ee ASP Lh 
[| pot = .<S. Kk» 


for such S. Taking just S(t) = e' with |A| > a, we find that 


| y (wowo EEE Jere = 0 


|B—t|? 


for such A. 

This shows, to begin with, that w(t)k(t) is certainly not a.e. zero. 
Since ||k|| < œ and weL,(R), we see by Schwarz’ inequality that 
w(t)k(t) e L,(R). According to the last relation, then, the Fourier transform 
of the integrable function 


w(t)k(t) — acla 


vanishes outside [— a, a], so the latter must coincide a.e. on the real axis 
with y(t), where w is an entire function of exponential type < a. 


* or rather that theorem’s special and elementary version for Hilbert space 
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We have 
a7 eee 
w(t)k(t) = y(t) + a.e., teR. 
(t— B)(t—B) 
Here, 
p(t) = wt(t—Bt—B) + 3B 
is also entire and of exponential type < a, and 
g(t) = w(Hk(|t—Bl? ae, teR, 
soo Æ 0. Also, 
oe) 2 
| sala ay se. fk? Semo, 
-œ W(t)|t — B| 


whence 


[ing tPA an ote 
-o W(t)(t? + 1)? 


Sufficiency. We continue to use the norm symbol || 


|| introduced above 


with the same meaning as before. Suppose there is a non-zero entire 


function @ of exponential type < a such that 


k AAA lieka | <<GO: 
- o W(t)(t? + 1)? 


One may, to begin with, exclude the case where g(t) is constant, for then 


we would have 


i pees bd 
_ 4 W(t)(t? + 1)? 4 


ie 3B 
~o |t=— Bl? 


making 


U(t)dt} < C,||U|l 


for any B, 3B > 0, and all bounded U, by the discussion at the 


beginning of this §. 


One may also take g(t) to be real-valued on R. Indeed, 


(2) 


> 


olz) + oZ) , %0- 


o(z) ; 
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and one of the two functions on the right must be # 0. Both are entire 
and of exponential type < a, and, on the real axis, the first coincides with 
R(t) and the second with iJo(t). The first one, or else the second one 
divided by i, will thus do the job. 
Let J > 0. Then 
ie ON B) - g(B) 
a eres poe al 
(t — B)(t — B) (t — B)(t— B) 
o(p) A g(B) 
(B — B)(t — P) (B — B)(t — P) 
The first term on the right, y(t), is a certain entire function of exponential 
type < a, and, after multiplying by f — B and collecting terms, we get 


(t — B) 


SAA 1/98) _ o8) 
that is, 
(SB) p(t) RB 32 
= R , 
it — Bi? (SAY) + (S08) BP Ta 9) Be — BP 


since g(B) = ¢(f), ¢ being real on R. 
Suppose we can choose $ in such a way that o(p) = 0 but Re(p) # 0. 


Then 
a 
S(t)dt} < C,|\s 
i, Q AY] 
for the sums 
S(t) = ye Ae 


Indeed, 


k lo(t)| dt < age BUGA fs woar), 
Sata Bi -o W(t)|t— Bl - © 


a finite quantity, so the left side of the last identity is in L,(R). On the 
right side, the term 

t— RB 

|t— BI? 


(3e(8)) 
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is absent, so, since (Re(B))-38/|t — B|? is in L,(R), so is W(t). y being 
entire and of exponential type < a, we have, however, 


| i y(t)S(t)ddt = 0 


for each of the sums S. Therefore, keeping in mind that Je(f) = 0, we 
have for the latter 


JB 
molto Rls 


The right side is in modulus 


| p(t)|? 
3 aE pit ar) Ligh 


so we are done as long as Rey(f) # 0. 

We need therefore only show that there are $, J8 > 0, with 
3(B) = 0 but Re(B) # O. It is claimed in the first place that there are 
B, 38 > 0, with Je(P) = 0. Otherwise, the harmonic function J¢(z) 
would be of one sign, say 3e(z) > 0, for 3z > 0. In such case, the second 
theorem of §F.1, Chapter III, gives us a number a > 0 and a positive 
measure u on R with 


S(t) dt. 


(Ro()) Jk Sdt = (38) f f 


jt — BI? 


S du(t), 32>0. 


SJolz) = a3e + |" 
R J ate Lae 


Our function J¢(z) is continuous right up to R, @ being entire, so we 
readily see in the usual way that 


du(t) = (Se(t))dt. 


In our circumstances, however, 3e(t) = 0, since we took ¢(t) to be real on 
R. Hence Je(z) = az for Jz > 0 and finally 


olz) = az+C. 


Here, we cannot have « > 0. For, if that were so, we would get 


© latt+CP , — [? jel? 
gee t ea e Sý 


whence, for A larger than |C/a|, 


fi dt 
a w(t)(t? + 1) 
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From this, however, it would follow that 


rra Ne 
LEDS “aay oY r) oi 


which is nonsense. 

Thus, « = 0 and g(z) reduces to a constant C. This possibility was, 
however, excluded at the very beginning of the present argument — our ~ 
is not constant. The function J¢(z), then, cannot be of one signin Jz > 0, 
and we have points f in that half plane for which Jọ(f) = 0. 

Take any one of those — call it By. Since $(z) is harmonic (everywhere!), 
we have 


f TP(Bo + pei*)dF = 22xFe(Bo) = 0 


a] 


for p > 0, and there must be a point on each circle about By where Jọ 
also vanishes. There is thus a sequence of points 8, # By in the upper half 
plane with f„ -> fo and 3¢(6,) = O for each n. If now Re(B,) also 
vanished for each n, we would have (z) = 0. But g # 0. Hence, 


Jof) = 0 but Ro.) # 0 


for some n, and, taking that B, as our B, we have what was needed. The 
sufficiency of our condition on w is thus established. 
We are done. 


When dealing with the harmonic functions 


-f E de 


2n |z =t]? 


one usually needs estimates on them in the whole upper half plane, and 
not just for certain values of z therein. The availability of these for sums 
S(t) like those figuring in the last theorem with 


| |S(t)|?w(t)dt < 1 
is governed by a different condition on w. 


Theorem. Let w(t) > 0 belong to L,(R), and leta > 0.In order that the 
finite sums 


NE ee a 


|A| 2a 
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b K, I | j Isowo ar) 


for every z, %z > 0, it is necessary and sufficient that there exist a 
non-zero entire function W of exponential type < a such that 


[eet enc 
-o W(t)(t? + 1) 


When this condition is met, the numbers K, can be taken to be bounded 
above on compact subsets of {3z > 0}. 


satisfy a relation 


| © side 


-olz—tl? 


Proof : Sufficiency. If there is such a function y, we have, for any complex 


B, 
We) WB) 
rof = falt) + N 
with 
_ Wt)— yp) 
ft) = age Hl. B 


entire and of exponential type < a. As long as $ ¢ R, we may take y/(f) to 
be # 0. Indeed, we may assume that both |/(f)| and |Y(8)| are bounded 
away from zero when f ranges over any compact subset E of {3z > 0}. 
To see this, observe that y has at most a finite number of zeros on EU E*, 
where E* is the reflection of E in R. Calling those z,,z>,...,z, (repetitions 
according to multiplicities, as usual), we may work with 


y(t) 
(t= 21)(t z2) tZ) 


instead of y. This function is entire, of exponential type < a, and bounded 
away from zero in modulus on Eu E*. And 


k IY r(t)? ap EA 
-o W(t)(t? + 1) 


We(t) 


because none of the z,, 1 < k <n, are on the real axis.* 
All this being granted, we fix a $ with 38 # 0 and look at the entire 
function fg figuring in the above relation. It is claimed that f,(t) is in 


* (z) may need to vanish at some points on the real axis in order to offset certain 
zeros that the given weight w might have there! See the scholium at the end of this §. 
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L (R). We have 


> [HI AARO z ; 
[eat is Glee f woat) a 
i.e., |Y(t)|/It — B| is in L,(R). This ratio is also bounded on the real axis. 
Indeed, if y had no zeros at all its Hadamard factorization would reduce 
to W(t) = Ce” with constants C and y. Then, however, |y(t)|/|t — B| could 
not be integrable over R. Consequently, has a zero, say at Zo, and then 
W(t)(t — Zo) is entire, of exponential type < a, and in L,(R) since Y(t)/(t — P) 
is. A simple version of the Paley-Wiener theorem (Chapter III, §D) now 
shows that 


Wave | * elttp(a) da, 


t—Zo 


with (here) p(A) some continuous function on [ —4, a]. By this formula, 
we see at once that y(t)/(t— Zo) is bounded on R - so, then, is 
(t/t — P). 

The ratio |y(t)|/|t — B| is thus both in L, (IR) and bounded on R. Therefore 
it is in L,(R). So, however, is Y(£)/(t — p). The difference 


Beare) 


felt) p FB 


must hence also be square integrable. 
Because f, is entire and of exponential type < a, we now have 


A 
Li.m. | ef,(t)dt = 0 
A> J-A 

for almost all 4 ¢ [— a, a] by the L, form of the Paley—Wiener theorem 
(Chapter III, §D). At the same time, when A — 00, the integrals 


A 
| e'# f(t) de 
-A 


tend, for A # 0, to a certain function of A continuous on R ~ {0}. This, indeed, 
is certainly true if, in those integrals, we replace f g(t) by Y(t)/(t — B) € Li (R). 
Direct verification shows that the same holds good when fș(t) is replaced 
by W(B)/(t — p). The statement therefore holds for the difference f,(t) of 


these functions. 


218 X D Control of Poisson integrals by weighted norms 


The (continuous) pointwise limit of the expressions 
A . 
| ef ,(t) dt, A°# 0, 
=A 


for A — œ must, however, coincide a.e. with their limit in mean, known 
to be zero a.e. for |A| > a, as we have just seen. Hence 


A 
im Í OC a OA E 
=A 


A> 


That is, 


‘ A YB) i J (ce) y(t)” 
tim f e Fa aes 


for |A| > a, and finally, 


A S(t 2 wW(t)S(t 
era be AU GL al LAGUA 
4+0 J-a t—B S uP 
for each of our sums S(t). 
Let us continue to write || || for the norm appearing in the proof of 


the preceding theorem. In terms of this notation, we have for the modulus 
of the right-hand member of the last relation the upper bound 


= wor a): F 
T BF iSM 


The condition that 
(oe) 2 
ic ue TEEN 
w(t)(t* + 1) 


clearly makes the square root < a quantity C,, bounded above when B 
ranges over compact subsets of C ~ R. We thus have 


lim j O al < &_js 
pooner W) 


for the sums S, when 38 > 0. In like manner 


> 


lim fi SO ar ginsi IS], 
asad atp lW(B)| 
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so finally, since 


tives, 258 
t-B t—B It— gl? 


ome 
—~——- S(t)dt} < K,|S|. 
rer, ate 
If E < {3z > 0} is compact, 
as reste i Ci 


K = = 
á 2Y 2IyÂ 


may be taken to be bounded above on E, since, as explained at first, we 
can choose wy with |y(B)| and |p(B)| bounded away from 0 on E. 
Sufficiency is proved. 


Necessity. Suppose that for every B, 3B > 0, the last inequality (at the 
end of the preceding discussion) holds, with some finite K,. Then, by the 
previous theorem, we certainly have a non-zero entire function ọ of 
exponential type < a, with 


li AG) a < ‘0. 
-o W(t)(t? + 1)? 


As we saw at the beginning of the sufficiency part of that theorem’s proof, 
we may take g(t) to be real on R. 
Let 38 # 0. We have an identity 


(BAe) _ t- KB SB 
rer: (SA)gp(t) + BeA) pp AN (ROB) gp 


like the one used in establishing the preceding theorem, where gg is an 
entire function of exponential type < a. 

The relation involving g(t) and w implies that (t)/(t — B)? e L,(R) by 
the usual application of Schwarz’ inequality. Then, if ọ is not a pure 
exponential (when it is, it must be bounded on R), it must have at least 
two zeros, for, if it had only one, ¢(t)/(t — B)? would, by g’s resulting 
Hadamard factorization, be prevented from being in L,(R). This being 
the case, an argument like the one made during the preceding sufficiency 
proof shows that ¢(t)/(t — B)? is bounded on R. The conclusion is that 
g(t)/(t — B)? is also in L,(R), and, referring to the above formula, we see 
that g,(t) is square integrable. 

The function g,(t) is, however, entire and of exponential type < a, so 
we may essentially repeat the reasoning followed above, based on the 
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Paley—Wiener theorem, to conclude from the previous formula that 


A 
3(B): lim [= RE sy dt + Rolf): (3 5 S(t) dt 
A> — B| =a 
= olt) 
= s| S(t)dt 
—o |t pi B | 
for the sums S(t). 
Here, we have 
(oe) t 2 
-œ W(t)|t — B| 
so the right side of the preceding relation is in modulus 
< const. ||S ||, 
where || || has the same meaning as before. At the same time, our 


assumption is that 

| Sb 5 S(t) dt 
foe) |t PT. B | 

for our sums S (with the constant depending, of course, on £). This may 

now be combined with the result just found to yield 


< const. || S|| 


A . 
t = 
Sef): lim | Brae S(t)dt} < const. ||S|j. 
AnoJ-a |t—Bl 
For each f, then, with J > O there is a finite L, such that 
jabs Sit 
30(6): lim | rappa a asi 
Ato J-4t— B 


for the sums S. 

Suppose that 3e(B) # Oforsome B with JB > 0. Then we are done. We 
can, indeed, argue as at the very start of the previous theorem’s proof to 
obtain, thanks to the last relation, a k(t) with ||k|| < oo (and hence 
w(t)k(t) e L,(R) by Schwarz) such that 


lim ie (roro = eta Tayi 
Ata J-A Laji 


for |A| > a 
Here, the integrable function w(t)k(t) must also be in L,(R). Indeed, the 
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(bounded!) Fourier transform 
| el w(t)k(t) dt 


coincides with the L, Fourier transform of 1/(t — $) for large |å], and is 
thus itself in L,. Then, however, w(t)k(t) e L,(R) by Plancherel’s theorem. 

We may now apply the L, Paley—-Wiener theorem (Chapter III, §D) to 
the function 


1 
w(t)k(t) — ay 
and conclude from the preceding relation that it coincides a.e. on R with 
an entire function f(t) of exponential type < a. The function 
Wt) = (¢-AfO + 1 
is also entire and of exponential type a, and 


W(t) = (t—P)w(t)k(t) a.e., teR. 


The above integral relation clearly implies that w(t)k(t) cannot vanish 
a.e., so Y Æ 0. Finally, 


k AO dense E xan hoo 
-o Olt Bi 


SO 
(ee 
-o W(t)(t? + 1) 


The necessity is thus established provided that for some $, 38 > 0, the 
original entire function ~ has non-zero imaginary part at p. If, however, 
there is no such $, we are also finished! Then, 3e(B) = Ofor J > 0,so 
(z) must be constant, wlog, (z) = 1. This means that 


i : d < 7 
POCE 1)? i 


In that case, 


já Iy (8)? ean 
o W(t)(t? + 1) 


with, e.g., y(t) = sinat/at, and this function y is entire, of exponential type 
a,and # 0. 
The theorem is completely proved. 
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Scholium. The discrepancy between the conditions on w involved in the 
above two theorems is annoying. How can there be a w > 0 such that the 
sums 


Sle) murda Agel 


|A| 2a 


satisfying 


f |S(t)|?w(t)dt < 1 


yield harmonic functions 


an Sz S(t) dt 


ui auar 


with values bounded at some points z in the upper half plane, but not at 
each of those points? If there is a non-constant entire function g # 0 of 
exponential type < a for which 


i OO ts <L Oa: 
-o W(t)(t? + 1)? 


can we not divide out one of the zeros of ọ to get another such function 
Ww making 


[7 UO a <0 
o W(t)(t? + 1) 


The present situation illustrates the care that must be taken in the 
investigation of such matters, straightforward though they may appear. 
The conditions involved in the two results are not equivalent, and there 
really do exist functions w > 0 satisfying one, but not the other. None of 
the zeros of ~ can be divided out if they are all needed to cancel those of 
w(t) ! 

Here is a simple example. Let 


sin? nt 


w(t) = 
0 p seil 


The condition 


2 lel)? 
ee ee ner 
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is satisfied here with 
g(t) = sinzt, 
an entire function of exponential type n. The kind of estimate furnished by 
the first theorem is therefore available for the sums 
S(t) == y A,e™. 
DEL 


Here, however, the estimates provided by the second theorem are not all valid! 
To see this, consider the functions 
i 
T6) O EC 
sin z(t + in) 
where y is a small parameter > 0. We have 


RT(t) = Ssinn(t+in) _ sinh my cos nt 
“l |sin z(t + in)|? sin? nt + sinh? ny 


Clearly RT,(t+2) = RT,(t) and RT, is € on the real axis, so 
RT) = ) ae", teR, 


the series being absolutely convergent. Since RT,(t —4) and RT,(t + 5) 
are odd functions of t, we have 


1 
a = | anoa SE 


and RT, (t) is a (uniform!) limit of sums 


Gems 
1<|n|<N 
each of the form 
Ae 
|A|2n 


If the estimates furnished by the second theorem held for the present w 
and fora = n, we would now have 


[aaa < cfm) 


with a constant C independent of n > 0. That, however, is not the case. 
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Because 
sin? nt 1 
?+1 t?+1 


(RT, w(t) < |T,OPwe) = ITO? 


and 

RTO) as n —0 
fort # 0, +1, +2,..., we have 

| (RT,(t))? w(t)dt — 0 


when n — 0, by dominated convergence. 
At the same time, since each of the functions 


i 

T,(z — 
nf?) sin m(z + in) 

is analytic and bounded in z > 0, 


[7 Star = ae = SO sae > 0 
Pe lee sinh x(1 + n) sinh x 


as n — 0. This does it. 
It is not hard to see that here, for the sums 


SQ) = YF 4e”, 


|A| 2x 


the condition 


ia IS(@)Pw()dt < 1 


gives us control on the integrals 
| : 3b S(t) dt 


when RB = +3, +3, +3,..., Jsinzß vanishing precisely for such 
values of $. 


One may pose a problem similar to the one discussed in this §, but with 
the sums 


sit) = ¥ A,e* 


lå| >a 
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replaced by others of the form 
D AeA 


|al<a 

(i.e. by entire functions of exponential type < a bounded on R !). That 
seems harder. Some of the material in the first part of de Branges’ book 
is relevant to it. 


E. Hilbert transforms of certain functions having given 
weighted quadratic norms. 

We continue along the lines of the preceding §’s discussion. Taking, 
as we did there, some fixed w > 0 belonging to L,(R), let us suppose that 
we are given a certain class of functions U(t), bounded on the real axis, 
whose harmonic extensions 


U(z) = f 32 y(yat 


MR 


to the upper half plane are controlled by the weighted norm 


H \U(oP wae). 


A suitably defined harmonic conjugate U(z) of each of our functions U(z) 
will then also be controlled by that norm. As we have seen in Chapter III, 
§F.2 and in the scholium to §H.1 of that chapter, the U(z) have well defined 
non-tangential boundary values a.e. on R and thereby give rise to Lebesgue 
measurable functions U(t) of the real variable t. Each of the latter is a 
Hilbert transform of the corresponding original bounded function U(t); 
we say a Hilbert transform because that object, like the harmonic 
conjugate, is really only defined to within an additive constant. The reader 
can arrive at a fairly clear idea of these transforms by referring first to 
the §§ mentioned above and then to the middle of §C.1, Chapter VIII, and 
the scholium at the end of it. 

Whatever specification is adopted for the Hilbert transforms U(t) of our 
functions U, one may ask whether their size is governed by the weighted 
norm in question when that is the case for the harmonic extensions U(z). 
To be more definite, let us ask whether there is some integrable function 
w(t) > 0, not ae. zero on R, such that 


| * GwPoHd < | * UWP w(t) dt 


—-@ 


for the particular class of functions.U under consideration. In the present 
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§, we study this question for the exponential sums 


UO take 
PET 
worked with in §D. Although the problem, as formulated, no longer 
refers directly to the harmonic extensions U (z), it will turn out to have a 
` positive solution (for given w) precisely when the latter are controlled by 
f°, |U@l w(t) dt in {3z > 0} (and only then). For this reason, multipliers 
will again be involved in our discussion. 


The work will require some material from the theory of H, spaces. In 
order to save the reader the trouble of digging up that material elsewhere, 
we give it (and no more) in the next article, starting from scratch. This is 
not a book about H, spaces, and anyone wishing to really learn about 
them should refer to such a book. Several are now available, including 
(and why not!) my own.* 


1. H, spaces for people who don’t want to really learn about them 


We will need to know some things about H,, H „ and H,, and 
proceed to take up those spaces in that order. Most of the real work 
involved here has actually been done already in various parts of the 
present book. 

For our purposes, it is most convenient to use the 


Definition. H,(R), or, as we usually write, H,, is the set of fin L,(R) for 
which the Fourier transform 


Rape | * efi) dt 


vanishes for all à > 0. 


* As much as I want that book to sell, I should warn the reader that there are a 
fair number of misprints and also some actual mistakes in it. The statement of 
the lemma on p. 104 is inaccurate; boundedness only holds for r away from 0 when 
F(0) = 0. Statement of the lemma on p. 339 is wrong; v may also contain a point 
mass at 0. That, however, makes no difference for the subsequent application of 
the lemma. The argument at the bottom of p. 116 is nonsense. Instead, one should 
say that if B| B, and do’ < do, for each a, then every f, is in QH,, where Q is 
given by the formula displayed there. Hence wH, = Eis © QH,, so B|B and 
do’ < do by reasoning like that at the top of p. 116. There are confusing misprints 
in the proof of the first theorem on p 13; near the end of that proof, F should be 
replaced by G. 
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Lemma. If feH,, ei f(t) e H, for eachi > 0. 
Proof. Clear. 


Lemma. If feH, and 3z > 0, f(d/((t—z) eH. 
Proof. For 3z > 0 (ie. R(—iz) < 0 ), we have 


œ 
i= = | eed), teR. 
0 


Therefore, if f € H4, 
HAAG E 
i SO dt = | | e Pei f(t) dAdt. 


thes) Sak 4 —-aowWv0 


The double integral on the right is absolutely convergent, and hence can 
be rewritten as 


| ž | j ee f(t)dtdài = [eaa = 0. 
0 -0 0 


Ifa>OandfeH,, e' f(t) is also in H, by the preceding lemma, so, 
using it in place of f(t) in the computation just made, we get 


Ib ein SO dr = 0. 


p2 


nG 


f(t)(t — Z) is thus in H, by definition. 


Theorem. If, for f €H,, we write 


USE 52 
lay = L sod 


for Xz > 0, the function f(z) is analytic in the upper half plane. 


Proof. We have 
pe 1 1 
= — ——— ] f(tdt. 

f@) xl (= +) 10 
By the last lemma, the right side equals 

au i 0 4, 

2TA fe aes 
for 3z > 0, and this expression is clearly analytic in the upper half plane. 
We are done. 
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Theorem. The function f(z) defined in the statement of the preceding result 
has the following properties: 


(i) f(z) is continuous and bounded in each half plane {3z > h}, h> 0, 
and tends to 0 as z — œ in any one of those; 


(i) 1 rilisan 


(iii) i |f(t+iy)—f()|dt —> 0 asy—0; 
(iv) f(t+iy) — f(t) ae. as y— 0. 


Remark. Properties (iii) and (iv) justify our denoting 


1 | oe TSE at 


Ya -o |Z — t|? 


by f (2). 


Proof of theorem. Property (i) is verified by inspection; (ii) and (iii) hold 
because the Poisson kernel is a (positive) approximate identity. Property 
(iv) comes out of the discussion beginning in Chapter II, §B and then 
continuing in §F.2 of Chapter III and in the scholium to §H.1 of that 
chapter. These ideas have already appeared frequently in the present book. 


Theorem. If f(t) € H, is not zero a.e. on R, we have 


i log” SOl 4, 


1+? 


= o 


and, for each z, 3z > 0, 


log|f(@| < - le 3z _ ogi s(e)l dt, 


= |z z |? 
the integral on the right being absolutely convergent. Here, f(z) has the 
same meaning as in the preceding two results. 


Proof. For each h > 0 we can apply the results from Chapter III, §G.2 to 
f(z + ih) in the half plane Jz > 0, thanks to property (i), guaranteed by 
the last theorem. In this way we get 


log|f(z+ih)| < Ji X log| f(t + ih)| dt 


olmi 
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for Jz > 0, with the integral on the right absolutely convergent. 

Fix for the moment any z, 3z > 0,forwhich f(z) # 0. The left side of 
the relation just written then tends to a limit > — œ as h—-0. At the 
same time, the right side is equal to 


AN ais [f(e+in|de — as Slog” f+ ih a 


1 ETIE wo lz—t| 


where 
| | log* | f(t + ih)| — log* |f(| |de < i | Ift +ih)| — [FOI |dt, 


which tends to zero as h does, according to property (iii) in the preceding 
result. Therefore 


=f 3z -log* |f(t+ihldt — P 3 
Te ced Zrtit ls 
a finite quantity (by the inequality between arithmetic and geometric 
means), as h — 0. 

From property (iv) in the preceding theorem and Fatou’s lemma, we 
have, however, 


pee | f(@| de, 


aries f(t + ih)| de. 


Using this and the preceding relation we see, by making h—0 in our 
initial one, that 


0 1 oO 
$ | SZ jog" [fide < liminf - | 
Polen i h>0 T = 0 


-œ < loglf@l < Af of zlog* |f) de 
T MA 


ai SE log” |f(lde. 


Since the first integral on the right is finite, the second must also be so. 
That, however, is equivalent to the relation 


Í los fla, Z o 
1+? 


— 0 


Putting the two right-hand integrals together, we see that 


an 3? _jogi f(ldt 


T |z—t|? 


is absolutely convergent for our particular z, and hence for any z with 
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%z > 0. That quantity is > log| f(z)| as we have just seen, provided that 
| f(z)| > 0. It is of course > log| f(z)| in case f(z) = 0. We are done. 
Corollary. If f(t) e H, is not a.e. zero, | f(t)| is necessarily > 0 a.e.. 


Proof. The theorem’s boxed inequality makes log” | f(t) > — œ a.e.. 


Definition. H „(R), or, as we frequently write, H „, is the collection of g 
in L,,(R) satisfying 


| OOt = 0 


for all f eH. 


H „ is thus the subspace of Lẹ, dual of L,, consisting of functions 
orthogonal to the closed subspace H, of L,. As such, it is closed, and even 
w* closed, in La. 


By definition of H, we have the 


Lemma. Each of the functions è”, 4 > 0, belongs to H,,. 


Corollary. A function f €L,(R) belongs to H, iff 


l ODd = 0 


— 0 


for all géeH ,. 


Lemma. If feH, andgeH,, g(t)f(t) e Ay. 


Proof. First of all, gfeL,. Also, when 24>0, ei f(t) e H; by a 
previous lemma, so by definition of H „, 


| ” gidef(ydt = 0, 


Il 
© 


| elg(t) f(t) dt 
for each À > 0. Therefore gf e H4. 


Lemma. If g and h belong to H, g(t)h(t) does also. 
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Proof. If fis any member of H,, gfis also in H, by the previous lemma. 
Therefore 


| A(t): gf(jdt = 0. 
This, holding for all f €H,, makes hg e H,, by definition. 


Theorem. Let ge H „. Then the function 


gz) = an a g(t) dt 
T = 00 


hese 
is analytic for 3z > 0. 
Proof. Fixz, 3z > 0,and,for the moment, a large A > 0. The function 
ous iA 
t—Zt+iA 


AO 


belongs to H,. This is easily verified directly by showing that 


jo efedi = 0 


— co 


for A > 0 using contour integration. One takes large semi-circular contours 
in the upper half plane with base on the real axis; the details are left to 
the reader. 

By definition of H „, we thus have 


| gael eee “EP IG, 


Subtracting the left side from 


ae t—z id +t 


and then dividing by 2i, we see that 


(o) gz iA an 1 iA 
a tdt = — — t) dt. 
| z—t|? pera 2i pee ig a 


=- 0 


For each A > 0, then, 
URS Zz iA 
gu) = — | 2 g(t) dt 


nj_.|z—t|? iA+t 


is analytic for 3z > 0 (by inspection). 


232 X E Control of Hilbert transforms by weighted norms 


As A — œ, the functions g,(z) tend u.c.c. in {3z > 0} to 


1 | ee SN Oper en 


T -olz — t|? 


The latter is therefore also analytic there. 


Remark. For the function g(z) figuring in the above theorem we have, for 
eachize 32 > 0; 


IIIS Igla 


where the L,, norm on the right is taken for g(t) on R. This is evident by 
inspection. The same reasoning which shows that 


f(t+iy) — f(t) a.e. as y—0 

for functions f in H, also applies here, yielding the result that 
g(t +iy) — g(t) _ a.e. as y—0 

when g € H „- Unless g(t) is uniformly continuous, however, we do not have 
Aa — g)llo —> 0 

for y—>0. Instead, we are only able to affirm that g(t + iy) tends w* to 

g(t) (in L,(R) ) as y—0. 

The theorem just proved has an important converse: 


Theorem. Let G(z) be analytic and bounded for z > 0. Then there is a 
geH „ such that 


dae | stale ety 


(a alzo ti 


for 3z > 0, and 


lgllo = sup |G(z)|. 


3z>0 


Proof. It is claimed first of all that each of the functions G(t + ih), 
h > 0, belongs to H „ (as a function of t). Take any f € H,, and put 


f@) .= f 3z rode aa O 


T ~~ |zZ—t|? 


Our definition of H „ requires us to verify that 


| 5 Gare sani dis nena 


mago 
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Since 
tee A LO E N, 


as b — 0, it is enough to show that 
| G(t+ih)f(t+ib)dt = 0 


for each b > 0. 

Fix any such b. According to a previous result, f(z + ib) is then analytic 
and bounded for 3z > 0, and continuous up to the real axis. The same is 
true for G(z + ih). These properties make it easy for us to see by contour 
integration that 


le ( : ) i i 
—— ] G(t+ih)f(t+ib)dt = 0 
iA +t 


= g0 


for A > 0; one just integrates 


AN? ; 
G) G(z + ih) f(z + ib) 


around large semi-circles in Jz > 0 having their diameters on the real 


axis. Since f(t + ib) e L,(R), we may now make A — œ in the relation 
` just found to get 


is G(t+ih)f(t+ib)dt = 0 


and thus ensure that G(t+ ih) € H (R). 
For each h > 0 the first lemma of §H.1, Chapter III, makes 


G(z+ih) = |" 3z 


-olz—t}? 


G(t + ih) dt 


when 3z > 0. Here, 
|G(t+ih)| < sup |G(z)| < ©. 


3z>0 
Hence, since L, is the dual of L,, a procedure just like the one used in 
establishing the first theorem of §F.1, Chapter III, gives us a sequence of 
numbers h, > 0 tending to zero and a g in Lo with 
G(t + ih,) —— g(t) w* 
as n — œ. From this we see, referring to the preceding formula, that 
G Z 
G@) = lim G(+ih,) == | 3 


viz t 


g(t)dt 


n> i T 
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for 3z > 0. By the w* convergence we also have 
Ig. < liminf||G@+ih,)||, < sup |G(z)|. 


n> oo 3z>0 
However, the representation just found for G(z) implies the reverse 
inquality, so 


lgl = sup |G(z)|. 


3z>0 


As we have seen, each of the functions G(t +ih,) is in H,,. Their w* 
limit g(t) must then also be in H,,. 
The theorem is proved. 


Remark. An analogous theorem is true about H,. Namely, if F(z), analytic 
for Jz > 0, is such that the integrals 


(i | F(x +iy)| dx 


=O; 


are bounded for y > 0, there is an f e H, for which 


F(z) = |" 3z ftdt, i aaa 


T me a H 


This result will not be needed in the present §; it is deeper than the one 
just found because L,(R) is not the dual of any Banach space. The F. and 
M. Riesz theorem is required for its proof; see §B.4 of Chapter VII. 


Problem 41 
Let ge H „, and write 


1 foo} 
ane | J Ddr 


y tolesn 


for 3z > 0. 
(a) If Sc > 0, both functions 


g(t) — g(c) a g(t) — g(c) 


t—c t—c 


belong to H. (Hint: In considering the first function, begin by noting 
that 1/(t—¢) e H,, according to the second lemma about H 1 To 
investigate the second function, look at (g(z) — g(c))/(z — c) in the upper 
half plane.) 

(b) Hence show that if f € H, and 


fe) = |" 3z f(t)dt 


ya Tole 
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for Jz > 0, one has 


Ic 


|c—t|? 


1 œ 
fog) = -| fgl) dt 
for each c with Jc > 0. 
(c) If, for the f(z) of part (b) one has f(c) = Oforsomec, Jc > 0, show 
that f(t)/(t — c) belongs to H,. (Hint: Follow the argument of (b) using the 
function g(t) = e'', where A > 0 is arbitrary.) 


Theorem. If g(t)e H „ is not a.e. zero on R, we have 


œ 1 zA 
| ESN 


“2 14+? 


and, for 3z > 0, 
SiZ 


|z—t|? 


1 [e6] 
log|g(2)| < f log |g(t)|dt, 


. the integral on the right being absolutely convergent. Here, g(z) has its 
usual meaning: 


gz) = 7 3z g(t) dt. 


T eei 


Proof. By the first of the preceding two theorems, g(z) is analytic (and of 
course bounded) for Jz > 0. Therefore, by the results of §G.2 in 
Chapter III, for each h > 0, 


3z 


zlog |g(t + ih)|dt 
|z—t¢| 


i 1 
log|g(z+ih)| < -| 
T = 


when sz > 0. 

We may, wlog, take ||gl|., to be < 1, so that |g(z)| < 1 and 
log|g(z)| < 0 for Jz > 0. As h—0, g(t +ih) — g(t) a.e. accord- 
ing to a previous remark, so, by Fatou’s lemma, 


aes i LR 
limsup + Í 3z log|g(t+ih)|dt < -f J log |g(t)| dt. 


ert: |z—t|? _olz—tl? 


The right-hand quantity must thus be > log|g(z)| by the previous 
relation, proving the second inequality of our theorem. 
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In case g(t) is not a.e. zero, there must be some z, Jz > 0, with 
g(z) # 0, again because g(t+ih) — g(t) a.e. for h— 0. Using this z 
in the inequality just proved, we see that 


f Sz log|g(t)idt > —~, 


T olz — t|? 
whence 
oz -= 
f A 
_. 1+? 


and the former integral is actually absolutely convergent for all z with 
Jz > 0, whether g(z) # 0 or not. 
We are done. 


Come we now to the space H3. 


Definition. A function f e L}(R) belongs to H,(R), usually designated as 
H,, iff 


A JO 4 


yas: 

for all z with Jz > 0. 

H, is clearly a closed subspace of L,(R). 
Theorem. If f e H,, the function 


A a he 
fe) = L Soa 


is analytic for 3z > 0. 


Proof. Is like that of the corresponding result for H,. 


Theorem. If f €H,, the function f(z) in the preceding theorem has the 
following properties: 


) \f@l-< If la/y@S2, 32 > 0; 


(ii) | (fæ +i dax < Ifi for y>0; 


= 0 
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(iii) | | f(t +iy)—f(j\\?dt —> 0 as y—0; 

(iv) f(t+iy) — f(t) ae. as y—0. 
Proof. Property (i) follows by applying Schwarz’ inequality to the formula 
for f(z). The remaining properties are verified by arguments like those 


used in proving the corresponding theorem about H,, given above. 


As is the case for H,, (and for H,), these results have a converse: 


Theorem. Let F(z) be analytic for 3z > 0, and suppose that 
| | F(x + iy)|? dx 


is bounded for y > 0. Then there is an f € H, with 


Fiz> = P de za 0, 
pale —t| 
and 


Ifi} = sup | | F(x + iy)|? dx. 


y>0J- o 


Proof. For each h > 0, put 
1 h 
F,(z) = =| F(z + s)ds, ys, 
2h Jp 


By Schwarz’ inequality, 


= C 
|F,(z)| < an |( |" ire +9Pas) < Jan) 


where C is independent of z or h; each function F,(z) is therefore bounded 
in 3z > 0, besides being analytic there. 
A previous theorem therefore gives us functions fa E Ha such that 


F(z) = f fd at iz 50, 


and, as already remarked, 


F,(t+iy) — f(t) ae. for y — 0. 
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We have, for each h and y > 0, 


IN 


foe) 1 roo) h . 
j |F (x + iy)|? dx =| | |F(x + s +iy)|?ds dx 
—-aod-h 


— oo 


| |F(x + iy)|? dx 
by Schwarz’ inequality and Fubini. Since the right side is bounded by a 
quantity M < œ independent of y (and h), the limit relation just written 
guarantees that 


EAE < M 


for h > 0, according to Fatou’s lemma. 

Once it is known that the norms || f,||, are bounded we can, as in 
the proof of the corresponding theorem about H,,, get a sequence of 
h, > 0 tending to zero for which the f, converge weakly, this time in 
L,, to some f €L,(R). Then, for each z, Jz > 0, 


Fy) = = | 4 halo — - | WORA y 


eS Slee 
as n— oo. At the same time, 
IIA a AN 


so we have our desired representation of F(z) if we can show 
that f e H. 
For this purpose, it is enough to verify that when 3z > 0, 


since the f,,, tend to f weakly in L,. However, the f, belong to H „, and, 
when z > 0 and A > 0, the function 
1 iA 


t—Z iÁ +t 


belongs to H,, as we have noted during the proof of a previous result. 
Hence 


[7 fie a 


iA Fee? 


Here, f,(t)/(t — Z) belongs to L4, so we may make A — œ in this relation, 
which yields the desired one. 
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We still need to show that || f|3 = sup,.o/®,,|F(x +iy)|? dx. Here, 
we now know that the function F(z) is nothing but the f(z) figuring in 
the preceding theorem. The statement in question thus follows from 
properties (ii) and (iii) of that result. 

We are done. 


Remark. Using the theorems just proved, one readily verifies that H, 
consists precisely of the functions u(t) + ia(t), with u an arbitrary real-valued 
member of L,(R) and a its L, Hilbert transform — the one studied in the 
scholium to §C.1 of Chapter VIII. The reader should carry out this 
verification. 


Our use of the space H, in the following articles of this § is based on a 
relation between H, and H,, established by the following two results. 


Theorem. If f and g belong to H,, f-g is in H,. 


Proof. Certainly fg € L,, so the quantity 
| el f(t) g(t) dt 


varies continuously with 4. It is therefore enough to show that it vanishes 
for A > 0 (sic) in order to prove that fg e A. 
Let, as usual, 


fa) = - | j X fdt 


|z—t|? 


for 3z > 0, and 


gz) = - fis a g(t) dt 


|z—t|? 


there. 

Using the facts that || f(t + ih) — f(|l2 — 0 and || g(t + ih) — g(t) ||, — 0 
for h —0 (property (iii) in the first of the preceding two theorems) and 
applying Schwarz’ inequality to the identity 

f(t +ih) g(t +ih) — f(g) 
= [f(t+ih)—flgt) + f(t + ih) [ot + ih) — 91, 


one readily sees that 


Ife +ih)gt +ih) -FOID — 0 
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as h — 0. It is therefore sufficient to check that 
| el f(t+ih)g(t+ih)dt = 0 


for each h > 0 when å > 0. 
Fix any such h. By property (i) from the result just referred to, 


const. 
Jh 


Also, since f(t) e L,(R), the function 


|f(z+ih)| < for 3z > 0. 


fle+ih) = ~{" eo Ode 


nJ_~|z+ih—t|? 


tends uniformly to zero for z tending to œ in any fixed strip 0 < Jz < L. 
The function g(z + ih) has the same behaviour. 

These properties make it possible for us to now virtually copy the 
contour integral argument made in proving the Paley—-Wiener theorem, 
Chapter III, §D, replacing the function f,(z) figuring there* by 
f(z + ih) g(z + ih). In that way we find that 


| ei f(t+ih)g(t+ih)dt = 0 


for A > 0, the relation we needed. 
The theorem is proved. 


The last result has an important converse: 


Theorem. Given € H, there are functions f and g in H, with ọ = fg and 


If ils = Nalle = </(Nely 


Proof. There is no loss of generality in assuming that ¢(t) is not a.e. zero 
on R, for otherwise our theorem is trivial. Putting, then, 


pe) = t | * Fon ae 


T Teat] 


for 3z > 0, we know by previous results that ọ(z) is analytic in the upper 


* Here, the condition A > 0 plays the rôle that the relation A > A did in 
the discussion referred to. 
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half plane and that 


| A eae Z 
lee = =f 3 _logļo(Ðldt 


T sb fea 


there, the integral on the right being absolutely convergent. 
Thanks to the absolute convergence, we can define a function F(z) 
analytic for Jz > 0 by writing 


bend 1 t 
rae = =r — log | p(t)| dt >; 
(2) pyc (E =) og | (t) } 


the idea here is that F(z) # 0 for 3z > 0, with 


ie ic Z 
log|F(z)| = | 3 -log | y(t)| de, 
2nJ_olzZ—-tl 
one half the right side of the preceding inequality. The ratio 
G(z) = 92) 
F(z) 


is then analytic for 3z > 0, and we have 


1 co 
log|G@)| < =| 3z 
2n 


2 
m 


log |ø(t)dt = log|F(2)|, 
Le. 
|G(z)| < |F)I, 42 O) 


By the inequality between arithmetic and geometric means, 


1l i Z 
Fa? < a ar 
T mole 
so, for each y > 0, 


(2e) 


i IG(x +iy)|?dx < | | F(x + iy)|? dx 


— oe 


EE aa AV GAL) 
z JPY dtdx = loll 
Al e T j 


=O). 
According to a previous theorem, there are thus functions f and g in H3 
with 


Fe) = IV Ess, > 0, 


|z— 


242 X E Control of Hilbert transforms by weighted norms 


1f2 3 
Ge) = - | wpa goat 3z > 0, 


|z— 

and 

lgili < Ifl} < lols. 

For 3z > 0, we have 

oz) = F(z)G(2), 
However, when y — 0, 

o(t+iy) —> g(t) ae. 
while at the same time 

F(t+iy) —> f(t) ae. 
and 

G(t+iy) —> g(t) a.e.. 
Therefore, 

p(t) = f(t)g(t) a.e., teR, 


our desired factorization. 
Schwarz’ inequality now yields 


loli < Ifllallgtle- 
We already know, however, that 

lgl < Ifl < ~ol). 
Hence ||gl2 = Ifl = (lela. 


We are done. 


Remark. For the function F(z) used in the above proof, we have 


1 oO 
log|F(@)| = — | F_og| ot) dr, 


2n J -o|z—tl 
so 
log | F(t + iy)| — | Hog 9) a.e. 


as y — 0 by the property of the Poisson kernel already used frequently 
in this article. This means, however, that 


|F(t+iy)| — J(le(O|) ae. 
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for y —0. At the same time, 
F(t+iy) — f(t) ae. 
so we have 


ISOL = Vll) ae, teR, 


for the H, function f furnished by the last theorem. 

Since ge H,, we must have |g(t)| > 0 ae. by a previous corollary 
(unless g(t) = 0 a.e., a trivial special case which we are excluding). The 
H, function g with fg = ọ must then also satisfy 


IOI = Vde) ae, teR. 


In spite of the fact that the H, functions f and g involved here have a.e. 
the same moduli on R, they are in general essentially different. It is usually 
true that their extensions F and G to the upper half plane satisfy 


|G(z)| < IF) 


there. 


Later on in this §, our work will involve the products 


ei4t f(t) 
with A > 0, where f is a given function in H}. Our first observation about 
these is the 


Lemma. If f €H, andi>0, e f(t) € Ho. 


Proof. If 3z > 0, the function 1/(t — 2) belongs to H,. This is most easily 
checked by referring to the definition of H, and doing a contour integral; 
such verification is left to the reader. According to a previous theorem, 
then, f(t)/(t — Z) belongs to H,. Hence 


[Ya = 0 


t—z 


—- oo 


for each A > 0. Here, z with Jz > 0 is arbitrary, so the functions e'”* f(t) 
with A > 0 belong to H, by definition. Done. 


When f€H,, finite linear combinations of the products ef(t) with 
A 2 0 form, by the lemma just proved, a certain vector subspace of H.. 
We want to know when the L, closure of that subspace is all of H}. This 
question was answered by Beurling. His argument uses material from the 
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proof of the preceding theorem about factorization of functions in H,. 
We need first of all to note the following analogue of a result already 
established for functions in H, or in H»: 


Theorem. If feH, and f(t) is not a.e. zero on R, 


f log” ISO 4, 


1 +t? 


— oe 


Also, for 


ahi | ae iar 


ya zolz ci 


one has 


logi f@l < =f PEE 


TJ -o |z ae t|? 
when 3z > 0, the integral on the right converging absolutely. 


Proof. Is very similar to that of the corresponding theorem in H,.* Here, 
when considering the difference 


IV los" ear u 2 iog* i f(yidt, 


gaiz= tj -ozat 


one first observes that it is bounded in absolute value by 


k Ea e TENE, 


salz f 


and then applies Schwarz’ inequality. The rest of the argument is the same 
as for H,. 


Corollary. Unless f(t)e H, vanishes ae, |f(t)| > 0 ae.onR. 


Definition (Beurling). A function f in H, which is not a.e. zero on R is 
called outer if, for the function f(z) of the above theorem we have 


logif(2)|_ = |" a 


T -~olz—t|? 


log | f(t)| dt 


whenever z > 0. 


* One may also appeal directly to that theorem after noting that f? e Hy. 
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Theorem. Let f € H,, not a.e. zero on R, be outer. Then the finite linear 
combinations of the e“ f(t) with A > 0 are || ||. dense in H3. 


Remark. This result is due to Beurling, who also established its converse. 
The latter will not be needed in our work; it is set at the end of this article 
as problem 42. 


Proof of theorem. In order to show that the ei f(t) with 2 > 0 generate 
H,, it suffices to verify that if ọ is any element of L, such that 


a efld = 0 
for all A > 0, then 

9 gölde = 0 
for each ge H,. This will follow if we can show that such a ¢ belongs to 
H,, for then the products gg with ge H3 will be in H4. 


Since f and ọ € L,, fọ e L,, and our assumed relation makes fọ 
in H,. The function 


Fe) = =f ppp at 
TJ- o |z Sie t| 
is thus analytic for 3z > 0. 
If g(t) = 0 a.e. there is nothing to prove, so we may assume that this 
is not the case. By the preceding corollary, | f(t)| > 0 a.e; therefore 
f(t)g(t) is not a.e. zero on R. Hence, by an earlier result, 


log|F(z)| < |. 3z 
T 


2 
TAST 


log | f(Qep(t)| dt 


when 3z > 0, with the right-hand integral absolutely convergent. 
At the same time, for 


(eet | T oi 


T -olz— tl? 


we have 


log | f (t) dt 


1 fo 0] 
han Gite: | = 


olz—tl? 


by hypothesis whenever Jz > 0. The integral on the right is certainly 
> — œ, being absolutely convergent, so F(z)/f(z) is analytic in Jz > 9. 


246 X E Control of Hilbert transforms by weighted norms 


For that ratio, the previous two relations give 


F(z) 


F(Z) 


Thence, by the inequality between arithmetic and geometric means, 


3 2 logio()idt, 3z. > 0. 
m z 


log 


a 00. 


F(z) 


f (2) 
from which, by Fubini’s theorem, 
F(x + 1y) 


| =a E) 
According to a previous theorem, there is hence a function y e H, with 
F WHS 
AEE | X yde 
f(z) T et 
for Jz > 0, and 


2 œ 
< -f Se SE A E T 


T olz= t|? 


2 
< lol: 


F(t + iy) 
f(t + iy) 


as y—0. 
We have, however, by the formula for F(z), 


— w(t) ae. 


F(t+iy) — f(t)\o(t) ae. as y—0, 
and, for f(z), 

f(t+iy) — f(t) ae. as y—0. 
Therefore, since | f(t)| > 0 a.e. 

olt) = W(t) a.e. 


i.e., ọ € H}, as we needed to show. 
The theorem is proved. 


Remark. The function f in H, appearing near the end of the above 


factorization theorem for H, is outer. In general, given any function 
M(t) > 0 such that 
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and 
| (M(t))*dt < œ, 

we can construct an outer function f €e H, for which 
IOI = M(t) a.e. on R. 


To do this, one first puts 


F(z), «= exp} (= — m joemoa! 


for 3z > 0; the conditions on M ensure absolute convergence of the 
integral figuring on the right. We have 


log|F()| = |" = 


olz — t|? 


logM(t)dt, 3z > 0, 


so that, in the first place, 
log|F(t +iy)| — log M(t) ae. 


for y — 0. In the second place, since geometric means do not exceed 
arithmetic means, 


i |F(x +iy)\?dx < Ip (M(t))? dt 


-%0 — 0 


for y > 0, by an argument like one in the above proof. There is thus an 
f €H, with 


rey oe | E e ir, 0 


miegle=tl? 
and 
F(t+iy) —> f(t) ae. 
as y—0. 
Comparing the above two limit relations we see, first of all, that 
IOl = M(t) ae, teR. 
Therefore 


KERSZ 
log|F(@)| = -f z plog fOldi 
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for 3z > 0. Here, our function F(z) is in fact the f(z) figuring in the proof 
of the last theorem. Hence f is outer. 

This construction works in particular whenever M(t) = |g(t)| with g(t) 
in H, not a.e. zero on R. Therefore, any such g in H, coincides a.e. in 
modulus with an outer function in H,. 


Problem 42 


Prove the converse of the preceding result. Show, in other words, that 
if f e H, is not outer, the e' f(t) with A > 0 do not generate H, (in norm 
l l2). (Hint: One may as well assume that f(t) is not a.e. zero on R. 
Take then the outer function ge H, with |g(t)| = |f(t)| a.e., furnished 
by the preceding remark. Show first that the ratio w(t) = f(t)/g(t) —it 
is of modulus 1 a.e.— belongs to H „. For this purpose, one may look at 
f(2)/g(z) in 3z > 0. 


Next observe that 


| ” eM f(ialdg(t)dt = 0 


= 60 


for all A > 0, so that it suffices to show that 


| Q(t)ao(t)g(t) dt 


cannot be zero for all g e H}. Assume that were the case. Then 


if eW(t)a(t)g(t)dt = 0, 
L.e., 
f ” Wd g()dt = 0 


for all 4 > 0 and every y eH}. 
Use now the preceding theorem (!) and another result to argue that 


f a(th(t)dt = 0 


for all he H,, making œ(t) also in H „, together with œ(t). This means that 


wlz) = |" 3z a(t) dt 


ya -olz— t|? 


and œ(z) are both analytic in 3z > 0. Since f is not outer, however, 
|a@(z)| = |f(z)/g(z)| < 1 for some such z. A contradiction is now easily 
obtained.) 
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Remark. The weH.,, figuring in the argument just indicated is called an 
inner function. 


2; Statement of the problem, and simple reductions of it 


Given a function w > 0 belonging to L,(R), we want to know 
whether there is an œ > 0 defined on R, not a.e. zero, such that 


| š |U(t)|2a(t)dt < | n | U(t)|2w(t) dt 


— © 


for the Hilbert transforms U(t) (specified in some definite manner) of the 
functions U(t) belonging to a certain class. Depending on that class, the 
answer is different for different specifications of U(t). 

Two particular specifications are in common use in analysis. The first 
is preferred when dealing with functions U for which only the convergence 
of 


> |U(t)| 
ie 1 carey 


is assured; in that case one takes 


` EE 1 t 


The expression on the right — not really an integral — is a Cauchy principal 

value, defined for almost all real x. (At this point the reader should look 

again at §H.1, Chapter III and the second part of §C.1, Chapter VIII.) 
A second definition of U is adopted when, for 6 > 0, the integrals 


| wet dt 
| 


EOT 


are already absolutely convergent. In that case, one drops the term t/(t? + 1) 
figuring in the previous expression and simply takes 


in other words, 1/z times the limit of the preceding integral for ô —>0. 
This specification of U was employed in §C.1 of Chapter VIII (see especially 
the scholium to that article). It is useful even in cases where the above 
integrals are not absolutely convergent for 5 > 0 but merely exist as limits, 
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=ð A 
im ( | + | Ea 
A> =A xt+6 x—t 


This happens, for instance, with certain kinds of functions U(t) bounded 
on R and not dying away to zero as t—> + œ. The Hilbert transforms 
thus obtained are the ones listed in various tables, such as those issued 
in the Bateman Project series. 


viz., 


If now our question is posed for the first kind of Hilbert transform, it 
turns out to have substance when the given class of functions U is so 
large as to include all bounded ones. In those circumstances, it is most 
readily treated by first making the substitution t = tan(3/2) and then 
working with functions U(t) equal to trigonometric polynomials in 9 and 
with certain auxiliary functions analytic in the unit disk. One finds in that 
way that the question has a positive answer (i.e., that a non-zero œw > 0 
exists) if and only if 


i ea ann pai 
_ p(t? + 1)? w(t) 


(under the initial assumption that we L, (R) ); the reader will find this work 
set as problem 43 below, which may serve as a test of how well he or she 
has assimilated the procedures of the present §. 

Except in problem 43, we do not consider the first kind of Hilbert 
transform any further. Instead, we turn to the second kind, taking anaa in 
its most general sense, as lim,_,,, liM 4> w (tee + [$ 4g): Then 


is defined for U(t) equal to sin At and cos At, and hence for finite linear 
combinations of such functions (the so-called trigonometric sums). In the 
following articles, we restrict our attention to trigonometric sums U(t), 
for which the definition of U by means of the preceding formula presents 
no problem. As explained at the beginning of §D, one may think crudely 
of the collection of trigonometric sums as ‘filling out’ L (R) ‘for all 
practical purposes’. 
By elementary contour integration, one readily finds that 


1 f ei^ f aa ieii, 14> 0, 
= di T= iy 
A ak —t ee, 2 0. 


When 4 = 0, the quantity on the left is zero. The reader should do this 
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computation. One of the original applications made of contour integration 
by Cauchy, who invented it, was precisely the evaluation of such principal 
values! In terms of real valued functions, the formula just written goes as 
follows: j 


| fea At 
~{ See de euetesin dtd ASO; 
ie Rae ae: 
it sin At 
= dt = —cosdAt, A>O. 
Rjo~ et 


From this we see already that our question (about the existence of 
non-zero w > 0 ) is without substance for the present specification of the 
Hilbert transform, when posed for all trigonometric sums U. There can 
never be an œw > 0, not a.e. zero, such that 


l \U(t)a(t)dt < fe |U(t)|2 w(t) dt 


=Q — oa 


for all such U, when w is integrable. This follows immediately on taking 
U(t) = sindt, U(t) = —cosdt 


in such a presumed relation and then making A — 0; in that way one 
concludes by Fatou’s lemma that 


o0 
| o(t)dt = 0. 
— oo 

The same state of affairs prevails whenever our given class of functions 
U includes pure oscillations of arbitrary phase with frequencies tending 
to zero. For this reason, we should require the class of trigonometric sums 
U(t) under consideration to only contain terms involving frequencies 
bounded away from zero, as we did in §D. The simplest non-trivial version 
of our problem thus has the following formulation: 


Let a > 0. Under what conditions on the given w > 0 belonging to 
L,(R) does there exist an œw > 0, not a.e. zero, such that 


| l |\O(t)|?a(t)dt < | ‘i |U(t)|? w(t) dt 


-0 —o 


for all finite trigonometric sums 


ut) = Y Cie? 


|A|za 


Here, we are dealing with the second kind of Hilbert transform, so, for 
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the sum U(t) just written, 


Ut) = Y, (—iC,sgnd)e™. 


|A|2a 


Such functions U(t) can, of course, also be expressed thus: 


U(t) = } (A, cos At + B,sin At). 


Aza 


Then 


U(t) ¥. (A, sin At — B, cos At). 


Aza 


This manner of writing our trigonometric sums will be preferred in the 
following discussion; it has the advantage of making the real-valued sums 
U(t) be precisely the ones involving only real coefficients A, and B,. 

We see in particular that if U(t) is a complex-valued sum of the above 
kind, RU(t) and JU(t) are also sums of the same form. This means that 
our relation 


ik |U()|?a(t)dt < be | U(t)|2 w(t) de 


holds for all complex-valued U of the above form iff it holds for the real 
valued ones. 


Given any trigonometric sum U(t) (real-valued or not) of the form in 
question, we have 


Ut) +i0@ = Y C,e 


Aza 


with certain coefficients C,. Conversely, if F(t) is any finite sum like the 
one on the right, 


RF(t) = U(t) 
is a sum of the form under consideration, and then 
U(t) = 3F(t). 


These statements are immediately verified by simple calculation. 


Lemma. Given w > 0 in L,(R), let a> 0. The relation 


| |U()|2a(t)dt < | i |U(t)|? w(t) dt 


-o -o 
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holds for all trigonometric sums 


U(t) = J (A,cosdt + B, sin At) 


Aza 


with the function a(t) > 0 iff 


| * (w(t) + ANFO) at 


— 0 


< l (w(t) — w(t) |F()? dt 


— 0 


for all finite sums 


O e >. .Cie™. 


Aza 


Proof. As remarked above, our relation holds for trigonometric sums U 
of the given form iff 


| 3 (U(t))a(t)dt < is (U(t)? w(t) dt 


— 0 WoO 


for all such real-valued U. Multiply this relation by 2 and then add to 
both sides of the result the quantity 


| (APWE — (UMP w(t) — CAP) — (VOo) de. 


We obtain the relation 


i (w(t) + cx(t)) {(O(t))? — (U(t))*} dt 


— oo 


< | (w(t) — a(t) (UD)? + (O()?} de 
which must thus be equivalent to our original one (see the remark 
immediately following this proof). 

In terms of F(t) = U(t) + iU(t), the last inequality becomes 


_& | * (w(t) +o(N(FQ)2 dt < | * (w(t) — a(t) FON de, 


=o 
so, according to the statements preceding the lemma, our original relation 
holds with the trigonometric sums U(t) iff the present one is valid for the 
finite sums 


Bi) 4B) Celts 


Aza 
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If, however, F(t) is of this form, so is e? F(t) for each real constant y. 
The preceding condition is thus equivalent to the requirement that 


-sea f" (w(t) + o(t))(F())* dt < i: (w(t) — o(t))|F()|? dt 


o == 00) 


for each function F and all real y, and that happens iff 


| | * (w(t) + DFO)? dt 


is < the integral on the right for any such F. This last condition is hence 
equivalent to our original one, Q.E.D. 


Remark. The argument just made tacitly assumes finiteness of 
JE (U(t))? w(t) dt and f°, (UO) a(t) dt, as well as that of [© | (U(t))?w(t) dt 
and fe (UO)? w(t) de. About the latter two quantities, there can be no 
question, w being assumed integrable. Then, however, the former two must 
also be finite, whether we suppose the first relation of the lemma to hold 
or the second. Indeed, if it is the first one that holds, 


3 {(U())? + (Č) yalt) dt 


— 0 


< | * (UG? +(GW)P}wde < oo, 


— oe 


since, for F(t) = U(t) + iU(t), F(t) = —iF(t). And, if the second 
holds, we surely have 


| 3 (w(t) — a(t) (UM)? +(G()’)dt > 0. 


Theorem. Given w > 0 in L,(R) and a > 0, any w > 0 such that 


| ” |OWPowa < | * |U()/w(t) dt 


— 0 


for all sums U of the form 
U(t) = Y (4,cosåt+ B, sin At) 


Aza 


must satisfy 
a(t) < w(t) ae. on R. 


Proof. Such an œ must in the first place belong to L,(R). For, putting first 
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U(t) = sinat, U (t) = —cosatin our relation, and then U(t) = sin 2at, 
U(t) = —cos2at, we get 

| (cos? at + cos 2at)a(t)dt < œ. 
Here, 


cos*at+cos*2at = 4(1+cos2at+2cos*2at) > 


for te R, so @ is integrable. 
Knowing that w and w are both integrable, we can prove the theorem 
by verifying that 


f (wt) -olt)olt)dt > 0 


for each continuous function g > 0 of compact support. 
Fix any such g, and pick an ¢ > 0. Choose first an L so large that ¢(t) 
vanishes identically outside (— L, L) and that 


lole | (w(t)+a(t))dt < £; 
It|>L 


since w and w are in L; (R), such a choice is possible. Then expand ,/(¢(t)) 
in a Fourier series on [ — L, L]: 


Jo) ~ 2 a,emmll, —L<tc<L. 


According to the rudiments of harmonic analysis, the Fejér means 


y |n| nint/L 
Sy(t) = Si 1 Tea N Ane 


n=-N 


of this Fourier series tend uniformly to Y (g(t)) on [— L, L] as N —> œ. 
Also, 


IIsvllo < IVO lo- 


We thus have 


o] L 
| (w(t) —a(t))e()dt = | (w(t) — co(t)) p(t) dt 


=L 


= lim | i (w(t) — w(t))(sy()? dt. 
—E 


N> œ 
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And, for each N, 


| 3 (w(t) — at))(sy() dt = ( i = | joo — at))(sy(t))? dt 
2 — 00 |t|2L 


L 


2 fi (w(t) — o(t))(sy(t))? dt = syli | (w(t) + œ(t)) dt 
=i60 |t|2L 


> is (w(t) — a(t))(sy(t))? dt — e 


by choice of L, since ||sy||2, < lollo 


Putting 
Fyt) = ete" sy(t), 
we have |F p(t)? = (sy(t))?. F y(t), however, is of the form 
2, Ok 


so 
in (w(t) — (t))(sn(t))? dt = | Š (w(t) — œ(t))| F x(t)|? dt 


is > 0 by the lemma. Using this in the last member of the previous chain 
of inequalities, we see that 


L 
| (w(t) —a(t))(sy(t))’ dt > —e 
SL 
for each N, so, by the above limit relation, 


| (w(t)—a(t))o(t)dt > —e. 
Squeezing e, we see that the integral on the left is > 0, which is what we 
needed to show to prove the theorem. Done. 


Lemma. Given w > Oin L; (R), leta > 0. A necessary and sufficient condition 
that there be an w > 0, not a.e. zero on R, such that 


| " Opod < i IUOPwOd 


— 0 — 


for the finite sums 


U(t) = ¥ (A, cos At + B,sin At), 


Aza 
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is that there exist a function p(t) not a.e. zero,0 < p(t) < w(t), with 


| j w(t)(F(t))? dt 


< | (w(t) — p@®))|F(o)|? dt 


for all functions F of the form 
B ey Ge 


Aza 


When an œ fulfilling the above condition exists, p may be taken equal to it. 
When, on the other hand, a function p is known, the œ equal to +p will 
work. 


Proof. If a function œw with the stated properties exists, we know by the 
previous theorem that 0 < œ(t) < w(t) a.e.. Therefore, if U(t) is any 
sum of the above form, 


> | * Ood < al IUO 2 w(t) dt 


100 — 0 


< | * 1U@P(wt) — La)de. 


The first condition of the previous lemma is thus fulfilled with 
w(t) = 4o(t) 
in place of w(t) and 
w(t) = w(t) — 5o(t) 


in place of w(t). Hence, by that lemma, 


< | f (w(t) — @,(t))|F(t)|? dt 


FD 


| (w,(t) + @1())(FO)? dt 
for the functions F of the form described. This relation goes over into the 


asserted one on taking p(t) = œ(t). 
If, conversely, the relation involving functions F holds for some 
p, 0 < p(t) < w(t), we certainly have 


< k (w(t) — p(t) |F(O)/2 dt 


Ip (w(t) + OFO} dt 


— 0 


+ ; | * p(t) |F(O|? dt 


— oo 


2 | * (w(t) — 4 p(0)/FOP dt 
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for such F, so, by the previous lemma, 


; | * |Gw@Pp@a < | * Ju(@Pw(a)dt 


for the sums U. Our relation for the latter thus holds with w(t) = p(t)/2, 
and this is not a.e. zero if p(t) is not. Done. 


Theorem. If, for given w > 0 in L,(R) and some a > 0 there is any œ > 0, 
not a.e. zero, such that 


ih |U(t)|2a(t)dt < lis | U(t)|? w(t) dt 
for the finite sums 


U(t) = È, (A,cosdt+B,sin At), 
Aza 


we have 


by the inequality between arithmetic and geometric means, w being in L4. 


Proof of theorem. If an œw having the stated properties exists, there is, by 
the preceding lemma, a function p, not a.e. zero, 0 < p(t) < w(t), such 


that 
[mre 


for the functions 


< | (w(t) — p(t))| FI? de 


= 0 


Suppose now that 


i log~ w(t) : 


nl et? 
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then we will show that the function p(t) figuring in the previous relation 
must be zero a.e., thus obtaining a contradiction. For this purpose, we 
use a variant of Szegó’s theorem which, under our assumption on 
log™ w(t), gives us a sequence of functions F(t), having the form just 
indicated, such that 


| |1—Fy(t)|? w(t)dt => 0. 
The reader should refer to Chapter II and to problem 2 at the end of it. 
There, Szeg6’s theorem was established for the weighted L, norm, and 
problem 2 yielded functions F y(t) of the above form for which 


| |1—Fy(t)|w(t)dt —> 0. 
However, after making a simple modification in the argument of 
Chapter II, §A, which should be apparent to the reader, one obtains a 
proof of Szegé’s theorem for weighted L, norms — indeed, for weighted 
L, ones, where 1 < p < œ. There is then no difficulty in carrying out the 
steps of problem 2 for the weighted L, norm. 

Once we have functions Fy satisfying the above relation, we see that 


[s w(t)(Fy(t))? dt => k w(t)dt. 


= 


Indeed, using Schwarz and the triangle inequality, we have 


| * WFO)? —1dt = | T WOLFA- LIFRE) + Ide 


-%0 =00 


< AE WOIE 1a: |” WOIE 1a) 
wdi WOLF) —1 Pat] + Ko woar) )x 
E w(OLEy() — 1P ar), 


and the last expression goes to zero as N — ©. 
We also see by this computation that 


IX 


i WAFA > | ” w(t) de, 


= 00. 
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and again, since 0 < p(t) < w(t), that 


| * pOlFyOPdt a> | * pdt. 


me?) 


Using these relations and making N — œ in the inequality 


| j w(t)(F y(t))? dt 


< fs (w(t) — p(t) [Fy(t)? dt, 


RY 


| f w(t)dt < ii (w(t) — p(t) dt, 


— oe 


i.e., 
i Oe 


since p(t) > 0. 

We have reached our promised contradiction. This shows that the 
integral fog” w(t)/(1 + t?))dt must indeed be finite, as claimed. The 
theorem is proved. 


3. Application of H, space theory; use of duality 


The last theorem of the preceding article shows that our problem 
can have a positive solution only when 


| © log” w(t) 


; di Bato: 
me oak Het 


we may thus limit our further considerations to functions w > 0 in L,(R) 
fulfilling this condition. According to a remark at the end of article 1, there 
is, corresponding to any such w, an outer function o in H, with 


lo(}| = (wt) a.e., teR. 


Theorem. Let w > 0, belonging to L,(R), satisfy the above condition on its 
logarithm, and let a > 0. In order that there exist an œ > 0, not a.e. zero, 
such that 


| ” |GMPawd < | * |U@Pw( at 


heath e <0 


3 Use of H, spaces and duality 261 


for the functions 
U(t) = «X (A,cos At + B,sin At), 
Aza 
it is necessary and sufficient that there be a function a(t), not a.e. zero, 
with 


(Y= olive! Lae. 


and 


| 3 e2iar PC) ftdt 
w p(t) 


for all f €H,. Here, ọ(t) is any outer function in H, with 
lo()| = J/(w)) ae., teR. 


If we have a function w for which the above relation holds, a(t) can be 
taken equal to w(t)/w(t). If, on the other hand, a ø is furnished, w(t) can be 
taken equal to o(t)w(t)/2. 


< fi a-o) fOldt 


Remark. Any two outer functions g in H, with 


lOl = JW) ae. 


differ by a constant factor of modulus 1. 


Proof of theorem. Is based on an idea from the Bologna Annali paper of 
Helson and Szegő. 

According to the second lemma of the preceding article, the existence 
of an œ having the properties in question is equivalent to that of a p not 
a.e. zero, 0 < p(t) < w(t), such that 


< | * (w(t) — pF dt 


— oe 


| w(t)(F(t))? dt 
for the functions 

F(t) = >F Cresi 
Aza 


This relation is in turn equivalent to the requirement that 


< ; | * (w(t) — POPOR +12) dt 


p w(t) P()O(t) de 
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for all pairs P, Q of finite sums of the form 


C eitt, 
p ; 
To see this, one notes in the first place that the present inequality goes 
over into the preceding one on taking P = Q = F. If, on the other hand, 
the preceding one always holds for our functions F, it is true both with 


i cand ae O, 
and with 
Fe= Bus iO 


whenever P and Q are two sums of the given form. Therefore, 


| * w(t) PQ dt 


— 2 


‘lf w(t){(P(t) + Q(t)? — (P(t)— Q(t))?} de 


< al (w(t) — pO) {IP + QO? + |P()—Q(H|?} de 


1 co 
= ;| (w(t) — POPOP + |Q()|?)dt, 


and we have the second of the two inequalities. 
Take now an outer function peH, such that |g(t)|?> = w(t) a.e., and 
write 


a(t) = p(t)/w(t), 
so thatO < o(t) < 1 a.e.. Our condition on log w(t) makes 
w(t) > 0 ae, 


so the ratio o(t) will be > 0 on a set of positive measure iff p(t) is. 
In terms of ọ and ø, the relation involving P and Q can be rewritten 


> 9) 
| | <e go ror (t))(g(t)Q(0) dt 
1 (o) 
: al (1—o(t)){|op(PO|? + lot), dt. 
Write now 


P(t) = ep(t), = Q(t) = eqli), 
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so that p(t) and q(t) are sums of the form 


De Cen, 


220 


Then the last inequality becomes 


| E m 2O y OPOPO) dt 


1 œ 
< al (1 -— oO) {POPO + loea} dt. 


Since o € H, is outer, the products ọ(t)p(t), ọ(t)q(t) are || ||, dense in H, 
when p and q range through the collection of finite sums 


oY Ce, 


Az20 


according to the last theorem of article 1. The preceding relation is 
therefore equivalent to the condition that 


1 (e 0] 
< ;| (1 — a(t) {| g(t)? + |h(t)|?} dt 


2iat oli) 
i y € Ea g(t)h(t)dt 


` for all g and h in H3. 
Suppose f €¢H,. According to the factorization theorem from article 1 
and the remark thereto, there are functions g, he H, such that 


f() = g(h(t) ae. 


and 


IOl = kOl = JUS) ae.. 


Substituting these relations into the previous one, we get 
o P(t) 

f ezia PO fep) dt 
=o 00 


This inequality is thus a consequence of the preceding one. But it also 
implies the latter. Let, indeed, g and h be in H3. Then gh is in H, by a 
result of article 1, so, if the present relation holds, 


| | Zs ezia PO yne)dt 
agi Ut) 


< | * (1—o()|f(Oldt. 


< | * (1 —o(t))lg(Oh(\de 


< ; | * (1 —a(t)){Ig(? + Ih} dt. 
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Our final inequality, involving functions f € H, and the quantity a(t), 
is hence fully equivalent with the initial one for our functions F(t), involving 
the quantity p(t). Since, as we have observed, p(t) is > 0 ona set of positive 
measure iff o(t) is, the first and main conclusion of our theorem now 
follows directly from the second lemma of the preceding article. Again, 
since p(t) = o(t)w(t), the second conclusion also follows by that lemma. 
We are done. 


In order to proceed further, we use the duality between L,(R) and 
L,,(R). When one says that the latter space is the dual of the former, one 
means that each (bounded) linear functional ¥ on L, corresponds to a 
unique weL,, such that 


Y(F) = | F(t)(t)dt 
for F ¢L,. Here, we need the linear functionals on the closed subspace H, 
of L,. These can be described according to a well known recipe from 
functional analysis, in the following way. 
Take the (w*) closed subspace E of L, consisting of the y therein for 
which 


fe FOWO dt = 0 


whenever f e H,; the quotient space L,,/E can then be identified with the 
dual of H,. This is how the identification goes: to each bounded linear 
functional A on H, corresponds precisely one subset of L,, of the form 
Wo +E (called a coset of E) such that 


A= | ” Aydt 


whenever f e H, for any Y € Yo + E, and only for those y. 

From article 1, we know that E is H. The dual of H, can thus be 
identified with the quotient space L,,/H,,. We want to use this fact to 
investigate the criterion furnished by the last result. For this purpose, we 
resort to a trick, consisting of the introduction of new norms, equivalent to 
the usual ones, for L, and L,,. If the inequality in the conclusion of the 
last theorem holds with any function o, O < o(t) < 1, it certainly does 
so when o(t)/2 stands in place of o(t). According to that theorem, however, 
it is the existence of such functions o different from zero on a set of positive 
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measure which is of interest to us here. We may therefore limit our search 
for one for which the inequality is valid to those satisfying 


O§<. Git), 1/2. ae: 


This restriction on our functions o we henceforth assume. 


Given such a oa, we then put 


Ile = T A-0) fOldt 


= oo 


for f eL,; || f ||] is a norm equivalent to the usual one on L,, because 


sf la < ISIE < WS ih. 
On L,,, we use the dual norm 
|w(t)| 
Iwi = esssup——,; 
ae tae) 


here, the 1 — ø(t) goes in the denominator although we multiply by it 
when defining || ||{. We have 


lylo < IWS < 211. 


for weL,,, so || ||%, and || ||,, are equivalent on that space. 
If YEL», we have, for the functional 


Wf) = le FOYO dt 


on L, corresponding to it, 


IMA! < yeI NS. 


Moreover, the supremum of |P(f)| for the feL, with || flf < 1 is 
precisely || ||. These facts are easily verified by writing 


w(t) 
1 — a(t) 


SQW as (L—o(t))f(O- 


in the preceding integral. 
For elements of the quotient space L,,/H,, — these are just the cosets 
WotHo, YoELa — we write, following standard practice, 
Wot Holl = inf {loth heH.}. 


We have already observed that to each such coset corresponds a linear 
functional A on H, given by the formula 
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Re \ floujdt, feH, 


where w is any element of Yọ +H,,. By choosing the y € fo +H, to 
have || ||Z arbitrarily close to || Yo +H œ ||%, we see that 


IAA! < Wot Holla ifit, fe. 
It is important that this inequality is sharp. Even more than that is true: 


The infimum appearing in the above formula for ||\Wo+H,,||%, is 
actually attained for some he H „, and is equal to the supremum of 


|A(f)| forf eH, and |f|] < 1. 


This statement is a straightforward consequence of results from elementary 
functional analysis. However, lest the reader suspect that something is 
being produced out of nothing here by mere juggling of notation, let us 
give the proof. 


Denote the supremum of |A(f)| for feH, and |f] < 1 by M. 
According to the Hahn—Banach theorem, there is an extension A* of the 
linear functional A to all of L,, such that 


|A*(F)| < MIF If 


for F e L,. Corresponding to A* there is, as observed earlier, a y € Lẹ with 


AMP) = K F(t)w(t) dt, FeL,, 


and, according to what was also noted above, 
Iwit, = sup{|A*(F)|: FeL, and ||F\g < 1} < M. 
Then, for feH., 


Nien Sno | ” f(Quis)dt, 


sow e Wo+H,,; there is, in other words, anhe H„ withy = Wo + h,and 
IMothi,g = Iwi < M. 

But, as we remarked previously, 
IAQ) < Ivot+ Hol ifit, fee, 

so [Wot hil, > IlWot+ Halt, > M. Hence 

Mot Aol = lýo+hl% = M. 
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Once we are in possession of the above facts, it is easy to establish the 
following key result. 


Theorem. Let w > 0 in L,(R) and a number a > 0 be given. In order that 
there exist an œ > 0, not a.e. zero, such that 


| ii IŪOlPolt)dt < | k |U(t)|? w(t) dt 
for the sums 


U(t) = -} (A,cosAt+ B,sin åt), 


Aza 


it is necessary and sufficient that, first of all, 


omon 
p ear < o 
an ess 


and that then, if @ is any outer function in H, with 


lo()| = J(w)) a.e. 


we have 


a.e., teR, 


eZiat g(t) = h(t) | 


for some h, not a.e. zero, belonging to H o. 
A function œw equal to a constant multiple of w will satisfy our conditions 
iff there is an he H „ for which 


— — h(t) 


= const, f= 1 a\e. 


Proof. As we saw at the end of the last article, there can be no œ with 
the above properties unless 


ial (6) ll wt) ir 
1+t? 


=<. 00s 

— Q. 
Assuming, then, this condition, we take one of the outer functions @ 
specified in the statement, and see by the preceding theorem and discussion 
following it that the existence of an w having the properties in question 
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is equivalent to that of a ø, not a.e. zero, 
0 < alt) = 1/2 ae, 


such that 


< 1i TEH: 


f ezia PO) oy) dt 
=o. QC) 


According to what we observed above, however, the last relation is 
equivalent to the existence of an he H „ for which 


\(e2!"p(t)/p(t)) — hit)! 
1 — a(t) 


< a.e., te R. 


Suppose in the first place that there is no non-zero he H „ for which 


\(e?**@(t)/g(t)) — ht) < 1 ae. 


Then, since 1/2 < 1—o(t) < 1 a.e., no heH other than the zero one 
could satisfy the previous relation. The latter must therefore reduce to 


let o(t)/ot)/(-—o0olt) < 1 ae, 
ie., 1—o(t) > 1 a.e., so that 
o(t) 


As has just been said, this means that there can be no non-zero œ fulfilling 
our conditions, and necessity is proved. 


0 ae, teR. 


Consider now the situation where there is a non-zero he H,, making 


I(e?***p(t)/o(t)) — hel < 1 ae. 


Then; since 


Cto) — She) = He) — hO} 


+  e7o(1)/e(t)), 


the expression on the left also has modulus < 1 a.e.. It is in fact of 
modulus < 1 ona set of positive measure. Indeed, the expression in curly 
brackets on the right has modulus < 1, and the remaining right-hand 
term (without the factor 1/2 ) has modulus equal to 1. Therefore, since the 
unit circle is strictly convex, the whole right side cannot have modulus 
equal to 1 unless the expression in curly brackets and e% o(t)/(t) are 
equal, that is, unless h(t) = 0. We are, however, assuming that h(t) 4 0 
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on a set of positive measure; the modulus in question must hence be < 1 
on such a set. 
Put 


a(t) = min(1/2, 1 — |(e*e(t)/e(t)) — (h(t)/2))). 


We then have 0 < a(t) < 1/2 a.e., and o(t) > 0 on a set of positive 
measure by what we have just shown. Finally, 


\(e?*"p(0)/o(t)) — (h(e)/2)| 
1 — o(t) 


<=) ace 


so there must, by the above equivalency statements, be a non-zero œ > 0 
for which our inequality on functions U is satisfied. Sufficiency is proved. 
We have still to verify the last part of our theorem. It follows, however, 
from the last part of the preceding one that an œ equal to a constant 
multiple of w will work iff, in the relation involving H, functions and ø, 
we can take ø equal to some constant c, 0 < c < 1/2. By the above 
discussion, this is equivalent to the existence of an he H,, for which 


KoA) = hI ey 
Loc 


a.€., 


and we have what was needed. 
The theorem is completely proved. 


Establishment of the remaining results in this § is based on the criterion 
furnished by the one just obtained. In that way, we get, first of all, the 


Theorem. Let w > 0 in L,(R) and a number a > 0 be given. If there is any 
w > 0 at all, different from zero on a set of positive measure, such that 


œ 


| > |\O(t)|\2w(t)dt < | | U(t)|2 w(t) de 


— 0 


for the sums 


U(t) = > (A,cosdt+ B, sin åt), 
Aza 


there is one with 


t log” ot) 4, <a OO 
1+? 


OD 
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Proof. If any w enjoying the above properties exists, we know by the 
preceding result that 


[2.0] 1 = 
| ie alee 
Lee 


and, taking an outer function ge H, with g(t) = y. (w(t)) a.e., that 
ziar P(t) 
p(t) 


for some non-zero he H,,. 
The proof of the sufficiency part of the last theorem shows, however, 
that once we have such an h, we can put 


o(t) = min{1/2, 1 — |(e?g(t)/p(t)) — (A(t)/2)I}, 


and then, with this function o, the conditions of the first result in the present 
article will be satisfied, ensuring that 


e — ht) < 1 a.e. 


olt) = 7za(t)w(t) 
has the desired properties. It is claimed that 
(fy ease ee, 
2e et 


for this function œ. In view of the above condition on log™ w(t), it is 
enough to verify that 


f log a(t) 
_» 1+?? 


dt > —o 
for our present function v. 
Write 
W(t) = e 7 o(t)/9(t); 
then |(t)| = 1 a.e., and the last inequality is implied by 


Š 1 
E = |1 — VOD/DI)dt > —o 


which we proceed now to establish. 
We have |1 — y(t)h(t)| < 1 a.e., so 


1 — WOA = 3 + 31 — YOR) 


lies, for almost all t, in a circle of radius 1/2 about the point 1/2: 
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Figure 227 
In this figure, 
ft — WORw/2)|_ =. 1 — OP. 
where 
OP? < 1 — |wW(t)h(t)/2/’. 
Therefore, for almost all t, 
1 — J1 — (W@h(t)/2)| 
See J A OMI) 5 yoo? HOR 
4 8 8 


Thus, 


È i log\(h(t))?/8] 4, 


sE wal 
| ———log(1 — |1 — (W(Oh(O)/2)| )dt a 
Er +t 


1+? 
However, he H „is not a.e. zero. Therefore, by a theorem from article 1, 


o | 
| loglh®)l 4, aao, 
tare | 


=o0 
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The preceding integral is thus also > —oo and our desired relation is 
established. We are done. 


4. Solution of our problem in terms of multipliers 
We are now able to prove the 


Theorem. Let w(t) > 0 belonging to L, (R) and the number a > 0 be given. 
In order that there exist an w > 0, not a.e. zero, such that 


| |U(t)|2@(t)dt < | i |U(t)|? w(t) dt 


— 0 200 


for the sums 


U(t) = Y (A,cosAt + B,sin åt), 
Aza 


it is necessary and sufficient that there be a non-zero entire function f(z) of 
exponential type < a making 


ya eer sit eaa 
-o (1 + t?)w(t) ; 


Remark. We see that in the typical situation where w(t) is bounded above 
and very small for large values of |t|, one has, under the conditions of the 
theorem, an entire function f of exponential type acting as a multiplier 
(in the sense adopted at the beginning of §A) for the large function 


1/,/((1 + t?)w(t)). 


Proof of theorem: necessity. Is based partly on a result from §D. 
Suppose there is an w having the properties in question. Then, by the 
last theorem of the preceding article, we have one for which 


l log™ w(t) 


se. db: rs 5 00: 
Sn es: 


Let U(t) be any real-valued sum of the form indicated above, i.e., one 
for which the coefficients A, and B, are real. The function 


F(t) = U(t) + iU(t) 


is of the form 


Y Cia” 


Aza 
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and hence belongs to H „ according to a simple lemma in article 1. By 
the first theorem of article 2, 

w(t) < w(t) a.e., 
so 


le |F(t)|?a(t)dt = i {(U(t))? + (GO)? } a(t) de 


-o = 


< f" (U(t))? w(t) dt. 


— 


For z > 0, put, as in article 1, 


"Was Naa wl Z 
F(z) = -= —~_ F(t) dt; 
< eee ©) 
then, since F € H p, 
1 foo} 
log|F()| < = | 3z -log|F(t)|dt 
TJ-o (zt 


according to a result from that article. (Here, of course, F(z) is just 
DE Cen; 
Aza 
a function continuous up to R, so one may, if one prefers, apply §G.2 of 
Chapter III directly.) The right side of the relation just written equals 
(oo) 2 (oo) 
1 Izlog FOÃ oH) y _ f Jzlogolt) q 


Im) % \z—t|? 2n |z—t|? 


> 


— 0 


and this, by the inequality between arthmetic and geometric means, is 


< TAR 3z FoPo} + =| 3z log” w(t) dt. 
T = 00 


\z—t|? 2nJ—~ |z—tl? 


Here, the first term is 


1 Lae. A 
< TES | F(t)| oar} 


which is in turn 


to pe oni r 
< Hof" WO) vio} 
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by what we have already seen. The second term — call it p(z) —is finite 
(and harmonic!) for 3z > 0, thanks to the above condition on log” a(t). 
Our inequality for log|F(z)| thus boils down to the relation 


FOI <P) lean (Ui? wiat) yO, 
Ye Lae 


whence, in the upper half-plane, 


=| ual = (RF! < (f juPwodr) 
TSZ) oe 


TJ -o |z F t|? 
for the real-valued sums 


U(t) = } (A,cos At + B, sin At). 
Aza 

This last relation must indeed then hold for such complex-valued sums 
U(t), because any of those can be written as U,(t) + 1U,(t) with real-valued 
ones U,, U, of the same form.* 

Invoke now the second theorem of §D! According to it, the estimate 
just obtained implies the existence of a non-zero entire function f of 
exponential type < a such that 


e 
-œ (1 + t?)w(t) 


Necessity is proved. 


We turn to the sufficiency. Suppose we have a non-zero entire function 
f(z) of exponential type < a with 


is PUREO AETS, 
-o (1+ t)w(t) ; 


As in the sufficiency proof for the first theorem in §D, f may be taken to 
be real on R. Also, by reasoning as in the sufficiency argument for the 
second theorem of that §, we see that f(t)/(t +i) is bounded on R. 

The last statement certainly implies that 


ii log* | f(t)! 


di” "J .co, 
ass = lets 


* In that circumstance, |f? | (3zU(t)/|z — t|?)dt|? = 


{J2.(32zU ,(/|z — t|?)dt}? + {f2 (32U,(t)/|z — t|*)dt}?. Use of the inequality 
on each of the integrals on the right (for which it is already known to hold) yields 
the upper bound (2n/3z) e270) (2 {(U ,()? + (U(0)?} w(t) dt. 
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so the first theorem of §G.2, Chapter III applies to our function f, and 
we have 


clr cel eels 


ig log |f@| 


Be isnt 


At the same time, by the inequality between arithmetic and geometric 
means, 


LS hee ey Gi POK 
L(a eg NG Deena k hes t) on 


which, with the previous relation, yields 


ie log” w(t) 
Bee Shey? 


Chee <a OO 


This condition, however, gives us an outer function € H, for which 


BO =° /W@)) > 0 ae. 


According, then, to the second theorem of the preceding article, a function 
œ > 0 possessing the desired properties will exist provided that we can 
find a non-zero heH,, such that 


eZiat oH ace h(t) 


We proceed to exhibit such an h. 
For 3z> 0, write, as in article 1, 


< Ti aes 


aS |" 3z itydt: 
T 


= |z— t|? 


by a theorem from that article, g(z) is analytic in the upper half-plane 
and 


o(t+iy) — g(t) ae. 
as y — 0. Saying that @ is outer means, as we recall, that 


1 o0 
loglg(2)|_ = =| - 


2 
alter t] 


log|y(t)|dt,  3z>0; 


ọ(z) has, in particular, no zeros in the upper half plane. The ratio 


— AZZ fey 
AGS p- 
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is thus analytic for $z > 0. Since f(z) is entire and |ọ(t)| > 0 a.e. 
R(t +iy) approaches for almost every teR a definite limit, 


R(t) = (2OY, 
g(t) 
as y — 0. Because our function f is real on R, 
R(t) and e2iar PUL) 
g(t) 


have the same argument there, and we see, referring to our requirement 
on h, that if R(t) were in H,,, we could take for h a suitable constant 
multiple of R. Usually, however, R(t) is not bounded, so this will not be 
the case, and we have to do a supplementary construction. 

We have 


2 
ino) = YOY ter, 
w(t) 
so by hypothesis, 
f IROI 4, 
A 


Following an idea from a paper of Adamian, Arov and Krein we now put 
MES 1 t 
z = — —— — —— }|R(t)|dt 
26) Ti me — Zz za) ol 


for 3z > 0; the previous relation guarantees absolute convergence of the 

integral on the right, and Q(z) is analytic in the upper half plane, with 

RQ(z) > 0 there. The quotient R(z)/Q(z) is thus analytic for Jz > 0. 
It is now claimed that 


R(z) 
Q(z) 


The function f is of exponential type < aand fulfills the above condition 
involving log* | f(t)|. Hence, by §G.2, Chapter III, 


logrei < a%z if" 5 


ya Mr 


1, 2 > 0: 


log|f(t)|dt, 3z > 0, 


which, with the previous formula for log|@(z)|, yields 


logiR(z)| < an 3z 


T eNe] 


log|R(t)dt, Jz > 0. 


2 
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Returning to our function Q(z), we get, by the inequality between arithmetic 
and geometric means, 


3z 


lQ(2)| > RQzZ) = a5 mar a 
> apli” SE tog Roar}. 
T Szet] 


The preceding relation says, however, that the right-hand member is 
> |R(z)|. We thus have |Q(z)| > |R(z)| for 3z > 0, and the above 
inequality is verified. 

Thanks to that inequality we see, by a result from article 1, that there 
is an he H „ with 


Ro _ Nae i ceeds 
com ag = roar ce 


for 3z > 0,and that ||h||,, < 1. This function h cannot be a.e. zero on R 
because R(z) is not identically zero — the entire function f(z) isn’t! A result 
from article 1 therefore implies that 


|h(t)| > 0 ae. teR. 
As y — 0, 


R(t + iy) 
Q(t + iy) 


At the same time, 


= h(t+iy) — ht) # 0 ae. 


R(t+iy) — R(t) a.e., 
so Q(t +iy) must approach a certain definite limit, Q(t), for almost all 
teR as y — 0. (This also follows directly from §F.2 of Chapter III.) Since 


ROE) = al Se alRiol ae 


we see, by the usual property of the Poisson kernel, that 
RO(t) = ROME.. 
Finally, then, 
R(t) 


eee Aet ER: 
|R(t)| +i 3Q@) 


h(t) 
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Recall that 
: roy zia P(t) 
R = 2iat; 2 \“7 = TESIR ; 
Fa a T AONE 
f(t) being real. This and the preceding formula thus give 
T > i _ __ TRØ 
oe RO| +1300 


and the right side is clearly < 1. Our function heH „ therefore has the 
required properties, and our proof of sufficiency is finished. 
We are done. 


e 


wey 


Remark. From this theorem and the second one of §D, we see that only 
by virtue of the existence of a non-zero w > 0 making 


| A IŪOlolt)dt < for | U(t)|2 w(t) dt 


= eo 
can the harmonic extension of a general sum 


U(t) = `} (A, cos At + B, sin At) 


Aza 


to the upper half plane be controlled there by the integral on the right. 


In the next problem, we consider bounded functions u(9) defined on 
[—z, 2], using for them a Hilbert transform given by the formula 


agp) v0 20 LT obits ager 
27 J, tan((2— t)/2) 
as is customary in the study of Fourier series. (The expression on the right 
is a Cauchy principal value.) If one puts tan(9/2) = x, tan(t/2) = t, 
and then writes u(t) = U(t), the function &(9) goes over into the first 
kind of Hilbert transform U(x) for functions U defined on R, described 
at the beginning of article 2. 

If a function w(9) > 0 belonging to L,(—7, 7) is given, one may ask 
whether there exists an œ(9) > 0, not a.e. zero on [—7z, z], such that 


| OKOE. f COROLK 


-n -rn 
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for all bounded functions u. It is clear that any given w has this property 
iff, with it, the relation just written holds for all u of the special form 


N 
ato) a aera 
=N 


(Here N is finite, but arbitrary.) Such a function u is called a trigonometric 
polynomial; for it we have 


(a 


— 


— 


N 
i(9) = —i)> a sgane™. 
=N 


Problem 43 


Given w > 0in L,(—1, 7), one is to prove that there exists an w > 0, not 
a.e. zero on [—7, 7], such that 


ip |H(9)?o(9d9 < f |u(9)|? w(9)d9 


for all trigonometric polynomials u iff 


= de 
-„ W(9) 
First prove Kolmogorov’s theorem, which says that there is a sequence 


of trigonometric polynomials u,(9) without constant term (i.e., in which 
a) =0 ) such that 


p [1 — u(9)2w(9)d9 => 0 


=e 


iff 


oo 
-z W(9) 
(Hint: Work with the inner product 


Lu, vw = j u(9)v(9)w(9) d3 


and use orthogonality.) 


Show that the condition f7 (4 9/w(9)) < œ is necessary for the exis- 
tence of an œ enjoying the properties in question. (Hint: Let 
u(3) = pA a be any trigonometric polynomial without 
constant term, and put 


uy(9) = 1—uo(9); — ua(9) = e (1 — uo(9)). 


280 
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Then observe that 
eü (H) — a,(9) = il — a,c’), 
so, for an œw having the above properties, we would have 


k |1—a,e*?w(9)d9 < af |1 — uo(9)| w(9) dd. 


n 


We have 
t . , 9—4 
j1—a,e'?|?_ = (1—|a,|)? + la, Isin? —— 
with — r < a < n, so the integral on the left has a strictly positive minimum 


for a, € C unless w(9) vanishes a.e. on [— n, n]. Apply the result from 


(a). ) 


(c) Suppose now that w(9) and 1/w(9) both belong to L,(—7, z). For 


|z| < 1, put 

1 n ivy d 
Gaye | c' zd 
2n J_,e°—z w(t) 


Q(z) is analytic for {|z| < 1} and, by Chapter III, §F.2, 


lim Q(re'?) = Qe’) 


r>1 
exists for almost all 9, and 
RAE!) = 1/w(9) a.e.. 
This makes |1/Q¢!*)| < w(9) ae, so that 1/Q(e!%) e L,(—7z, n). 
Show that 

n ein d 

——-d39" = 0 forn = 1,2,3,4 
TOS) 


(Hint: The reader familiar with the theory of H, spaces for the unit disk 
may use Smirnov’s theorem. Otherwise, one may start from scratch, 
arguing as follows. For |z| < 1, by the inequality between arithmetic and 
harmonic means, 


1 1 TRIS 2 d =f n as 2 

Bist (| izl £) < i J lz w(t) dt. 

Q(z) 2nJ_, le — z|? w(t) 2n J -le — z|? 

Use this relation to show, firstly, that there is a complex measure v on 
[—z, n] for which 


1 1 (* 1—{2/? 
Fie =| t-il ao, Ha 
Q(z) 2r) -plet —z|? 
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(see proof of first theorem in §F.1, Chapter III), and, secondly, that v 
must be absolutely continuous (without appealing to the F. and M. Riesz 
theorem). These facts imply that 
oy PU eae Sal Die GE 

Q(z) 2n J_, |e" — z|? Qe)’ 


|z| <1, 


and from this the desired relation follows on taking an r < 1, observing 
that 


| (e"9/Q(re'))d9 = 0 forn = 1, 2,3,..., 


and then using Fubini’s theorem.) 


(d) Let Q(e'%) be the function from (c). In analogy with what was done in 
article 3, put 


1 
~ MAUN 


aD = 1 —- i 


Show that 0 < o(9) < 1 a.e. and that ø(9) is not a.e. zero on [— 7, 7]. 


(e 


— 


If f(9) is a finite sum of the form >, ,c,e%, show that 
| (f(9)Pw(9)d9 < f (1 — (DWAIN d9. 


(Hint: By (c), the integral figuring on the left equals 


n 1 5 
| "a(i z aN AN RS: 


Refer to (d).) 


(£) Hence show that 


Je o(IWDI(N dI < 2| w(9)|Uo(9)|? dd 


Th, 
for any trigonometric polynomial u9(9) without constant term. 


(Hint: It is enough to do this for real-valued uo(9). Given such a one, 
use 


f(9) = fo(9) — iuo(9) 
in result from (e). ) 


(g) Show that 


h o(9)w(9)la(9)|2d9 < C | w(9)|u(9)|249 
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for general trigonometric polynomials u(9), where C is a suitable 
constant. (Hint: If uo(%) denotes u() minus its constant term, 
i(9) = tio(9). Use result from (a) to show that 


i, \uo(9)|2w(9)d9 < const. | "DPWH. ) 


Tr 


(*h) Show that 


| log (a(9)w(9))d3 > —o. 
(Hint: Look at the proof of the last theorem in article 3; here 
1/w(9)Q(e'%) already lies on the circle with diameter [0, 1] for almost 


all 9 e [—z, n]. Argument uses some H, space theory for the unit 
disk.) 


The result established in this problem was generalized to the case of 
weighted L, norms ( 1 < p <  ) by Carleson and Jones and, using a 
method different from theirs, by Rubio de Francia*. Related investigations 
have been made by Arocena, Cotlar, Sadoski, and their co-workers. A 
general result for operators in Hilbert space is due to Treil. 


F. Relation of material in preceding § to the geometry of 

unit sphere in L ,,/H.,, 

Combination of the second theorem in §E.3 with the one from 
§E.4 shows immediately that if we take any outer function ge H,, the 
existence of a non-zero entire function f of exponential type < amaking 


le: LOE ete 
-œ (1 +t?) eI? 


is equivalent to that of a non-zero he H „ such that 


e7iat oli) 


— h 
ga 


< ae 


* Chapter VI of his recent book with Garcia-Cuerva has in it a rather general 
treatment of the corresponding question about singular integrals on R". 
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The second of these two conditions has an interpretation in terms of the 
quotient space L,,/H,, that deserves mention; we look at it briefly in the 
present §. 


The space L/H has already appeared in §E.3; as explained there, its 
elements are the cosets 


Y + Ha, 


where w ranges over L,,. Instead of the ad hoc norm || ||%, employed for 
such cosets in §E.3, we will here use the standard one to which || |% 
reduces when o = 0, viz. 


lY + Holo = inf{lP+hllo: heHa}. 


Equipped with || ||... L../H,. becomes a Banach space, and we denote 
by = the unit sphere (unit ball) of that space; that is simply the collection 
of cosets W + H,, for which 


Iv + Holle < 1. 


In §E.3, essential use was made of the fact that L,,/H,, is the dual of H,; 
now we observe that this makes £ w* compact by what boils down to 
Tychonoff’s theorem. 


A member P of & is called an extreme point of È if, whenever 
P = AQ +(1—4)R 


with Q and Rin XY and 0 < 4 < 1, we must have Q = R = P. Geometrically, 
this means that there cannot be any straight segment lying in & and passing 
through P (i.e., with P strictly between its endpoints). 

If0 < |/Pi|, < litisclear that P cannot be an extreme point of £; the 
zero coset cannot be one either, for, since Le #H,,, ÈŁ contains cosets 
P and —P with P # 0 + H,. Any extreme points that £ can have 
must thus be included among the set of P with || P||,, = 1 which we may 
refer to as the surface of £. Knowledge about 2’s extreme points can be 
used to gain insight into the geometrical structure of that surface. Such 
an approach is familiar to functional analysts, and one may get an idea 
of some of its possibilities by consulting the Proceedings of the A.M.S. 
symposium on convexity. Phelps’ beautiful little book is also 
recommended. 

The convexity and w* compactness of È ensure that it has lots of extreme 
points according to the celebrated Krein—Milman theorem. So many, in 
fact, that È is their w* closed convex hull. From a theorem of Bishop and 
Phelps (about which more later) we can furthermore deduce a much 
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stronger result in the present circumstances: the extreme points of È are 
actually || || dense on its surface. We may thus think of that surface as 
being ‘filled out, for all practical purposes’ by X’s extreme points. 

For this very reason, it seems of interest to have a procedure for 
exhibiting points on 2’s surface which are not extreme points of Z. An 
outer function geH, satisfying either (and hence both) of the two 
conditions set down above will frequently give us such a point, thanks to 
the following simple 


Lemma. Let |u(t)| = 1 a.e.. Then u + H,, is an extreme point of È, 
the unit sphere of L/H », iff there is no non-zero he H „ for which 


jut) + h(t)| < 1 ae. 


Proof. Since ||u||, = 1, u + H, is certainly in È. 

Suppose in the first place that u + H,, is not an extreme point of È, 
then there are two different cosets v + Ha, v2, + H,,, both of norm 
< l,andad, 0<A<1, with 


u + H, = Atv,+H,) + (1—A(v,+4H,). 
According to a result proved in §E.3 (recall that || ||%, is just || I| when 
c=0!), 

inf {v +hlo: heHo} = lvi+Holo 


is actually realized for some heH,,. Therefore, since vi +h+H,, = 
vı + Ho, there is no loss of generality in assuming that ||v,||, < 1. 
Similarly, we may suppose that ||v,||,, < 1. 

The previous relation means that there is some ho € H for which 


u + h = Av, + (1—A)vp. 
Here, the right side has norm < 1. Therefore 
T r S 


In this relation, however, hy cannot be zero. Indeed, assuming it were, 
we would have 


u(t) = dAv,(t) + (1—A)v,(t) a.e. 


with O0<A<1, |u(t)| = 1, and |v (| < 1, |v,(t)| < 1. Strict con- 
vexity of the unit circle would then make v,(t) = v,(t) a.e., so the cosets 
vı + H,, and v, + H „ would be equal, contrary to our initial assumption. 
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We thus have a non-zero hoe H „ such that 
jut) + ho(t)| < 1 ae, 


and our lemma is proved in one direction. 
Going the other way, assume that there is a non-zero he H „ such that 
lu + All, < 1. Put then 
o(t) = 1 — Ju) + zh); 
we have 


Gist 2.6%, 


and see, as in proving sufficiency for the second theorem of §E.3, that 
a(t) > 0 ona set of positive measure. 
We now have 


jut) + olt) + ihe] < 1 ae. 
and 
|u(t) — olt) + Zh(t)| < 1 ae, 


so, since 
u+H, = ut+o+H,) + }u—9 + Hao) 


it will follow thatu + His not an extreme point of È as long as the two 
cosets on the right are different, i.e., as long as of H.. 
If, however, cE H,, 


o(z) = f I yd 


= 0 |z— t|? 


is analytic in 3z > 0 by §E.1; it is, at the same time, real there, since a(t) 
is real. This makes o(z) constant and hence a(t), equal a.e. to lim, _,,a(t + iy), 
also constant. 

It thus follows from our present assumption that u + H is not an 
extreme point of £, save perhaps in the case where a(t) is constant. But 
then u + H,, cannot be an extreme point either, for the constant must 
be > 0, o(t) being > 0ona set of positive measure. We have, in other 
words, 


jul + 4h(t)| = 1-c ae. 


where c>0, so |u + Hollo < 1. As already noted, such a coset 
u + H,, is not an extreme point of 2. 
The lemma is proved. 
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This result and the equivalence noted at the beginning of the present 
§ yield without further ado the 


Theorem. Let o be an outer function in H,. Given a > 0, the coset 


ria 90) 
p(t) 


fails to be an extreme point of ©, the unit sphere in L/H o» iff 


(js fOr a, 
-o (1 + t)i)? 


for some non-zero entire function f of exponential type < a. 


o0 


From the theorem we have the following recipe for obtaining points 
on ’s surface that are not extreme points of £: take any outer peH, 
such that, for some a> 0, an entire f #0 of exponential type < a 
satisfying the relation in the statement exists. Then the point 


e? iat g(t) 


g(t) 


will have the property in question as long as ||P||,, = 1. 
It will indeed frequently happen that ||P||,, = 1. Should that fail to 
come about, in which case 


(e2" (t)/p(t)) + Holo < 1, 


the relation 


oO 


| ” 1GMPl@@Pat < const. | IVP |W at 


-0 = 2: 


will in fact hold for the sums 


U(t) = } (A,cosAt + B, sin At) 
Aza 

according to the second theorem of §E.3. This can only occur for rather 
special g in H,, closely related to the entire functions of exponential type 
< a ofa particular kind, integrable on the real axis but at the same time 
not too small there. The possibility may be fully investigated by the method 
used in proving the Helson—Szego theorem. In. spite of the matter’s 
relevance to the study of various questions, we cannot go further into it 
here; very similar material is taken up in the paper of HruScev, Nikolskii 
and Pavlov. 
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Except in the circumstance just mentioned, an outer function ọ €H, 
will satisfy 


le“) + Hallo = 1. 


Use of the above procedure with such ¢ can lead to interesting examples 
even when only the simple Paley—Wiener multiplier theorem from §A.1 
is called on. The reader is encouraged to carry out one or two constructions 
in such fashion. 


For any cosetu + H lying on 2’s surface but not an extreme point of 
x one has a beautiful parametric representation, due to Adamian, Arov 
and Krein, of the functions he H,, with |u + h||, = 1. This was 
first obtained by means of operator theory, but Garnett has since found 
an easier function-theoretic derivation, given in his book.* 


The work in §E was originally done at the end of the 1960s, in hopes 
that the connection established by the last theorem would make possible 
a proof of the Beurling—Malliavin multiplier theorem (stated in §A.2) based 
on Banach space and Banach algebra techniques. That approach did not 
work, and I think now that it is probably not feasible. Whatever value 
` the result may have seems rather to lie in the possibility of its helping 
us understand the structure of L/H „ when used with multiplier theorems 
to construct various examples, according to the above scheme. 

The quotient space L,,/H_,, is the foundation for the theory of Hankel 
and Toeplitz forms. Study of these is not really part of this book’s subject 
matter, and the present § is included merely to show some ways of applying 
multiplier theorems therein. The reader interested in that study should 
first of all consult Sarason’s Blacksburg notes. Wishing to go further, he 
or she should next take up the papers of that author and his co-workers, 
perusing, at the same time, a book on H, spaces so as to get a good 
grounding in their theory. It is then essential that one become familiar 
with the remarkable papers of Adamian, Arov and Krein. Those make 
heavy use of Hilbert space operator theory. 

There is, in general, much mutual interplay between operator theory 
and the investigation of L,,/H.,; so vast, indeed, is the region common 
to these two fields that it seems hopeless to try to furnish even sketchy 
references here. Let us at least mention the so-called Nagy—Foias model; 
the book about it by those two authors is well known. For more recent 


* the one on bounded analytic functions 
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treatments, see Nikolskii’s book and (especially) his survey article with 
Hruščev. 


Before closing this § and the present chapter, let us see how the extreme 
points of È are related to its support points, to be defined in a moment. 
As we saw in §E.3, each cosetu + H „in L,,/H,, corresponds to a linear 
functional A on H, given by the formula 


AM a | u(t) f(t)dt, feH,, 
and the supremum of |A(f)| for the feH, with ||fl|ı < 1 is equal to 
u + Hollo. (The reader is again reminded that the norm || ||%, used in 
§E.3 reduces to || || when o(t) = 0. ) We know that there is some he H,, 
for which |u + hlo = lu + Hollo; that, however, does not mean that 
there need be an feH, of norm 1 with A(f) = |u + Hll- Since the 
space H, is not reflexive there is no reason why this should be the case; 
it is in fact true for some cosets u + H,, and false for others. 


Definition. A coset u + H, with |u + H,,||, = 1 is said to be a 
support point for È if there is an fe H, with 


| “ udfOdt = Wf = 1. 


There is then the 
Theorem. A support point of È is an extreme point of È. 


Proof. Let u + H, be a support point of È. There is, as we know, a 
veu + Ha with |v], = lu + Hollo = 1; it is enough to show 
that such a v is of modulus 1 a.e. and uniquely determined, for then there can 
be no non-zero he H „ with |v + hlo < 1,andu + H = v + H, 
must hence be an extreme point of 2 by the previous lemma. 

There is by definition an f€ H, with 


| ” fdr = | CYC aero Fa Poe 


Here, |v(t)| < 1 a.e., so we must have 


(Hf) = IOL ae. 
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However, |f(t)| > 0 ae. by §E.1, so we get 


If@| 
—— ae, 
f(0) 


which determines v makes it of modulus 1 a.e.. Done. 


vt) = 


The converse of this theorem is not true; the example provided by 
problems 44 and 46 given below shows that. It is, however, true that the 
surface of È is full of support points; those are, indeed, || || dense on that 
surface according to a remarkable theorem, due to Bishop and Phelps, 
whose proof may be found in the above mentioned A.M.S. volume on 
convexity. Since all these support points are extreme points by the result 
just obtained, it follows that the extreme points of = are || || dense on 
its surface. This is a much higher concentration of extreme points than 
could be surmised from the Krein—Milman theorem. Still, there are lots 
of points on ~’s surface that are not extreme, and we have seen how to 
find many of them. 


When a particular ue Lẹ with |u + Hollo = 1 is given, it is hard 
to tell by just looking at the qualitative behaviour of the function u(t) 
whether u + H, is a support point of £ or not. About all that is known 
` generally is that u + H must then be a support point if u(t) is continuous 
on R and tends to equal limits for t — œ and t — — œ. Proof of this fact, 
which depends on the F. and M. Riesz theorem, may be found in the 
more recent books about H, spaces. If we merely require uniform continuity 
of u(t) on R, the conclusion may cease to hold. An example of this will 
be furnished by problems 44 and 46. 


To work the following problems, a generalization of the Schwarz 
reflection principle due to Carleman will be needed. Suppose that we have 
a rectangle 2, in the upper half plane whose base is a segment of the real 
axis: 


Do 


Figure 228 
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Carleman’s result deals with functions F(z) analytic in Dy for which 
| |F(z)||dz| < const. 
J 


for all the horizontal line segments J running across the interior of Do. 
These functions are just those of the class / (20) studied in §B.4, Chapter 
VII. The reader should refer again to that §. According to the first theorem 
proved there, when F € (Do), lim, _,. F(x + iy) exists for almost every 
x on the base of 2. Following standard practice, that limit is denoted 
by F(x). 


Lemma (Carleman). If F €e £,(Bo) and F(x) is real a.e. along the base of 
2o, F(z) can be analytically continued across that base into 2%, the 


reflection of Do in the'real axis, by putting F(z) = F(z) for zED5. 


Proof. Let I be any segment properly included in the base of 2% in the 
manner shown in the following figure, and take any rectangle 2, entirely 
contained in 2%, having I as its base. 


Figure 229 


If zo e 2, 1/(€—Zo) is analytic in ¢ for ¢ in 2, so, by the corollary 
to the second theorem of §B.4, Chapter VII, 


| FW) dé = 0; 


here the integral is absolutely convergent according to the third lemma 
and first theorem* of that §. 


The function (F(z) — F(Z9))/(z — Zo) clearly belongs to ¥ 1(Bo) if F does. 


* In Fig. 69, accompanying the proof of that theorem (p. 287 of vol I), B, and B, 
should have designated the horizontal sides of 2 and not of 2. 
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Hence, by the corollary just used, we also have 
F(()—F 
| BO WACO) ge so) 
ag $—2Zo 
from which the Cauchy formula 


na Laerioer(t 
ar rel bearer 


immediately follows on using the relation 


| dg SORE 
32% — Zo 


Combining our formula for F(zọ) with the one preceding it, and then 
dropping the subscript on z, we get 


teat 1 1 1 3z 
F) = 5 (4 +) Rea - | Ae rode, 269, 
where I is the path consisting of the top of 2 together with its two vertical 
sides (see figure). 

Of the two integrals on the right, the first certainly represents a 
` complex-valued harmonic (not analytic!) function of z in any region disjoint 
from both T and its reflection in the real axis. That expression is, in 
particular, harmonic in the rectangle DUIUQ*, where Y* denotes the 
reflection of 2 in R; its imaginary part, V(z), is thus also harmonic in 
BILD. 

The function 3F(z), harmonic in 2, is equal there to 


1 Ay ‘ 
Viz) + L| ara: 


this, however, is just V(z), since 3F(€) = 0 a.e. on I by hypothesis. The 
function 3F(z) therefore has a harmonic continuation from 2 to the larger 
rectangle DUIUQ*. Its harmonic conjugate, — RF (z), can thus also be 
continued harmonically into all of vJUQ*, and then we obtain an 
analytic continuation of F(z) into that larger rectangle by putting 
F(z) = RF(z) + iJF(2). 

This means, in particular, that F(z) is continuous at the points of I (save 
perhaps at the endpoints). By hypothesis, however, F(x) is real a.e. on I. 
Therefore it is real everywhere on I, besides being continuous there. Now 
we can apply the classical Schwarz reflection principle to conclude that 


F(z) = F(z) for ze 2. 
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Our choices of I, properly contained in Do’s base, and of 2, entirely 


included in Do, were arbitrary. The formula F(Z) = F(z) thus gives us an 
analytic continuation of F across the whole base of Dy into all of YJ. Done. 


Problem 44 


Let A be any measurable sequence of distinct integers > 0, having 
(ordinary) density Da < 5 (refer to §E.3, Chapter VI). 
Write 


z2 
C(z) = ni(1 = = 


and then put 


Hel C(z —i) 
C(z +i)’ 


B(z) is just a Blaschke product for the upper half plane (see §G.3, Chapter 
III), having zeros at the points +n+i, neA, and poles at 
+n—i, neA. Consider the function 


eit 


B(t) 


ui), = 


of modulus 1 on R. 


(a 


— 


Show that u(t) is uniformly continuous on R. (Hint: B(t) is of the form 
exp(ig(t)) where g(t) is real. Express g’(t) in terms of the neA.) 


(b) Assume that u + H „ is a support point of 2; this means that there is an 
feH, with OAC dt = ||f\|, = 1. For z > 0, write, as usual, 


hee | ° Spat, 


TJ- |z E ti 
and then put 
F(z) = e™*(C(z +i)? f(z) 


in the upper half plane. Show that F(z) can be continued analytically 


across R by putting F(Z) = F(z). (Hint: Use Carleman’s lemma.) 


(c) Show that the entire function F(z) obtained in (b) is of exponential type. 
(Hint: See proof of the first theorem in §F.4, Chapter VI.) 


(d) Hence obtain a contradiction with the assumption made in (b) by showing 
that F(z) must be identically zero. (Hint: Look at the behaviour 


of F(z) on the imaginary axis, referring to problem 29(a) from §B.1 of 
Chapter IX.) 
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By making the right choice of the sequence A, various interesting 
examples can be obtained. We need another lemma, best given as 


Problem 45 


(a) Let g(w) be analytic in {|w| < 1}, with Rg(w) > 0 there. Show that 
for any p < 1, the integrals 


| Ig(re')|P d9 


are bounded forr < 1. (Hint: By the principle of conservation of domain, 
g(w) can never be zero for|w| < 1,so we can define an analytic and single 
valued branch of (g(w))? there. Apply Cauchy’s formula to the latter to 
get (g(0))?, then take real parts and note that cos (p arg g(w)) is bounded 
away from 0. ) 


(b) If g(w) is as in (a), show that lim,., g(re") = g(e") exists a.e., and that 
for any p <1, 


Pp —|w/? it 
Go)? "a — + (ge"))? dt, |w] < 1, 
= = e"| 

the integral on the right being absolutely convergent. (Hint: Fix a 
p', p< p' < 1, and apply the result from (a) to (g(w))?. Then argue as in 
the proof of the first theorem from §F.1, Chapter III, using the duality 
between the spaces L,(—7, n) and L,(—7, n), where r = p'/p and 
(1/r) + (1/s) = 1. This will yield a function G(z) in L,( — n, n) such that 

1 (* 1—|w/? 


(g(w))? = zf TE A |w] <. 


2r J_,|w—e 
Appeal to standard results about the Poisson integral to describe the 
boundary behaviour of (g(w))? and relate G(r) thereto.) 


(c) Given v(t) defined on R with |v(t)| < 7/2 there, consider the function 


|e 1 t 
Wz) = P(E Say a) ode 


analytic in Jz > 0. As we know, 


lim y(t +iy) = y(t) 

y70 

exists a.e. on R, with y(t) = — (t) + iv(t) ae. there, d(t) being 
the first kind of Hilbert transform described at the beginning of §E.2. 
Show that, when p < 1, 

erv 


(t +i)? 
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belongs to H,. (Hint: By mapping the upper half plane conformally 
onto the unit disk and using the result from (b), show first of all that 
when p < 1, 


œ 
e” = f 3z eP*® dt 


T -o |7- t|? 


for 3z > 0, the integral on the right being absolutely convergent. This 
representation gives us fairly good control on the size of exp(py(z)) in 
3z > 0 -— cf. Chapter VI, §A.2 —- A.3. Knowing this, show by 
integrating around suitable contours that if A and 6 > 0, 


œ ei4x 
— ex x+ih)dx. = 0 
[aa P (py ) 
for any h>0 -— cf. proof of theorem that the product of two H, 
functions is in H,, §E.1. Now one may make 6—>0 and use domi- 
nated convergence (guaranteed by our representation for exp(py(z)) ! ) 
to get 


[eo] iAx 
| pe P OVE + ih)) dx = 0: 


Plug the representation for exp(py(z)) into this result and use Fubini’s 
theorem, noting that e'*/(t +i) is in H,,. Finally, make h—0.) 


Let us now take a measurable sequence A of integers > 0 having 
(ordinary) density zero, whose Beurling—Malliavin effective density D, is 
equal to 1 (see §D.2 of Chapter IX). It is easy to construct such sequences. 


We need merely pick intervals [a,, b,] with integral endpoints, 
o< a <o Dy oe ee des 


> 


such that b,_ ,/b, and (b, — a,)/b, both tend to zero as k — œ, while 


= (a *)! 
= oO, 
AG 
and then have A consist of the integers in the [a,, b, ]. 


Using such a sequence A, let us form the functions C(z), B(z) and u(t) 
considered in problem 44. Then, 


u + H,, is an extreme point of & even though it is not a support 
point thereof. 


This will follow from problem 44, the first lemma of the present §, and 
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Problem 46 


To show that there can be no non-zero he H,, with 
|u(t)—h(t)| < 1 ae. 


(a) Assuming that there is such an h, show how to construct a function v(t) 
defined a.e. on R, with |v(t)| < 2/2 and 


ea BME) Os 0 Maer 
(b) Using the v found in (a), form w(t) = —d(t) + iv(t) as in problem 
45(c). Show that in the present circumstances, 
LB 
| lho exp wl a 
ao AER? 
(Hint: From the solution of problem 45(c), 
RA ii t 
1 { exp (pV) 4, 


> Te dt = exp (rv) 


whenever p < 1. Take real parts and make p — 1; then what we have 
on the right tends to the finite value R exp y(i), so that 


i e cos v(t) 


ag ates dt < aR < O 
+t 


by Fatou’s lemma. If, however, we write 
g(t) = e ™B(t)h(t), 


we have the following diagram: 


Figure 230 
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From this it is clear that |g(t)| < 2cosv(t). ) 


Continuing with the notation used in (b), show that 


B(t)h(t) exp W(t) 
(t +i)? 


(c 


<~ 


belongs to H,. (Hint: Bhe H „ and, for each p < 1, exp (py (t)/(t +i)? is 
in H, by problem 45(c). Thus, if A > 0, we have 


f eit B(t)h(t) exp (Pio) i 


— 40 
s> (t +i)? 


by §E.1, whenever p < 1. In this relation, we may let p — 1 and use 
dominated convergence, referring to the result from (b).) 


Show that the function 


a 
— 


F(z) = e ™B(z)h(z)e”™, 


analytic in the upper half-plane, can be continued across the real axis, 
yielding an entire function of exponential type < n, by putting 


F(z) = F(z). 


Here, as usual, 


hekea f SE EE EEE 


TJ- |z = t|? 
(Hint: See problem 44 again.) 


(e) Hence show that the function F(z) from (d) is identically zero, so that in 
fact h(z) = 0, proving that the assumption made in (a) is untenable. (Hint: 
First apply the Riesz—Fejér theorem from §G.3 of Chapter III to get an 
entire function f(z) of exponential type < 1/2, vanishing at each of the 
points +n+i, neA, such that 


f(z +i) then certainly vanishes at each point of A. Use the fact that 


~ 


D, = 1, applying a suitable variant of the theorem quoted at the very 
beginning of §E, Chapter IX.) 


Problem 47 


Let u(t) be as in problem 46. Show that a + H, (sic!) is an extreme 
point, but not a support point, of È. 


Remark, When Carleman’s lemma is used in the above problems, one is 
actually dealing with functions F €e £,(By) whose boundary values are 
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positive (and not merely real) along the base of Dp. In this circumstance, 
analytic continuation across the base of D, is possible under a weaker 
condition on F than that of membership in S (29). It is enough that F 
belong to the space H,,, associated with each of the smaller rectangles 
2 used in the proof of the lemma. That fact follows easily from an argument 
due to Neuwirth and Newman, and, independently, to Helson and Sarason. 
The reader is referred to the discussion accompanying problem 13 at the 
end of Chapter II in Garnett’s book.* 


* Bounded Analytic Functions 


XI 


Multiplier Theorems 


It is time to prove the multiplier theorem stated in §A.2 of the preceding 
chapter and then applied there, in §§B and C. We desire also to establish 
another result of the same kind and finally to start working towards a 
description of the weights W(x) > 1 that admit multipliers (in the sense 
explained at the beginning of Chapter X). All this will require the use of 
some elementary material from potential theory. 

There is a dearth of modern expositions of that theory accessible to 
readers having only a general background in analysis. Moreover, the 
books on it that do exist* are not so readily available. It therefore seems 
advisable to first explain the basic results we will use from the subject 
without, however, getting involved in any attempt at a systematic 
treatment of it. That is the purpose of the first § in this chapter. Other 
more special potential-theoretic results called for later on will be 
formulated and proved as they are needed. 


A Some rudimentary potential theory 
i; Superharmonic functions; their basic properties 


A function U(z) harmonic in a domain 2 enjoys the mean value 
property there: for ze 2, 


ies : 
U(z) = =| U(z + pe’) d9, 0 < p < dist(z, 02). 
Tjo 


* The books by Carleson, Tsuji, Kellogg, Helms and Landkof are in my possession, 
together with a copy of Frostman’s thesis; most of the time I have been able to 
make do with just the first three of these. 
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To Gauss is due the important converse of this statement: among the 
functions U(z) continuous in 2, the mean value property characterizes 
the ones harmonic there. The proof of this contains a key to the 
understanding of much of the work with superharmonic functions (defined 
presently) to concern us here; let us therefore recall how that proof goes. 

An (apparently) more general result can in fact be established by the 
same reasoning. Suppose that a function U(z), continuous in a domain 2, 
enjoys a local mean value property there; in other words, that to each 
ze% corresponds an r,, 0 < r, < dist(z, 0D) (with, a priori, 
r, < dist (z, 6D) ) such that 


(OS pare 
UGZy~ = ral U(z + pei®) dd TOPO arp exe IT 
Tjo 


It is claimed that U (z) is then harmonic in 2. 


The main part of the argument consists in showing that the local mean 
value property implies the strong maximum principle for U on (connected) 
domains with compact closures lying in 2. Letting Q be any such domain, 
we have to verify that for zEeQ, 


U(z) < sup U(¢) 
ten 
unless U(z) = const on Q. Here, U (z) has on Qa maximum — call it M — 
and the statement in question amounts to the assertion that U(z) M 
on Q if, for any zo € Q, UC) = M. 
Suppose there is such a Zo. Then, for each sufficiently small p > 0 


x 


iee ; 

= U(z,+pe'*)d9 = Uz) = M 

PT J 
with U(z + pe) continuousin 9 and < M. This makes U(Zo + pe'’) = M 
for such p, so that U(z) = M in a small disk centered at zo. The set 


E = {z) € Q: Uz) = M} 


is thus open. That set is, however, closed in Q’s relative topology on account 
of the continuity of U. Hence E = Q since Qis connected, and U(z) = M 
in Q — thus finally on Q, thanks again to the continuity of U. 

To complete the proof of Gauss’ result, let us take any z) € 2 and an 
R < dist(zo, 02); it is enough to establish that 


oes Roar it) d 
i U (zo + Re) dt 
U (zo + pe’) On | R? + p? — 2Rpcos(9— 1) g 
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for 0 < p < R. Calling the expression on the right V (Zo + pe’), we proceed 
to show first that 

U(z) < V(z) 


for |Z—Zp| < R. 
Fix any e > 0. By continuity of U and the elementary properties of the 
Poisson kernel we know that 


V(zo t+ re?) — Ulo + Rei’) 


uniformly in 3 for r < R tending to R; the same is of course true if we 
replace V by U on the left. On the circles |z — zọ| = r with radii r < R 
sufficiently close to R we therefore have 


U(z) — Viz) < «. 


Figure 231 


Here, both U(z) and the harmonic function V(z) enjoy the local mean value 
property in the open disk {|z — zo| < R}. Hence, by what has just been 
shown, we have the strong maximum principle for the difference 
U(z) — V(z) on the smaller disks {|Z—Zol < r}. The preceding 
inequality thus implies that U(z) — V(z) < £ on each of those disks, 
and finally that U(z) — V(z) < efor|z—z)| < R. Squeezing £, we see 
that 


U(z) — Viz) < 0 for |z—z5| = R. 
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By working with the difference V(z) — U(z) we can, however, prove the 

reverse inequality in the same fashion. This means that one must have 

U(z) = V(z) for |z—zp)| < R, and our proof is finished. It is this 

argument that the reader will find helpful to keep in mind during the 
following development. 


Next in importance to the harmonic functions as objects of interest in 
potential theory come those that are subharmonic or superharmonic. One 
can actually work exclusively with harmonic functions and the ones 
belonging to either of the last two categories; which of the latter is singled 
out makes very little difference. Logarithms of the moduli of analytic 
functions are subharmonic, but most writers on potential theory prefer 
(probably on account of the customary formulation of Riesz’ theorem, to 
be given in article 2) to deal with superharmonic functions, and we follow 
their example here. The difference between the two kinds of functions is 
purely one of sign: a given F(z) is subharmonic if and only if — F(z) is 
superharmonic. 


Definition. A function U (z) defined in a domain 2 with —co < U(z) < œ 
there is said to be superharmonic in Y provided that 
(i) liminf U(z) > U(zo) for zo € 2; 
(ii) to each ze 2 corresponds anr,, 0 < r, < dist(z, 0), such 
that 
2n 


1 i; 
—— U(z+pëðd9 < U(z) ora OEE T ESS 
2mo 


Superharmonic functions are thus permitted to assume the value + œ at 
certain points. Although authors on potential theory do not generally 
agree to call the function identically equal to + œ superharmonic, we will 
sometimes find it convenient to do so. 

Assumption of the value — oo, on the other hand, is not allowed. This 
restriction plays a serious rôle in the subject. By it, functions like 


ey = jS Bz aO; 


— %0, OZ < 0, 


are excluded from consideration. 


It may seem at first sight that an extensive theory could hardly be based 
on the definition just given. On thinking back, however, to the proof of 
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Gauss’ result, one begins to suspect that the simple conditions figuring in 
the definition involve more structure than is immediately apparent. One 
notices, to begin with, that (i) and (ii) signify opposite kinds of local 
behaviour. The first guarantees that U(z) stays almost as large as U(zo) 
on small neighborhoods of zy, and the second gives us lots of points z in 
such neighborhoods at which U(z) < U(zo). Considerable use of the 
interplay between these two contrary effects will be made presently; for 
the moment, let us simply remark that together, they entail equality of 
lim inf,.,,, U (z) and U (zo) at the z) € 2. 

It is probably best to start our work with superharmonic functions by 
seeing what can be deduced from the requirement that U(z) > — œ and 
condition (i), taken by themselves. The latter is nothing other than a 
prescription for lower semicontinuity in 2; as is well known, and easily 
verified by the reader, it implies that U(z) has an assumed minimum on 
each compact subset of 2. Together with the requirement, that means 
that U(z) has a finite lower bound on every compact subset of 2. This 
property will be used repeatedly. (I can never remember which of the two 
kinds of semicontinuity is upper, and which is lower, and suspect that 
some readers of this book may have the same trouble. That is why I 
systematically avoid using the terms here, and prefer instead to specify 
explicitly each time which behaviour is meant.) 

A monotonically increasing sequence of functions continuous on a 
domain 2 tends to a limit U(z) > — œ satisfying (i) there. This is 
immediate; what is less apparent is a kind of converse: 


Lemma. If U(z) > — œ has property (i) in 2 there is, for any compact 
subset K of 2, a monotonically increasing sequence of functions ¢,(z) 
continuous on K and tending to U(z) there. 


Proof. For each n > 1 put, for ze K, 


Paz) = inf(U(C) + n|z—¢)). 
CeK 


Since U(¢) is bounded below on K by the above observation, the functions 
,(z) are all > — œ. It is evident that y,(z) < 9,,,(z) < U(z)forzeK 
and each n. 

To show continuity of g, at Zọ e K, we remark that the function of ¢ 


equal to U(f) + n| — zo| enjoys, like U (¢), property (i) and thus assumes 
its minimum on K. There is hence a €,€K such that 


Pn(Zo) = nlCo—Zol + U(Eo), 
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so, if zEK, 


mize =e Niz— ol + UlCy), <= niz=—Zol +” 9; (Zo). 


In the same way, we see that 
Pn(Z2o0) < nlZo—2| + @,(Z) 
which, combined with the previous, yields 
\p,(zZ)—,(Zo)| < nlz—zo| for zo and z € K: 


We proceed to verify that @,(Z 9) -> U(zo) at each zọe K. Given such 
a Zo, take any number V < U/(zQ). By property (i) there is an 7 > 0 such 
that U(f) > Vfor|¢—z | < n. U(¢) has, as just recalled, a finite lower 
bound, say —M, on K. Then, for n > (V+M)/n, we have 
n|€—zo| + U(Q) > Vforf€eK with|€—z | > n.Butwhen|{—z | < n 
we also have n|€—z,| + U(¢) > V. Therefore 


Oaoa Va AOL Nm M + VN 


Since, on the other hand, ~,(z 9) < U(zo), we see that the convergence in 
question holds, V < U(zg) being arbitrary. 
The lemma is proved. 


Remark. This result figures in some introductory treatments of the 
Lebesque integral. 


Let us give some examples of superharmonic functions. The class of these 
includes, to begin with, all the harmonic functions. Gauss’ result implies 
indeed that a function U(z) defined on a domain 2 is harmonic there if 
and only if both U(z) and — U (z) are superharmonic in 2. The simplest 
kind of functions U(z) superharmonic, but not harmonic, in 2 are those 
of the form 


Uiz) = “log with zo E 2. 


|Z — Zo 


Positive linear combinations of these are also superharmonic, and so, 
finally, are the expressions 


1 
= log ———d 
U(z) fF DE: 7 uC) 


formed from positive measures u supported on compact sets K. The reader 
should not proceed further without verifying the last statement. This involves 
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the use of Fatou’s lemma for property (i), and of the handy relation 


1 2n 1 4 1 1 
—| log——,—d9 = min| log —, log— 
2njJo z+ pe" —¢| Iz—¢| p 


(essentially the same as one appearing in the derivation of Jensen’s formula, 
Chapter I!) for property (ii). 

Integrals like the above one actually turn out to be practically capable 
of representing all superharmonic functions. In a sense made precise by 
Riesz’ theorem, to be proved in article 2, the most general superharmonic 
function is equal to such an integral plus a harmonic function. 


By such examples, one sees that superharmonic functions are far from 
being ‘well behaved’. Consider, for instance 


UG) =.) alos y 
n |z i aa 

formed with the z, of modulus < 1/2 tending to 0 and numbers a, > 0 

chosen so as to make 


1 

Ya log— < œ. 
n | n 

Here, U(0) < œ although U is infinite at each of the z,. In more 

sophisticated versions of this construction, the z, are dense in {|z| < 1/2} 

and various sequences of a, > 0 with X „a, < œ are used. 


We now allow both properties from our definition to play their parts, (ii) 
as well as (i). In that way, we obtain the first general results pertaining 
specifically to superharmonic functions, among which the following strong 
minimum principle is probably the most important: 


Lemma. Let U(z) be superharmonic in a domain 2. Then, if Q is a 
(connected) domain with compact closure contained in 2, 


UZ) > inf UO) for zeQ 


CedQ 


unless U(z) is constant on Q. 


Proof. As we know, U(z) attains its (finite) minimum, M, on Q, and it is 
enough to show that if U(z)) = M at some zo EQ, we have U(z) = Mon 
Q. The reasoning here is like that followed in establishing the strong 
maximum principle for harmonic functions. 
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Assuming that there is such a zy, we have, by property (ii), 


2n 
My = Ulzs) S =| U(zo + pei*) di 
27 Jo 

whenever p > 0 is sufficiently small. Here, U(z) + pe'®) > M and if, at 
any 9, we had U(z)+pe'*®) > M, U(zo+pe'%) would be > M for 
all 9 belonging to some open interval including 9), by property (i). In that 
event, the above right-hand integral would also be > M, yielding a 
contradiction. We must therefore have U(z)+pe'*) = M for small 
enough values of p > 0. 

The rest of the proof is like that of the result for harmonic functions, 
with E = {zeQ: U(z) = M} closed in Qs relative topology thanks to 
property (i). We are done. 


Corollary. Let U(z) be superharmonic in a domain Q, and let O be an open 
set with compact closure lying in 2. Then, for ze 0, 


U(z) = inf U(¢). 
CEd0 
Proof. Apply the lemma in each component of 0. 


Corollary. Let U(z) be superharmonic in 2, a domain with compact closure. 
If liminf,,,U(z) > M at each CE dQ, one has U(z) > M in 2. 


Proof. Fix any £ > 0. Then, corresponding to each (€0Q there is an 
mr, O< rh < & such that 


U(z) > M—e for ze? and |z—¢| < r; 


Here, 02 is compact, so it can be covered by a finite number of the open 
disks 


{|z—Cl < r} 


Let © be the open set equal to the complement, in 2, of the union of the 
closures of those particular disks. 


The closure © is compact and contained in 2. If zeĝ0, we have 
|z—C| = r; for some ¢ € 09, so U(z) > M—e. U(z)ishence > M—e 
in O by the previous corollary. 0, however, certainly includes all points 
of 2 distant by more than £ from 0%. Our result thus follows on making 


e — 0. 


From these results we can deduce a useful characterization of super- 
harmonic functions. 
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Theorem. If U(z) is > — and enjoys property (i) in a domain Ẹ, it is 
superharmonic there provided that for each zo € P and every disk A of 
sufficiently small radius with centre at zo, one has 

U(Zo) > h(zo) 


for every function h(z) harmonic in A and continuous up to ĝA, satisfying 


h(t) < UG) 


on OA. 

Conversely, if U(z) is superharmonic in 9 and Q is any domain having 
compact closure S Q, every function h(z) harmonic in Q and continuous up 
to OQ is < U(z) in Q provided that h(C) < U(C) on ôQ. 


Figure 232 


Proof. For the first part, we take any Zọ € 2 and verify property (ii) for U 
there, assuming the hypothesis concerning disks A about Zo. 

Letthen0 < r < dist(z), 0). By the first lemma of this article, there 
is an increasing sequence of functions u,(9), continuous and of period 27, 
such that 


u,(9) ——> U(zo +re'), 0 < 9.< 2n. 


Put h,(z) + re'®) = u,(9), and, for 0 < p <r, take 


h C 1 2n r? —p? 
n(Zo t pe’) = é 
ae A PLS o A OA 
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Then each function h,(z) is harmonic in the disk A of radius r about Zo 
and continuous up to 0A, where we of course have 


h,(¢) < U(é). 
If r > 0 is small enough, our assumption thus tells us that 
h,(Zo) < U(zo) 


for every n. Now Lebesgue’s monotone convergence theorem ensures that 
1 {28 
o ate U (Zo + re") dt 
27 Jo 
as n — œ. Hence 


a a 
=| U(zot+re")dt < U(Zo) 
2a Se 

for all sufficiently small r > 0, and property (ii) holds. 

The other part of the theorem is practically a restatement of the second 
of the above corollaries. Indeed, if h(z), harmonic in Q and continuous 
up toQ = Q satisfies h({) < U(¢) on ÔQ, we certainly have 

liminf(U(z) — h(z)) > 0 


bss 
zeQ 


at each e ôN on account of property (i). At the same time, U(z) — h(z) 
is superharmonic in Q; it must therefore be > 0 there by the corollary 
in question. 

This does it. 


By combining the two arguments followed in the last proof, we 
immediately obtain the following inequality: 


For U(z) superharmonic in D, zọE2, and0 < r < dist(z 09), 


r? — p? 


U(zo tre jdr, OSP <T. 
r? + p? — 2rpcos(9—T) Go 


x 1 2n 
U(zo + pe’) > =| 
2n Jo 


This in turn gives us a result needed in article 2 


Lemma. If U(z) is superharmonic in a domain 2 and Zo € 2, 
E ` 
=f U(zo + rei’) dd 
27 Jo 


is a decreasing function of r for O < r < dist(Zo, 0D). 
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Proof. Integrate both sides of the boxed inequality with respect to 3 and 
then use Fubini’s theorem on the right. 


Along these same lines, we have, finally, the 


Theorem. Let U (z) be superharmonic in a domain 2, and suppose that Zo E D 
and that0 < R < dist(z , 02). Denoting by A the disk {|z — zo| < R}, 
put V(z) = U(z) forz e D~A. In A, take 


; 1 2n R? —r? it)d 
V i oS Oh Seer 
(Zore) = R? +r? — 2rRcos(9— 1) s 


(for0<r<R ). Then V(z) < U(z) and V(z) is superharmonic in 2. 


Proof. Forz e 2 ~ A, the relation V(z) < U(z)is manifest, and for z € A 
it is a consequence of the above boxed inequality. 
To verify property (ii) for V, suppose first of all that z e 2 ~ A. Then, 
for sufficiently small p > 0, 
2n 


Viz) ee 4U) a= =| U(z + pei) dd. 
2n 


0 


By the relation just considered, the right-hand integral is in turn 
Lie ’ 
> =| V(z + pe’) d9; 
DTG x 


V thus enjoys property (ii) at z. 

We must also look at the points zeA. On 0A, the function U(¢) is 
bounded below, according to an early observation in this article. The 
Poisson integral used above to define V(z) in A is therefore either infinite 
for every r, O<r<R, or else convergent for each such r. In the former 
case, V(z) = œ for zeA, and V (trivially) possesses property (ii) at those 
z. In the latter case, V(z) is actually harmonic in A and hence, for any 
given z therein, equal to the previous mean value when p < dist(z, 0A). 
Here also, V has property (ii) at z. 

Verifications of the relation V(z) > — oo and of property (i) remain. 
The first of these is clear; it is certainly true in 2 ~ A where V coincides with 
U, and also true in A where, as a Poisson integral, 

Vz) > SS MPU) 
It- zoļ|=R 
with the right side > — œ, as we know. 


We have, then, to check property (i). The only points at which this can 
present any difficulty must lie on 0A, for, inside A, V is either harmonic 
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and thus continuous or else everywhere infinite, and outside A, V coincides 
(in 2) with U, a function having the semicontinuity in question. Let 


therefore |z —z | = R. Then we surely have 
liminf V(C) = liminf UO > U@ = VO), 
C9: Ciz 
tA cea 


so we need only examine the behaviour of V(¢) for ¢ tending to z from 

within A. The relation just written holds in particular, however, for 

tC = z)+Re™ tending to z on 0A. Since U(z) + Re") is also bounded 

below on 0A, we see by the elementary properties of the Poisson kernel that 
imin KO = Uz): =: Kz) 


fez 
CEA 


We thus have 
liminf V(z) > V{(z) 
Cz 
for the points z on ôA, as well as at the other ze, and V has property (i). 
The theorem is proved. 


Our work will involve the consideration of certain families of super- 
harmonic functions. Concerning these, one has two main results. 


Theorem. Let the U,(z) be superharmonic in a domain 2, with 


U,(z) < U,(z) < DAZ) ta te ak UG) s ” 
there. Then 

UZ) = lm U,(z) 
is superharmonic (perhaps = œ )in 2. 


Proof. Since U,(z) > — œ in 2, the same is true for U (z). 

Verification of property (i) is almost automatic. Given Zo € 2, let M be 
any number < U(zo). Then, for some particular n, U,(Zo) > M, so, 
since U, enjoys property (i), U,(z) > M ina neighborhood of Zo. A forti- 
ori, U(z) > M in that same neighborhood, and liminf,_,,,U(z) > U(Zo) 
on account of the arbitrariness of M. 

Property (ii) is a consequence of Lebesgue’s monotone convergence 
theorem. Let zọ € 2 and fix any p < dist(Zo, 32). Then, by the above 
boxed inequality, 


Ppa [ 
E S | U,(20 + pe'9)d9 
2n Jo 
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for each n. Here U; (Zo + pè’) is bounded below for 0 < 9 < 27, so the 
right-hand integral tends to 


2n 
=| U(zo + pe’) dd 
2n Jo 


as n— œ by the monotone convergence. At the same time, 
U,(Zo) —;> U(zo), so property (ii) holds. 
We are done. 


A statement of opposite character is valid for finite collections of super- 
harmonic functions. If, namely, U,(z), U2(z), ..., Uy(z) are super- 
harmonic in a domain 2, so is min, <,<yU,(z). This observation, especially 
useful when the functions U,(z) involved are harmonic, is easily verified 
directly. 


WARNING. The corresponding statement about max, <,<yU;,(z) 


is (in general) false for superharmonic functions U,. 


One has a version of the observation for infinite collections of 
superharmonic functions: 


Theorem. Let F be any family of functions superharmonic in a domain 2. 
For ze 2, put 


W(z) = inf{U(z): UEF}, 


and then let 


V(z) = liminfW(D,  ze2. 
JIA 
Then V(z) < U(z) in 2 for every U e€ F, and (especially) if V(z) > — œ 
in D, it is superharmonic there. 


Remark. Something like the last condition is needed in order to avoid 
situations like the one where 2 = C and F consists of the functions 
naz n= 1; 2,3,....There, V(z) SOE Cu SG 
for 3z < 0. Such functions V are not superharmonic. 


Proof of theorem. First of all, V(z) < W(z) in 2, i.e., V(z) < U(z) there 
for each Ue¥. Indeed, since any such U is superharmonic in 
2, liminf,_,, U(¢) is actually equal to U(z) there, as observed earlier in this 
article (a result of playing properties (i) and (ii) against each other). 
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Therefore, whenever Uc F, 
Mig = im inp we) Pim inf UC)" = UG), zEQ. 


Cate ez 

Secondly, V has property (i) in 2. To see this, fix any z) € 2 and pick* 
any M < V{(z,); according to our definition of V, W(z)isthen > M in 
some punctured open neighborhood of zo (i.e., an open neighborhood of 
Zo with Zo deleted). But this certainly makes V(z) = liminf,,,W(C) > M 
in that punctured neighborhood, so, since M < V(z,) was arbitrary, we 
have liminf,,,.V(z) > V(Zo). 

To complete verification of V(z)’s superharmonicity in 2 when that 
function is > — oo there, one may resort to the criterion provided by 
the first of the preceding theorems. According to the latter, it is enough 
to show that if zọ € 2 and A is any disk centred at zọ with 
radius < dist(zy, 02), we have V(z 9) > h(zo) for each function h(z) 
continuous on A, harmonic in A, and satisfying h(f) < V(¢) on dA. But 
for any such function h we certainly have h({) < U(¢) on @A for every 
Ue fF, so, by the second part of the theorem referred to, h(z) < U(z) in 
A for those U. Hence 

h(z) < inf U(z) = W(2) 
Ue F 
in A, and finally, h being continuous at Zo (the centre of A !), 


h(zo) = limh(z) < liminfW(z) = V(zo), 


zZ~Zo Z—Zo 


as required. We are done. 


Remark. This theorem, together with the second of those preceding it, 
forms the basis for what is known as Perron’s method of solution of the 
Dirichlet problem. 


2 The Riesz representation of superharmonic functions 


A superharmonic function can be approximated from below by 
others which are also infinitely differentiable. This is obvious for the 
function U(z) identically infinite in a domain 2, that one being just the 
limit, as n — œ, of the constant functions U,(z) = n. We therefore turn 
to the construction of such approximations to functions U(z) 
superharmonic and # œ in 2. 

Given such a U, one starts by forming the means 


IEE A 
U,(z) = =| U(z + pe’) d9; 
o 


* in the case where V(zo) >- — œ; otherwise property (i) clearly does hold at zo 


oie XI A Some rudimentary potential theory 


when p>0O is given, these are defined for the z in 2 with 
dist(z, 02) > p. According to property (ii) from our definition, 


U,(z) < U(z) 


for all sufficiently small p > 0 (and in fact for all such p < dist(z, 0D) by 
the boxed inequality near the end of the preceding article); on the other 
hand, liminf, „o U (z) > U(z) by property (i). Thus, for each z€ 2, 


p 


eA a VE = 0. 


A lemma from the last article shows that this convergence is actually 
monotone; the U (z) increase as p diminishes towards 0. 


Concerning the U,, we have the useful 


Lemma. If U(z) is superharmonic in a (connected) domain D and not 
identically infinite there, the U,(z) are finite for ze 2 and 
0 < p < dist(z, 02). 


Proof. Suppose that 
p ! 
U,(Zo) = zf U(zo re) dt SRO 
2% Jo 


for some Zo € Zand anrwithO < r < dist(zọ, 02). It is claimed that 
then U(z) = œ in 2. 

By one of our first observations about superharmonic functions in the 
preceding article, U(z) + re'*) is bounded below for 0 < t < 2r. The 
above relation therefore makes the Poisson integrals occurring in the 
boxed inequality near the end of that article infinite, and we must have 
U(z) = œ for |z— zol < r. 


Figure 233 
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Let now z’ be any point in 2 about which one can draw a circle — of 
radius r’, say — lying entirely* in Z and also intersecting the open disk of 
radius r centred at Zo. Since U (z) is bounded below on that circle, we have 
U,(z') = œ so, by the argument just made, U(z) = ofor|z—z’'| < r. 
The process may evidently be continued indefinitely so as to gradually 
fill out the connected open region 2. In that way, one sees that U(z) = œ 
therein, and the lemma is proved. 


Corollary. If U(z) is superharmonic and not identically infinite in a 
(connected) domain 2, it is locally L, there (with respect to Lebesgue measure 
for R?). 


Proof. It is enough to verify that if zọ e Zand0 < r < fdist(zo, AF), 
we have 


| [1wieiaxay Hcy, 
r<|z—zo|<2r 
for, since each point of 2 lies in the interior of some annulus like the one 
over which the integral is taken, any compact subset of 2 can be covered 
by a finite number of such annuli. 

By the lower bound property already used so often, there is an M < œ 
- such that U(z) > —M when |z—Zo| < 2r. The preceding integral is 
therefore 


< [[wo+ 2M )dxdy 


<|z—-—zo|<2r 


2r 2n 
= 6nr?>M + | | U(zo + pe'*)pd dp 


r 0 


2r 
= 6ar7M + an | U ,(Zo)p dp. 
U (Zo) is, as noted above, a decreasing function of p; the last expression 
is thus 


< 6nr7M + 3nr?U,(Zo). 


This, however, is finite by the lemma. 
We are done. 


With the means U,(z) at hand, we continue our construction of super- 
harmonic @,, approximations to a given U (z) superharmonic and # œ 
in a domain 2. For this purpose, one chooses any function o(p) infinitely 


* with its interior - 
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differentiable on (0, 00), identically zero outside (1,2) and > 0 on that 
interval, normalized so as to make 


2 
| oredr = I: 


o(o) 


Figure 234 


(As we shall see, it turns out to be convenient to work with a function 
o(p) vanishing for the values of p near O as well as for the large ones.) 
Using ¢, one then forms averages of the means U, : 


1 fo o] 
(®,U)(z) = =| U,(z) o(p/r)p dp; 
0 


for given ze 2, these are defined when 


0 <r < 4dist(z, 69). 
The ®,U are the approximations we set out to obtain; one has, namely, 
the 


Theorem. Givenr > 0, denote by 2, the set of ze 2 with dist(z, 02) > 2r. 
Let U be superharmonic in 2, then: 


(®,U)(z) < U(z) for zEQ,; 
(®,U)(z) —> U(z) as r — 0 for each ze 2; 
(®,,U)(z) < (®,U)(z) for ze 22, 


If also U(z) # œ in the (connected) domain 2, each (®,U)(z) is infinitely 
differentiable in the corresponding 2,, and superharmonic in each connected 
component thereof. 


Proof. The first two properties of the ®,U follow as direct consequences 
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of the behaviour, noted above, of the U (z) together with g’s normalization. 
The third is then assured by ¢(p)’s being supported on the interval (1, 2). 

Passing to the superharmonicity of ®,U, we first check property (ii) 
for that function in 2,. This does not depend on the condition that 


U(z) # œ. Fix any zeQ9,. For 0 < ø < dist(z,dD) — 2r we then 
have 


1 2n ‘ 

=| (®,U)(z + ce”) dy 

2m Jo 
1 2n fo (2x 

5 =A \ i U(z + pel + oc) o(p/r)p d9dp dy. 
4n*r* Jo Jo Jo 


Since g(p/r) vanishes for p > 2r, z+ pæ? lies in 2 and has distance 
> o from @Q for all the values of p actually involved in the second 
expression. The argument z + pe'’ + ce” of U thus ranges over a compact 
subset of 2 in that triple integral, and on such a subset U is bounded 
below, as we know. This makes it permissible for us to perform first the 
integration with respect to y. Doing that, and using the boxed inequality 
from the preceding article, we obtain a value 


O (2n 
| | Ule+ pe) olp/r)pdSdp = (,U)() 
OTT lane 
showing that ®,U has property (ii) at z. Superharmonicity of ®,U in the 
components of 2, thus follows if it meets our definition’s other two 
requirements there. 

Satisfaction of the latter is, however, obviously guaranteed by the infinite 
differentiability of ®,U in 2,, which we now proceed to verify for functions 
U(z) # œ in 2. 

The left-hand member of the last relation can be rewritten as 


1 
2nr? 
where, as usual, = €+in.Puttingz+¢€ = ¢ = é’ + in’, this becomes 
1 
2nr? 


li; [i U(z + Coll l/r) dE dn, 


| p i UC oI’ —z/r) dé dr’. 


Here, o(|¢' — z|/r) vanishes for |¢ —z| < rand |{’—2| > 2r. Looking, 
then, at values of z near some fixed zo € 2, — to be definite, at those, 
say, with 


iz—z| < 6 = smin(r dist(z),0Z) — 2r), 
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we have 


2nr? 


(®,U)(z) = l U(') p(|z—0'|/r) de’ dr’. 


r—6<|C'—zo|<2rt+6 


‘ 
5 ARONA 


Wyss 
N 


AAS 
Figure 235 


The annulus K = {¢{': r—6 < |C’—zo| < 2r+ô} over which the 
integration is carried out here is a compact subset of 2 (independent of 
z !), so, for the function U under consideration we have 


[f |U(C)|de"dn’ < œ 
K 


by the above corollary. Infinite differentiability of (®,U)(z) at zọ can 
therefore be read off by inspection from the last formula, provided that 
o(|z —¢'|/r) enjoys the same property for each ¢' e K (differentiation inside 
the integral signs). That, however, is indeed the case, as follows by the 
chain rule from infinite differentiability of ọ and the fact that 
|Zo—¢| > 6 > O for each ¢'e K. (Here we have been helped by (pys 
vanishing for 0 < p < 1. ) @,U is thus @, in 2,. 
The theorem is proved. 


The approximations ®,U to a given superharmonic function U are used 
in establishing the Riesz representation for the latter. That says essentially 
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that a function U(z) superharmonic and Æ oo in and on a bounded 
domain 2 (i.e., in a domain including J) is given there by a formula 


1 

U(z) = l 

D \ 5 a [sc] 
with 1a (finite) positive measure on 2 and H(z) harmonic in 2. (Conversely, 
expressions like the one on the right are always superharmonic in 2, 
according to the remarks following the first lemma of the preceding article.) 

The representation is really of local character, for the restriction of the 
measure p figuring in it to any open disk A & 2 is completely determined 
by the behaviour of U in A (see problem 48 below), and at the same time, 
the function of z equal to 


| log —— da) 

Q~A |z = C| 

is certainly harmonic in A. The general form of the result can thus be 
obtained from a special version of it for disks by simply pasting some of 
those together so as to cover the given domain 2 ! In fact, only the version 
for disks will be required in the present chapter, so that is what we prove 
here. Passage from it to the more general form is left as an exercise to the 
reader (problem 49). 


du(t) + H(z), 


We proceed, then, to the derivation of the Riesz representation formula 
for disks. The idea is to first get it for @,, superharmonic functions by 
simple application of Green’s theorem and then pass from those to the 
general ones with the help of the ®,U. In this, an essential rôle is played 
by the classical 


Lemma. A function V(z) infinitely differentiable in a domain 2 is super- 
harmonic there if and only if 
ôV 8V (z 
Pee (z) 


Ax? Ay? < 0 for ze2. 
x y 


Notation. The Laplacian 67/dx? + 6?/dy? is denoted by V? (following 
earlier usage in this book). 


Proof of lemma. Supposing that V is superharmonic in 2, we take any 
point Zo therein. Then, by the third lemma of the preceding article, 


2n 
| V(zo + pe'*) dd 


0 


is a decreasing function of pfor0 < p < dist(Zo, 02). The @ ,, character 
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of V makes it possible for us to differentiate this expression under the 
integral sign with respect to p, so we have 


| V (Zo + pei’) 
0 dp 


for small positive values of that parameter. 
By Green’s theorem, however, 


2n OV id 
[|0 noaa 2 | GY Co Ot DS T] 
|z—zol <p 0 op 


the left-hand integral is thus negative. Finally, 


d9 < 0 


(V?V)(zo) = lim — | |(V?V)(z)dxdy, 
p90 EP SiE sep 
showing that V? V < Oat Zp. 
Assuming, on the other hand, that V7V < 0in 2, we see by the second 
of the above relations that 


2n 
| V(zo + pe) d9 
0 
is a decreasing function of p for O < p < dist(z), 0D) when Zp E 2. 
At the same time, 

i 1 2n ’ 

Kz) = lim =| V(zo + pe’) d9 

p70 4T Jo 
in the present circumstances, so V(zọ) must be > each of the means 
figuring on the right for the values of p just indicated. This establishes 
property (ii) for V at zọ and hence the superharmonicity of V in 2. 

The lemma is proved. 


Here is the version of Riesz’ result that we will be using. It is most 
convenient to obtain a representation differing slightly in appearance from 
the one written above, but equivalent to the latter. About this, more in 
the remark following the proof. 


Theorem (F. Riesz). Let U(z) be superharmonic and # œ in a domain 2, 
and suppose that zọ € @ and 0 < r < dist(zo, 0D). Then, for 
|Z— Zol < r, one has 

— (Ç —zo)(z— zo) 


U(z) = | l 
AE os|- re — 0 


where p is a finite positive measure on the closed disk {|z — zo| < r}, and 
h(z) a function harmonic for |z—zo| < r. 


duc) + A(z), 
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Remark. In the integrand we simply have the Green’s function associated 
with the disk {|z — zo| < r}. The integral is therefore frequently referred 


to as a pure Green potential for that disk — ‘pure’ because the measure u 
is positive. 


Proof of theorem. To simplify the writing, we take zọ = Oandr = 1 — that 


also frees the letter r for another use during this proof! For some R > 1, 
the closed disk 


A = {\z|<R} 


lies in 2, and the averages ®,U introduced previously are hence defined, 
infinitely differentiable and superharmonic in and on A when the parameter 
r (not to be confounded with the radius of the disk for which our 
representation is being derived!) is small enough. We fix such an r, and 
denote ®,U by V for the time being (again to help keep the notation 
clear). 

Fix also any z, |z| < R, for the moment. The Green’s function 


R?—(z 
log | ———— 
R(E —z) 
is harmonic in ¢ for || < R and ¢ # z; it is, besides, zero when || = R. 


From this we see by applying Green’s theorem in the region 
{€: |€—z| > pand|¢c| < R} and afterwards causing p to tend to zero 
(cf. beginning of the proof of symmetry of the Green’s function, end of 


i Qe 
a OA 
ao Ne 


Figure 236 
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§A.2, Chapter VIII), that 
viaa 1 “(Zt R? — ae'®z 
oa 2nJo NOO R(cei* — z) 


-ff R? —¢Z 
— — log 
27 J Jiti<r 


R(= 2) 


Working out the partial derivative in the first integral on the right, we get 


) V(Rei)Rdd 


o=R 


(V? VAE) dé dn. 


1?" R?—|z/? 
V = —__ V(Re'*)d9 
© zf Z Reni (Pa 


mhea ekea 
— — log 
2n JJiy<r R(¢ —z) 


this, then, holds for each z of modulus < R. 

Here, in the first integrand, we recognize the Poisson kernel for the disk 
{|z| < R} (that’s where the kernel comes from!); the first right-hand term 
is hence equal to a function harmonic in that disk. In the second term on 
the right, (V? V)(C) is negative according to the preceding lemma, V being 
superharmonic in and on {|z| < R}. The last relation is therefore a formula 
of the kind we are seeking to establish, representing, however, the @,, 
superharmonic approximaton V = @®,U to our original superharmonic 
function U instead of U itself. We wish now to arrive at the desired formula 
for U by making r — 0. 

With that in mind, we rearrange the preceding relation, writing ®,U in 
place of V: 


1 
== V?,U)(0) 1 
A )(C) log Rl 
1 


= U2) - Ja aes 


2nJo |z—Re'*|? 


(VV) ddn; 


nn 
déd 
ory ¢dn 


(®,U)(Rei*)d9, |z| < R. 
From this, we proceed to deduce the boundedness of 


F [f (V*@,U)(0) dé dn 
kI<1 


for r tending to zero. 

Here we use the first lemma of this article, according to which there 
are points z arbitrarily close to 0 for which U(z).< œ, it having been 
given that U Æ œ in 2. Fixing such a z, of modulus < 1/2, say, and 
denoting it by the letter c, we have, from the preceding theorem, 


(®,U)(c) < Ue), 
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so, by the last formula, 
—Cé 
RÇ —c) 


>If vet UO Tee 
KI<R 
Alci 


2n 
< Ul) - — mA Re- E TAANE 


dédn 


for sufficiently small r > 0. 

Now (®,U)(Re'’) is by our construction an average of U(¢) over the 
little annulus r < |¢—Re'*| < 2r, and the union of these annuli for 
0 < 9 < 2miscontained in the disk {|¢| < R + 2r}. The latter, in turn, 
is contained in a fixed disk {|¢| < R’} slightly larger than {|¢| < R} for 
values ofr < (R’—R)/2. R, however, was chosen so as to make the disk 
{|| < R} lie in 2; we may thus take R’ > R close enough to R to ensure 
that {|¢| < R’} is also in 2. Once this is done, we know there is a finite M 
with U(Q) > — M for|¢| < R’; this, then, holds in particular on the little 
annuli first mentioned when 2r < R’—R. For the averages ®,U corres- 
ponding to those values of r we therefore have 


(®,U)(Re'#) > -M, 0 < 9 < 2n. 
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Figure 237 
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At the same time R > 1, so the expression 


R?—¢¢ 
log 3 
RCC) 
positive for || < R, is actually > some k > 0 for |¢| < 1; meanwhile, 


(—V7®,U)(Q) > 0 for |¢| < R as we know, when r > 0 is sufficiently 
small. Use these relations in the left side of the above inequality, and plug 
the previous one into the right-hand integral figuring in the latter. It is found 
that 


Ss [f (—V0,U)(Qdédn << UC) + M, 
2nJJici<i 


a finite quantity, for r > 0 small enough. The integral on the left thus does 
remain bounded as r — 0. 

By this boundedness we see, keeping positivity of the functions 
—V’®,U in mind, that there is a certain positive measure p on {\C| < 1} 
such that, on the closed unit disk, 


1 
——(V*®,U)(6)dédy ———~ d(e) w* 
21 


as r — 0 through a certain sequence of values r, (cf. §F.1 of Chapter III, 
where the same kind of argument is used). There is no loss of generality 
in our taking r +ı < r,/2; this will permit us to take advantage of 
the relation ®,,U < ®,U. 

Let us now rewrite for the unit disk the representation of the ®,U derived 
above for {|z| < R}. That takes the form 


(0,U)(z) = -+f EE og =E 
I< 1 


1 2n =a 2 j 


2nJo |z—e 


(assuming, of course, as always that r > 0 is sufficiently small). Fixing any 
zofmodulus < 1, weletr tend to 0 through the sequence {r„}. According 
to the preceding theorem, (®,U)(z) will then tend to U(z), and, since 
ra > 2r 419 (®,U)(e'%) will, for each 9, increase monotonically, tending 
to U(e'%). The second integral on the right will thus tend to 


1 2n 1 —|z|? r 
Zaja Ule'as 


2mo |Z 
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by the monotone convergence theorem. We desire at this point to deduce 
simultaneous convergence of the first term on the right to 


| ES 
log 

aa Eira 

from the w* convergence just described, since that would complete the 


proof. 
That, however, involves a slight difficulty, for, as a function of ¢, 


1—f 
C-—z 


is discontinuous at ¢ = z. To deal with this, we first break up the preceding 
formula for ®,U in the following way: 


(®,U)(z') = ->f 10 
K< 


n f | log |1 — | (V20,U)(Q) dé dn 
I< 1 


du(¢) 


log 


7% U)(¢) dé dn 


1 (2* 1 — 2’ |? 
+ f ath OVEA az <1: 
Keeping z, of modulus < 1, fixed, we take z’ in this relation equal to 
z + pe”, withO < p < 1-—|z|, and then integrate with respect to y 
on both sides, from 0 to 2z. 

When |¢| < 1, log|1—2z’C| is harmonic in z' for |z'| < 1; we thus 
have 


1 2n pee: = 
=| log|1 — (c+pe™)|dy = log|1—ze| 
27 Jo 
for each such ¢ and 0 < p < 1—|z|. In like manner, 
2n A iy j2 = 2 
: : Lana se dý = ai 
2nJo |z + pe” — e] \z—el?| 


for the indicated values of p. There is, finally, the elementary formula 


a ; dy min (og log +) 
-= og ———__—— = —, log- 
Znjo izt pe"—C| wet =" 


already mentioned in the last article. 
With the help of these relations we find by integration of the parameter 
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y that 


= | * (@,U)(2 + pe) dy 
2n Jo 


a ff min (o } , log= : *) (V7@,U)(¢) dé dn 
2n \t|<1 |z = cr 


ýt | | log|1 — z| (V2@,U)(0) dé dy 
2nJJig<1 


1 2n 1 —|z|? 


E jz—e5|2 (®,U)(e'*) dd 
a te 


for |z| < 1, 0 < p < 1-—|z|, and r sufficiently small. 

Fix now such values of z and p, and make r — 0 through the sequence 
of values r,. The third integral on the right in the present relation then 
tends to 

1 (° 1-—|zļ? 


id 
io UCC) d9 


2m Jo (z= e 


as observed above, and the left side tends to 


es fps U(z+pe”)dy = U,(z) 
22 Jo 


for the same reason (monotone convergence). Here, the functions of ¢ 
involved in the first two integrals on the right are continuous on the 
closed unit disk. This allows us to conclude from the w* convergence 
described above that those integrals tend respectively to 


{| min (tog , log- =) du(ć) 
\t|<1 iz |’ 


and to 
[f log|1 —z¢| du({). 
I< 1 


Putting these observations together, we see that 


U,(z) = Ih min (tog |=“ , log 3 Hah) ano 
kI<1 p 


2n {= 
Eel U(e!9)d9 
2n o Z= 


for |zZ| < landO < p < 1—|2|. 


+ 
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We finally let p — 0, continuing to hold z fixed. Then, as noted at the 
very beginning of this article, U,(z) — U(z). At the same time, the first 
right-hand integral in the formula just written tends to 


{| log |——_ iS zt 
kI<1 am 


3 


by monotone convergence! We therefore have 


UH = | | ee aa 
kI<1 25 


for |z| < 1. The function 


du(¢) 


2n ey, 2 
Elaa | ara UCAS 


2r Jo |\z—e 


2n et 2 
ne) = ~| 2" veiryas 


2a ie elt? 


is harmonic in the open unit disk. Our theorem is thus proved. 


Remark. The representation just obtained is frequently written differently. 
Taking, to simplify the notation, z) = 0, what we have so far reads 


Viz) i= 
a Je eeo 


with h(z) a certain function harmonic in {|z| < r}. Under the circumstances 
of the theorem (U superharmonic in a slightly larger disk), we even have 
an explicit formula for h, 


anO + A(z), S T 


1 2r aE 
h(z) = — oo (re) d 8, Z\ <r, 
ht pele ria OU) Izl 


found at the end of the above proof. 
The integral 


| log |r? — z| du(), 
Iel <r 


however, is itself a harmonic function of z for |z| < r. The preceding 
relation can be thus rewritten as 
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with 
H(z) = “hy “+ | (tog? — =f =$ log) du 
\¢]<r 


also harmonic in the disk {|z| < r}. Here we recognize on the right the 
familiar logarithmic potential ( corresponding to the (here finite) positive 
measure u ) which has already played a rôle in §F of Chapter IX. The 
simplicity of this version in comparison with the original one is somewhat 
offset by a drawback: H(z), unlike h(z), is no longer determined by the 
boundary values U(re'’) alone. It is often easier, nevertheless, to work 
with the former rather than the latter. 

As they stand, the two forms of the representation are equivalent, with 
the above relation between the harmonic functions h and H serving to 
pass from one to the other. As long as the (finite) measure p is positive, 
and the function H(z) harmonic in {|z| < r}, the boxed formula does give 
us a function U(z) superharmonic there according to observations in the 
preceding article; this is also true of the other formula under the same 
circumstances regarding u and h. Concerning, however, such a function 
U, with H(z), say, known only to be harmonic for |z| < r, we can say 
nothing about the boundary values U(re'’) (not even as regards their 
existence), and thus lose the above representation for the function h(z) 
corresponding to H as a Poisson integral in {|z| < r}. In order to have the 
latter, some additional information about U is necessary, its superhar- 
monicity in a larger disk, for instance (this in turn implied by harmonicity 
of H in such a disk). 


Regarding the measure u appearing in either version of Riesz’ result one 
has the important 


Theorem. In the representation 


U(z) = | eee rity + (2), l[Z=Zo| =< F, 
K-zol<r |12—¢| 


of a function U(z) superharmonic in and on |z — zo| < r (with u positive on 
that disk and H(z) harmonic in its interior), the measure u has no mass in 
any open subset of the disk where U(z) is harmonic.. 


Proof. Let |z—z | < rand suppose that U(z’) is harmonic in and on the 
closed disk |z'—z| < p, where 0 < p < r—|z—z,|. By the mean 
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value property we then have 


2n 
=| U(z+ pe”) dw = U(z). 


22 Jo 


H(z), however, has also the mean value property. Hence, using once again 
the formula 


- [tee 1 dy) (i 1 i ) 
== R A = min| log ——, log— 
27 Jo [z+ pe*—¢| ETA p 


together with the given representation for U, we see that the left-hand 
integral in the preceding relation equals 


| min log ! tog) aut + H(z). 
k- z0l <r kei ep 


Subtracting U(z) from this, we get 


| logt —2— du) = 0. 
I- zol <r \¢—2| 


Therefore p({|¢—z| < p}) = 0, yw being positive. This does it. 


Problem 48 


(a) In the Riesz representation 


U(z) = | log GM), 7 HG) P > |2—Z6\ -< «7, 
6-zol ZC] 


of a function U(z) superharmonic in and on |€—Zo| < r (with the 
measure u positive and H(z) harmonic for |{ — zo| < r ), the restriction 
of u to the open disk |Y — zo| < ris unique. (Hint: If F(z) is any continuous 
function supported on a compact subset of the open disk in question, we 
have 


FA = lim [Fotos -* dxdy 


p>0 np? |z-zol<r —2| 


uniformly for |€—z | < r. ) 


(b) In the representation for U written in (a), the function H(z) harmonic 
for |z—Zo| < ris not unique — it can be altered by letting u have more 
mass on the circle |C —z | = r. Show uniqueness for the function h(z), 


harmonic in {|z—Zo| < r}, figuring in the original form of the Riesz 


— 
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representation of U in that disk: 


r? — (z= zoe — Zo Zo) 
U = | 
2) en mE eG a) 


Let U(z), superharmonic in a domain 2, have the Riesz representation 


du(t) + h(z). 


U(z) 


| —— duo) + H,(2), 
4 a os ot 


U(z) 


| log du) + H(z), 
Ig-zı|<rı |z = 


with H,(z) and H,(z) harmonic, in the respective disks {|z — Zo] < ro}, 
{|z—z,| < rı}, whose closures lie in 2. Show that the positive measures 
Ho and u, agree on the intersection of those open disks as long as it is 
non-empty. (Hint: The method followed in part (a) may be used.) 


The last part of this problem gives us a procedure for extending the Riesz 
representation from disks to more general domains — the pasting argument 
referred to earlier. 


(a 


(b 


< 


— 


Problem 49 


Let U(z) be superharmonic in a domain 2, and let Q be any smaller 
domain with compact closure lying in 2. Corresponding to each open 
disk A whose closure lies in 2 we have, by the Riesz representation, a 
positive measure u, on A and a function H, harmonic in A such that 


1 
U(z) = |, log ——— dat) A, (2) 
A Janz =c] 
for zeA. 


Show that there is a (finite) positive measure u on Q agreeing in 
each intersection QnA with the corresponding measure pu, (Hint: 
Use a finite covering of Q by some of the disks A and then refer 
to the result from problem 48(c). ) 


Hence show that 


U(z) = f og 
a ee 


for zeQ, where H(z) is harmonic in that domain and p is the measure 
obtained in (a). (Hint: It suffices to show that for each zy € Q, 


da) + H(z) 


1 
U(z) — | log dy(¢) 
Mo zee] 


is harmonic in Ao, a disk contained in Q with centre at Zo.) 
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3. A maximum principle for pure logarithmic potentials. Continuity 
of such a potential when its restriction to generating measure’s 
support has that property 


Consider a function U(z) superharmonic in and on {|z| < 1} and 
thus having a Riesz representation 


KPE | oe eet at ies Buse e) 
ii<a TAS 


(with u positive and H(z) harmonic) in the open unit disk. If U is actually 
harmonic in an open subset © of the latter, u is in fact supported on the 
compact set 


= seen o 


according to the last theorem of the preceding article. 

One is frequently interested in the continuity of U (z) for |z| < 1. Because 
H(z) is even harmonic for such z, the property in question is governed by 
the continuity of 


1 
l d 
I SE ar] uC) 


there. An important result of Evans and Vasilesco given in the present 
article guarantees the continuity of such a logarithmic potential 
(everywhere!), provided that its restriction to the support K of u enjoys 
that property. This enables one to exclude from consideration the open set 
© in which U is known to be harmonic when checking for that function’s 
continuity in the open unit disk. 


The result referred to is based on a version of the maximum principle, of 
considerable interest in its own right. 


Maria’s theorem. Let the (finite) positive measure u be supported on a 
compact set K, and suppose that 


VG) = f 08 sath gE) 
K |z —¢| 


Then, if V(z) < M at each ze K, one has V(z) < M in C. 


Remark. V(z) is, of course harmonic inQ = C ~ K (and tends to — œ% as 
z— œ, unless p = 0), but the theorem does not follow without further 
work from the ordinary maximum principle for harmonic functions. For 
¢ e ôQ S K, all that the elementary properties of superharmonic 
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functions tell us directly is that 
liminfV(z) = V(t) < M. 


z>% 
If we only had limsup on the left instead of liminf, there would be no 
problem, but that’s not what stands there! Such pitfalls abound in this 
subject. 


Proof of theorem. We need only consider the situation where M < œ, 
since otherwise the result is trivial. In that event, the quantities 


1 
Vz) = | min log , log- ~ au) 
K Iz—¢| 

increase, for each ze K, to the finite limit V(z) as p — 0. Given e > 0, 
there is thus by Egorov’s theorem a compact E © K such that 

V,(z) — V(z) uniformly for ze E 
as p — 0, and 

UKSE) < e 


Since |z—¢| < diam K for z and ¢ in K, the second condition makes 


| toe zoe HO < f toe g HO + (logdiam K) u(K ~ E) 


< V(z) + elogdiamK < M + elogdiamK 


for ze K, hence certainly for ze E. By choosing ¢ > 0 small enough, we can 
ensure that the last quantity on the right, M + elogdiam K, denoted 
henceforth by M’, is as close as we like to M. 

At the same time, when z¢ K, 


1 
log ——— d 
oe Fee ut) 


lies between 


1 
adh eee ee 
Ë dist K) + diamK O° Gist(z,K) 


For any such fixed z, then, 


l d 
| dai 7] uC) 


will be arbitrarily close to V(z) when e > 0 is sufficiently small (depending 
on z ). We see, e > 0 being arbitrary, that we will have V(z) < M at each 
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z¢K (thus proving the theorem) if we can deduce that 


| toe dug) < M' 
E |z—C| 


outside E knowing that this holds everywhere on E. 

The last implication looks just like the one affirmed by the theorem, 
so it may seem as though nothing has been gained. We nevertheless have 
more of a toehold here on account of the first condition on our set E, 
according to which 


FP 1 
l ——— J = 1 d 
og ze] u(C) fi tary uC) 


™ | min (toe ; tog) du 
K esi p 


tends to zero uniformly for ze E as p — 0. Thence, a fortiori (!), 


f e du(t) —> 0O uniformly for zeE 
E a 


as p — 0. This uniformity plays an essential rdle in the following argument. 
It will be convenient to write 


1 
U = l 
3 i od mae 


The proof of our theorem has boiled down to showing that if 


du(¢). 


U(z) < M’ for zeE, 


then U(z) is also < M’ at each z ¢ E. 
This is where we use the maximum principle for harmonic functions. 
In C~E, U is harmonic; also, 


U(z) — — œ asz—o 


unless p(E) = 0, in which case the desired conclusion is obviously true. 
The principle of maximum will therefore make U(z) < M’ in C~ E 
provided that limsup,,,,U(z) < M’ for each zọEE (cf. second corollary 
to the second lemma in article 1). 

Take any ô > 0; we wish to show that at each Zp € E, 


U(z) < M’ + 7 


for the points z in a neighborhood of zo. Thanks to the uniformity arrived 
at in the preceding construction, we can fix a p > 0 such that 
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| log? I 
E |z— = | 
whenever z € E. With such a p, which we can also take to be < 1, we have 
1 1 
U(z) = | min (o 7} , log- PaO + | log* pa du(0). 
E 


The first integral on the right is < U(z) and hence < M’ for ze E; it is, 
moreover, continuous in z. That integral is therefore < M’ + ô whenever z 
is sufficiently close to any Zo € E;our task thus reduces to verifying that 


1 a Fs 66 
foe Feu ae 


for z close enough to such a Zp. The last relation holds in fact at all points 
z, aS we now proceed to show with the help of an ingenious device used 
in Carleson’s little book. The latter has the advantage of being applicable 
when the logarithmic potential kernel log (1/|z — |) is replaced by fairly 
general ones of the form k(|z —¢|), and it can be used in R” for n > 2 as 
well as in R?. 

Fix any z. If ze E, the integral in question is even < 6 by choice of p, 
so we may suppose that z¢ E. Then, using z as vertex, we partition the 
complex plane into six sectors, each of 60° opening, and denote by 
E,, E, ..., Es the respective intersections of E with those sectors (so 
as'to have E,U. EU -" UE, = ibn), 
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In each non-empty closure E,, k = 1,2,...,6, pick a point z, for which 
|Z, — z] = dist (z, E,). 
We have 
6 
au —— da0) < } i o AO 
|z— = | k=1 |z = | 


(with < here and not =, because the E, may intersect along the edges 
of the sectors*). However, for each k, 


beee d < or E E dei 
L Bite gsr he iiae 


since 
|z—C| > |z,—¢| when ¢ EE, 


as one sees from the following diagram, drawn for k = 6: 


Figure 239 


Here, Z is the perpendicular bisector of the segment [z, z6] and 2’ that 
of [z, z’]. Any point ¢ in Eg lies on the same side of Z as zę and on the 
opposite side thereof from z, so the last inequality must hold. (By imagining 
zę to coincide with z’ — in which case Y, coinciding with 2’, would pass 


* if, for instance, we work with closed 60° sectors (which we may just as well do), 
in which case the sets E, are already closed. 
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through z” — and then allowing ¢ to approach z”, we see that the 60° 
opening of the sector 2’zz’ cannot be made larger if the inequality in 
question is to hold for all ¢ € Eg.) 

Again, for 1 < k < 6, 


d(C). 


|Z. —¢| Iz. — čl 


But the right-hand integral is < 6 by choice of p since z, € Excsuna 
Thence, going back to the previous relations, we find that 


| 108° ee de. f toe" ʻ 
Ek E 


f tout 2 au < 66 
E j= 


as we set out to show. 

As explained above, this implies that U(z) < M’+76 in a suitably 
small neighborhood of any Zo e E and thus finally, that U(z) < M’ in 
C ~ E, after squeezing 6. From that, however, our result follows as we 
saw at the beginning of this proof. We are done. 


Problem 50 


With K a compact subset of the open (sic!) unit disk A and y a positive 
measure supported on K, put 


(Ay = | toe 
K 


Suppose that V is finite at each point of K. Show then that if W(z) is 
superharmonic and > 0 in A, and satisfies 


W(z) > V(z) 


L—tz 


A 


| du), = |z| < 1. 


for ze K, we have V(z) < W(z) in A. 


Remark, The finiteness of V at the points of ps support cannot be 
dispensed with here. Consider, for example, 


Viz) = log— 

|z| 
and 

1 1 
Wo e= pen 
(z) 5 8 


(Hint: Argue first as in the above proof to get, for any given €> Q, a 
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compact subset E of K with 
WK œ E) < €& 


and 


Pam! 
f og rati HC) 


uniformly for ze E as p — 0. 
Put 


t= y 
Oz) [ios zs 
E 


da(¢); 
7 m(@) 


ze 
here, U(z) < V(z), so in particular U(z) < W(z) on E S K. For any 
fixed z e A~ K, V(z)—U(z) is small if € is, so it is enough to show 
that U(z) < W(z) at each z e A~ E. 

The difference W(z) — U (z) is superharmonic in A ~ E; the last relation 
therefore holds (by a corollary from article 1) provided that 
lim inf(W(z)— U(z)) > 0 
for each zp € 0(A~ E). 

When |z,| = 1, this is manifest, W being > 0 in A with (here) V(z) and 
U(z) continuous and zero at Zo. It is hence only necessary to look at the 
behaviour near points Zo E E. 

Fix any such Zo, and take any ô > 0. Reasoning as in the above proof, 
show that 


U(z) < U(zo) + 76 


in a sufficiently small neighborhood of zo. Since W(zo) > U(zo), we 
therefore have 


W(z)—U(z) > —8ô 


in such a neighborhood.) 


We come now to the result about continuity spoken of at the beginning 
of this article. 


Theorem (due independently to Evans and to Vasilesco). Given a positive 
measure u supported on a compact set K, put 


Voy | toe A 
K |z—€| 


If the restriction of V to K is continuous at a point Zo €E K, V(z) (as 
a function defined in C) is continuous at Zo. 
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Proof. Given e > 0, there is an n > 0 (which we fix) such that 
\V(z)—V(z)| < ¢€ for zeK with |z—Zo| < n 
Consider, on the compact set 


K, = Kn{|z—Z| < n} 


n 
the continuous functions 


F(z) = mind Vo) — 2e, [ min( 108 , log- ~)auo}. 

K iz. l p 
defined for each p > 0. When p diminishes towards 0, F(z) increases for 
each fixed z, tending, moreover, to min(V(z,) — 2e, V(z)), equal to the 
constant V (zo) — 2e for z e K,. According to Dini’s theorem, the convergence 
must then be uniform on K,, so, for all sufficiently small p > 0, we have 


; 1 
| min( log , log- ~ au) >. V(zo) — 38, ZEK, 
K [z= |’ 
The integral on the left is, however, 


1 
< l du(), 
ic 8a uG) 


which is in turn < V(zo)+e for zeK,„; subtraction thus yields 


| log* ——du(f) < 4e, zeK,„ 
K |z = | j 
for p > 0 sufficiently small. 

Fix any such p < n/2. We desire to use Maria’s theorem so as to take 
advantage of the relation just found, but the appearance of log* in the 
integrand instead of the logarithm gives rise to a slight difficulty. 

Taking a new parameter 4 with 1 < 4 < 2, we bring in the set 


K,, = Kaf|z—zol < Ap}. 
Since Ap < 2p < n, we have K,, © K,, so surely 
| logt ——— du(f) < 4e 
K |z = | 
for z € K,,, whence, a fortiori, 
| log du(t) < | log* ——_ du(t) < 4e 
bey = | Ka; |z =I | 


when z is in K,,. 
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Thence, applying Maria’s result to the integral 


lowe = a 
pi 8a m(@) 


(which differs by but an additive constant from 


1 
1 d 3 
E gsm ) 


we see thatitisinfact < 4e forall z. From this we will now deduce that 


| log* <n du(t) < Se 
Kip |z FF C| 
(with log* again and not log!) whenever z is sufficiently close to Zo, provided 
that 4 > 1 is taken near enough to 1. 

We have 


log* z = log Z log™ a 


Een Ee Eee 


Here, when ¢ € K,, and |z—2Zo| < (A—1)p, we are assured that 
|z—C| < (2A—1)p, making 


foe = log (2—1). 
|z—C| 


Figure 240 
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Therefore, for |z — zo| < (A—1)p, 


| log* —"— dul) < | log—" — dul) + MK) log (24 — 1). 
iin snl i 


By choosing (and then fixing) 2 > 1 close enough to 1, we ensure that the 
second term on the right is < g; since, then, the first is < 4e as we have 
seen, we get 


| log? edule «<8 witor lz rohan sale. 
Kip |z—¢| 


Now, when |z—2Z | < (A—l)pand( e K~K,,, making |¢ — Zo] > Ap, 
we have (see the preceding picture) 


=| > P, 


so 


For |z— zo| < (A—1)p, the integral in the last relation is thus equal to 


p 
log =O] 
f og A HC) 


which is hence < Se then! 
Let us return to V(z), which can be expressed as 


| min( 10g log du + | logt —? — d(O). 
K |jz—¢| p K IZ =C] 


When z is close enough to Zo the second term is < Se as we have just 
shown; the first term, however, is continuous in z, and hence tends to 


| min( 10g log) du) = iV (2o) 
K [29 —¢| P 


as z — Zo. Therefore, 
V(z) < V(zo) + 6e 


for z sufficiently close to Zp. 
At the same time, V is superharmonic, so by property (i) (!), 


liminf V(z) > V{(zp). 


Z>Zo 
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Thus, 
V(z) —> V(zo) as z— Zo 


since s > 0 was arbitrary; the function V is thus continuous at Zp. 
Q.E.D. 


Corollary. Let U(z) be superharmonic in the unit disk, A, and harmonic in 
the open subset Q thereof. If z€ A ~Q and the restriction of U to A~Q 
is continuous at Zp, U(z) is continuous at Zo. 


Proof. Pick any r with |zọ| < r < 1; then, by the Riesz representation 
theorem from the preceding article, 


Ue) = | ee = Sa OH) 
aa E 


for |z| < r, where H(z) is harmonic for such z and pis a positive measure. 
We know also from the last theorem of that article that 


MQAd{fl<r}) = 0; 
taking, then, the compact set 


K = ({Ifl<r} a~ Q) v {Ifl=7}, 


we can write 


1 
U(z) = | log du] +-H(z) (|2| <r. 
K Iz=] 
Here, since |zọ| < r, H is continuous at Zo, and the restriction of 


U(z)— H(z) to K is also, by hypothesis. We thus arrive at the desired 
result by applying the theorem to 


1 
l dy(ć). 
| PARE (E) 


Done. 


Problem 51 


Let u be a positive measure supported on K, a compact subset of the 
open unit disk, and suppose that 


1 
V(z) = f ios 
K Z 


is finite at each point of K. Show that there is a sequence of positive 
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(i) 
(ii) 
(iii) 


(iv) 
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measures y,, supported on K for which: 
dun(0) < dun+i(0) < dt) for each n; 
MK) —4,(K) => 9; 


each of the functions 


1 n Cz 
du, 


Vaz) = | log 
K 


z— 
is continuous on A; 
V,(z) —+ V(z) for each ze A. 

(Hint: Start by arguing as in the proof of Maria’s theorem, getting 


compact subsets K, of K with yK ~ K,) < 1/n, on each of which the 
convergence of 


Jelsi 
min{ log 
K 


7 , log 
to V(z) for p tending to zero is uniform. This makes the restriction of V 
to each K, continuous thereon. 

Arranging matters so as to have K, © K,,, for each n, define py, by 
putting u,(E) = wWEQK,) for ESK. Each of the differences 
0, = H—H, 1s also a positive measure on K. 

We have (with V, as in (iii) ), 


EZ 


z—¢ 


[1 —¢2| 


Jaw 


ZzZ— 


Lo H | log do,(¢), 


where the integral on the right (without the — sign) is superharmonic in 
A. Hence, since V, restricted to any of the K,, is continuous thereon, 
we see that 

lim sup V,(z) <  V,(Zo) for Zo € K, 


z=>z20 
ZEKn 


On the other hand, 
liminfV,(z) >  V,(Zo). 


The restriction of V, to K,, the support of y,, is thus continuous. Now 
apply the preceding theorem. 
Observe finally that 


du) = Xx) du(C) 


with, for each fixed zo € A, 


ESE 


bi 
lin) — log $0 


log a.e. (u) 


0 0 
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on K as n— œ. This makes V,(zo) —+ V(zo) by monotone 
convergence.) 


B. Relation of the existence of multipliers to the 
finiteness of a superharmonic majorant 


1. Discussion of a certain regularity condition on weights 


We return to the question formulated somewhat loosely at the 
beginning of §A in the last chapter, which was to find the conditions a 
weight W(x) > 1 must fulfill beyond the necessary one that 


o log W 
| log WO) a eg, 
ete x 


in order to ensure the existence of entire functions g(z) # 0 of arbitrarily 
small exponential type making W(x)g(x) bounded (for instance) on R. 
These must be conditions pertaining to the regularity of W(x). Although 
an explicit minimal description of the needed regularity is not available 
as I write this, it seems likely that two separate requirements are involved. 

One, not particularly bound up with the matter now under discussion, 
would serve to rule out the purely local idiosyncrasies in W’s behaviour 
that could spoil existence of the above mentioned functions making 
W(x)p(x) bounded on R when such ¢ with, for example, 


l |W(x)ọ(x)Pdx < œ (for some p > 0) 


were forthcoming. A very simple illustration helps to clarify this idea. 


Consider any weight W,(x) > 1 for which a non-zero entire function Qo 
of exponential type A < n with W,(x)| @o(x)| < 1 on Ris known to exist. 

Unless W(x) is already bounded (a case without interest for us here! ), 
Po(z) must differ from a pure exponential and hence have infinitely many 
zeros (coming from its Hadamard factorization). Dividing out any two of 
those then gives us a new non-zero entire function Q, also of exponential 
type A, for which Wo(x)|@(x)| < const./(1 + x?) xeR, so that 


| ” Wolxdloidx <0. 


Taking the new weight 


W(x) = |sinax|~*/? W(x) 
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which becomes infinite at each integer, we still have 


E W(x)lo(x)|dx < œ. 


There is, however, no longer any entire (z) # Oofexponentialtype < 1 
for which W(x)W(x) is bounded on R. Indeed, such a function y would 
have to be bounded on R and hence satisfy |W(z)| < const.exp(B|3z\|), 
with B < n, by the third Phragmén—Lindelof theorem in §C of Chapter 
III. In the present circumstances, Y would also have to vanish at each 
integer, but then the usual application of Jensen’s formula would show 
that it must vanish identically. Starting with a weight W, for which entire 
Qo Æ 0 of arbitrarily small exponential type A >0 with @o(x)W,(x) 
bounded on R are available, we thus find ourselves in a situation 
where — adopting the language of §A, Chapter X — the related weight W(x) 
admits multipliers in L,(R) but not in L,,(R). 


By such rather artificial and almost trivial constructions one obtains 
various weights W from the original W, that admit multipliers in some 
spaces L,(R) but not in others. This seems to have nothing to do with 
the real reason (whatever it may be) for W, to have admitted multipliers 
( in L,,(R) ) to begin with. That must also be the reason why the weights 
W admit multipliers in certain of the L,(R), and thus probably involves 
some property of behaviour common to W,(x) and all of the W(x), 
independent of the special irregularities introduced in passing from the 
former to the latter. If this is so, it is natural to think of that behaviour 
property as the essential one governing admittance of multipliers, and the 
second regularity condition for weights would be that they possess it. By 
the first regularity condition, weights like |sinzx|~1/?W,(x) would be 
ruled out. 

From this point of view, a search for the presumed essential second 
condition appears to be of primary importance. In order to be unhindered 
in that search, one is motivated to start by imposing on the weights W 
some imperfect version of the first condition, stronger than needed*, 
rather than seeking to express the latter in minimal form. That is how we 
will proceed here. 


Such a version of the first condition should be both simple and 
sufficiently general. One, given in Beurling and Malliavin’s 1962 paper, is 
very mild but rather elaborate. Discussion of it is postponed to the 


* even at the cost of then arriving at a less than fully general version of the second 
condition 
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scholium at the end of this article. The following simpler variant seems 
adequate for most purposes; it is easy to work with and still applicable 
to a broad class of weights. 


p> Regularity requirement. There are three strictly positive constants, 
L, C and « such that, for each xe R, one has a real interval J, of length L 
containing x with 


W(t) > C(W(x))* for teJ,. 


(Unless W(x) is bounded—a case without interest for us here- the 
parameter « figuring in the condition must obviously be < 1. ) Much of 
the work in the present chapter will be limited to the weights W that meet 
this requirement.* 


What our condition does is impose a weak kind of uniform semicontinuity 
on log* log W(x). It implies, for instance, a certain boundedness property 
on finite intervals. 


Lemma. A weight W(x) meeting the regularity requirement is either 
identically infinite on some interval of length L or else bounded above on 
every finite interval. 


Proof. Suppose that -M < x, < M and W(x,) —— œ. Wlog, let 
ket tO: 
To each x, is associated an interval J,, of length L containing it, on 
which 
W(x) > C(W(x,))*. 


For infinitely many values of n, J,,, must extend to the same side of x, 
(either to the right or to the left) by a distance > L/2. Assuming, wlog, 
that we have infinitely many such intervals extending by that amount to 
the right of the corresponding points x,, we see that 

‘ L 
Xo == Xo + 4 
lies in infinitely many of them. The preceding relation therefore makes 
W(x) = œ. Then, however, W(x) = œ for the x belonging to the 
interval Jy of length L. 


* Regarding its partial elimination, see Remark 5 near the end of §E.2. 
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Here are some of the ways in which weights fulfilling the regularity 
requirement arise. 


Lemma. If Q(t) > 0, the average 
1 L 
Woy= =| Q(x + t) dt 
A Dei Uae 


satisfies the requirement with parameters L, C = 1/2 anda=1. 


Proof. Given any x, we have 
1 1 
— | Q(t)dt > —W(x) 
for an interval J equal to one of the two segments [x— L, x], 


[x, x+ L]. Taking that interval J as J,, we then have 


1 L 
we) = a Qé+ndt > = | Q(s)ds > 5 Wo) 
=E Jx 


for each € e J,. 


In like manner, one verifies: 


Lemma. If Q(t) > 0 and p>0 (sic!), 


W(x) = (= ; Ow nyrar) 


satisfies the requirement with parameters L, C = 27! anda = 1. 


Lemma. If Q(t) > 1, the weight 


1 L 
W(x) = exp} | log Q(x + t) dt 
Oh deck 
satisfies the requirement with parameters L, C=1 anda = 1/2. 


Weights meeting the requirement are also obtained by use of the Poisson 
kernel: 


Lemma. Let Q(t) > 1 be such that 


| © Jog Q(t) 


ia? Gima ra e 
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Then, for fixed y > 0, the weight 


a hg log Q 
oy off ga 


fulfills the requirement with parameters L, C=1 anda = e™™”. 


Proof. Since log Q(t) > 0, we have (Harnack!) 


dlog W 
dlog W(x) < 1 log W(x), 
dx y 
so that 
log W(é) > (log W(x))e'*-*"”. 
Take J, = [x— L/2, x+ L/2]. 


A weight meeting the regularity requirement and also admitting 
multipliers has a & „ majorant with the same properties. 


Theorem. Let W(x) > 1 fulfill the requirement with parameters L, C, and a, 
and suppose that 


cea | 
| LUAU <p 6 00% 
IETA 


There is then an infinitely differentiable weight W,(x) > W(x) also meeting 
the requirement such that, corresponding to any entire function o(z) # 0 of 
exponential type < A making W(x)|g(x)| < 1 on R, one has an entire 
Y(z) # 0 of exponential type < mA with W,(x)|W(x)| < const, xeR. 
Here, for m we can take any integer > 4/a. 


Remark. As we know, the integral condition on log W follows from the 
existence of just one entire function ọ having the properties in question. 


Proof of theorem. Any entire function 9 satisfying the conditions of the 
hypothesis must in particular have modulus < 1 on the real axis, so, by 
the second theorem of §G.2, Chapter III, 


1 f° Szloglo(Ol 4, 
|z—t|? 


log|g(z)| < A3z + 


= 00 


for 3z > 0. Adding to both sides the finite quantity 


1 %3z log Wo) at 
NJ -o |z—t|? 
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we see, remembering the given relation 
log|g(t)| + logW(t) < 0, teR, 


that 


log|(z)|_ + f Szlog WO) 5, 


TJ- o |z TF t|? 
Put now z = x+iL, and use the fact that 

log W(t) > alogW(x) + logC 
for t belonging to an interval of length L containing the point x. Since 
log W(t) > 0, the integral on the left comes out 

1 

> Te log W(x) + logC), 

and we find that 


a pe ET) + logW,(x) < const. xeR, 
ow 


where 


ai 4 (° L log W(t) } 
Wi) = aC eap l ee 
1) ait E t) +E 


is certainly > W(x). This function is, on the other hand, infinitely 
differentiable, and it satisfies the regularity requirement by the last lemma. 
At the same time, 


W,(x)|o(x +iL)|*/* < const., xeR. 


Because g is bounded on the real axis, we know by the third 
Phragmén-—Lindelof theorem of §C, Chapter III that g(x +iL) is also 
bounded for xe R. Hence, taking any integer m > 4/a, we have 


W,(x)|Y(x)| < const., xeR, 
with the entire function 

W(z) = (ọ(z +iL))”, 
obviously of exponential type < mA. 


Done. 


The elementary result just proved permits us to restrict our attention to 
infinitely differentiable weights when searching for the form of the ‘essential’ 
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second condition that those meeting the regularity requirement must 
satisfy in order to admit multipliers. This observation will play a rôle in 
the last two §§ of the present chapter. But the main service rendered by 
the requirement is to make the property of admitting multipliers reduce 
to a more general one, easier to work with, for weights fulfilling it. 

In order to explain what is meant by this, let us first consider the situation 
where an entire function g(z) # 0 of exponential type < A with 
W(x)|g(x)| < const. on R is known to exist. If the weight W(x) is even, 
some details of the following discussion may be skipped, making it shorter 
(although not really easier). One can in fact stick to just even weights (and 
even functions ¢(z) ) and still get by — see the remark following the last 
theorem in this article—and the reader is invited to make this 
simplification if he or she wants to. We treat the general case here in order 
to show that such investigations do not become that much harder when 
evenness is abandoned. 


Assume that W(x) > 1 is either continous, or fulfills the regularity 
requirement (of course, one property does not imply the other). Then, since 
y(z) # 0, W(x) cannot be identically infinite on any interval of length 
> 0. By the first of the above lemmas, this means that W(x) is bounded 
on finite intervals under the second assumption. The same is of course true 
in the event of the first assumption. 

The function W(x) is, in particular, bounded near the origin, so if (z) 
has a zero there — of order k, say — the product W(x)p(x)/x* will still be 
bounded on R. We can, in other words, assume wlog that (0) # 0, and 
hence that g has a Hadamard factorization of the form 


g(z) = cer] ( 1-2 Jer 
à A 


Following a procedure already familiar to us, we construct from the 
product on the right a new entire function y(z) having only real zeros (cf. 
§H.3 of Chapter III and the first half of the proof of the second 
Beurling—Malliavin theorem, §B.3, Chapter X). 

Denote by A the set of zeros 4 figuring in the above product with 
RA # 0. For each AeA we put 


XN A 


this gives us real numbers 1’ with |/’| > |A|. (It is understood here that 
each J’ is to be taken with a multiplicity equal to the number of times 
that the corresponding AeA figures as a zero of o.) The number N(r) of 
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points 4’ having modulus < r (counting multiplicities) is thus at most 
equal to the total numbers of zeros with such modulus that ọ has (again 
counting multiplicities). The latter quantity has, however, asymptotic 
behaviour for large r governed by Levinson’s theorem (§H.3, Chapter III), 
because ¢(x) must be bounded on R, W(x) being > 1. In this way we 
see that that quantity is ~ 2A’r/x for r — œ, where A’ is some positive 
number < the type of ọ, and hence < A. 
We therefore have 
N(r) 2A’ 


SRE RO) 
r T 


for large r. 
This being so, the product 


e7 Ry I] (1 pe zen 
AcA A 


(with each factor repeated according to the multiplicity of the 
corresponding À ) is convergent (see §A, Chapter III) and hence equal to 
some entire function (z). We know from §B of Chapter III, however, that 
the preceding relation involving N(r) is insufficient to ensure wW’s being of 
exponential type. In order to show that, we resort to an indirect argument 
(cf. §H.3, Chapter III). 
What the condition on N(r) does give is the estimate 

log|W(z)| < O(|z|log|z|), valid for large |z| (§B, Chapter III); we thus 
have 


log|¥(z)|_ < O(lz|***) 


(with arbitrary € > 0 ) for z with large modulus. At the same time, w(x) 
is bounded on the real axis. Indeed, for AeA, 


(i 
A 


whereas, for any purely imaginary zero A of 9, 


2 
jee eA, = ga pace ELIN xeR. 
A |å]? 


Comparison of the above product equal to (z) with the Hadamard 
representation for g thus shows at once that |Cy(x)| < |@(x)| for xe R, 
yielding 


x : 
> ener era" xeR, 


lW(x)| < const,  xeR, 


since such a relation holds for ¢(x). 
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On the imaginary axis, the above estimate on log|yw(z)| can be 
improved. We have: 


2 oe) 
log |W(iy)| : >} log( 1+ 4 ) = ;| log( 1425 ane 
r 


A ay? pie je 
a N(r 
= if’ eh Noa 
ye ae Te 


(note that N(r) = 0forr> 0 close to zero). Plugging the above inequality 
for N(r) into the last integral, we see immediately that 


; l i 
lim sup log Wty)! <U? 

y>tŁo ly| 
Use this relation together with the two previous estimates on y to make 
a Phragmén—Lindel6f argument in each of the quadrants I, II, II and 
IV. One finds as in §H.3 of Chapter III that 


\y(z)| <  const.e4!S?I, 


Thus, since A’ < A, y(z) is of exponential type < A (as our original 
function @ was). 

This argument has been given at length because it will be used again 
later on. Then we will simply refer to it, omitting the details. 


Let us return to our weight W(x). Since, as we have seen, 
\W(x)| < const.|@(x)| on R, it is true that 


W(x)|W(x)| < const., xEeR. 


Knowing, then, of the existence of any entire function ọ(z) # 0 having 
exponential type < A and satisfying this relation, we can construct a new 
one, W(z), with only real zeros, that also satisfies it. Moreover, as the above 
work shows, we can get such a y with y(0) = 1. 

We now rewrite the last relation using a Stieltjes integral. As in §B of 
Chapter X, it is convenient to introduce an increasing function n(t), equal, 
for t > 0, to the number of zeros J’ of (counting multiplicities) in [0, t], 
and, for t < 0, to the negative of the number of such J’ in [t, 0). This function 
n(t) (N.B. it should not be confounded with N(r) ! ) is integer-valued and, 
since y(0) = 1, identically zero ina neighborhood of the origin. Application 
of the Levinson theorem from §H.2 of Chapter III to the entire function W(z) 
shows that the limits of n(t)/t for t — + œ exist, both being equal to a 
number < A/z. Thus, 


Mates 
t 


+° o(1) © for eS EO: 
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Writing y instead of Ry, the product representation for y(z) can be put 
in the form 


fos hell. = 98tz et | 7 (1o 


ALi 


tæ : "i Fe amo 
t t 


The relation involving W and yw can hence be expressed thus: 


yx + | (1e 


The existence of our original multiplier g for W, of exponential type < A, 
has in this way enabled us to get an increasing integer-valued function 
n(t) having the above properties and fulfilling the last relation. 


1 — Š + =) an + logW(x) < const., xeR. 
t t 


If, on the other hand, one has an integer-valued increasing function n(t) 
meeting these conditions, it is easy to construct an entire function y of 
exponential type < A making W(x)|W(x)| < const. on R. All one need 
do is put 


ye) = ehi -2 Je 
x A 
with 4’ running through the discontinuities of n(t), each taken a number 
of times equal to the corresponding jump in n(t). The boundedness of the 
product W(x)y(x) then follows directly, and the Phragmén—Lindelof 
argument used previously shows Ņ(z) to be of exponential type < A. The 
existence of our multiplier is, in other words, equivalent to that of an 
increasing integer-valued function n(t) satisfying the conditions just 
enumerated. 


Our regularity requirement is of course not needed for this equivalence, 
which holds for any weight bounded in a neighborhood of the origin. 
What that requirement does is permit us, when dealing with weights subject 
to it, to drop from the last statement the condition that n(t) be integer-valued. 
The cost of this is that one ends with a multiplier @ of exponential type 
several times larger than A instead of one with type < A. 


Some version of the lemma from §A.1 of Chapter X is needed for this 
reduction. If W(x) were known to be even (with the increasing function 
involved odd!), the lemma could be used as it stands, and the proof of 
the next theorem made shorter (regarding this, the reader is again directed 
to the remark following the second of the next two theorems). The general 
situation requires a more elaborate form of that result. As in §B.2 of 
Chapter X, it is convenient to use [p] to denote the least integer > p when 
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p is negative, while maintaining the usual meaning of that symbol for p > 0. 
The following variant of the lemma is then sufficient for our purposes: 


Lemma. Let v(t) be increasing on R, zero on (—a, a), where a> 0, and 
O(t) for t — + œ. Then, for 3z # 0, we have l 


© R 
cRz + | (1o ls = 2 ) ated — ave) 
ayer ge al 9 ge oie ala 
a 


c being a certain real constant depending on v. 


A proof of this estimate was already carried out fora = 1 and Jz = 1 while 
establishing the Little Multiplier Theorem in §B.2 of Chapter X. The 
argument for the general case is not different from the one made there. * 


We are now able to establish the promised reduction. 
Theorem. Let the weight W(x) > 1 meet our regularity requirement, with 
parameters L, C and a. Suppose there is an increasing function p(t), zero on 


a neighborhood of the origin, with 


A 
— < — + O(t) fort — +0 


yx + | (108 


on the real axis, where y is areal constant. Then there is a non-zero entire 
function W(z) of exponential type < 4A/a with W(x)W(x) bounded on R. 


and 


4 zapo + logW(x) < const. 


hoe 
t 


Remark. The number 4 could be replaced by any other > 2 by refining 
one point in the following argument. 


Proof of theorem. Put 


Rz 


ee Fe apo): 
t t 


U(z) = yRz + fi (toe 


our conditions on p(t) make the right-hand integral have unambiguous 


* By following the procedure indicated in the footnote on p. 186, one can, noting 
that [v(t)] — v(t) > 0 fort < 0, improve the upper bound furnished by the 
lemma to log |z/3zl; this is independent of the size of the interval (— a, a) on which 
v(t) is known to vanish. 
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meaning for all complex z, taking, perhaps, the value — o0 for some of 
these.* The lack of evenness of W(x) and U(z) will necessitate our attention 
to certain details. 

U(z) is subharmonic in the complex plane; it is, in other words, equal 
there to the negative of a superharmonic function having the properties 
taken up near the beginning of §A.1. According to the first of those we 
have in particular 

lim sup U(z) < U(X) for xo € R. 
Our hypothesis, however, is that U(xo) + log W(xo) < K, say, on R, 
with log W(x.) > O there. Hence 
lim sup U(z) < K, Xo E R. 
z>xo 

Starting from this relation, one now repeats for U(z) the Phragmén- 
Lindelöf argument made above for log|y(z)|, using the properties of p(t) 
in place of those of N(r). In that way, it is found that 


U(z) < K + Aļ3zl. 

The function U(z) is actually harmonic? for 3z > 0, and we proceed to 
establish for it the Poisson representation 

E A, 


Ui ~~» lz—tl? 


dt 


U(z) = ABZ + 


in that half plane, with 


A = kaun < A. 


yo 
(This step could be avoided if W(x) were known to be continuous; such 
continuity is, however, superfluous here.) Our formula for U(z) shows U(iy) 
tobe > Ofor y > 0,so the quantity A’ is certainly > 0. That it does not 
exceed A is guaranteed by the estimate on U(z) just found. That estimate 
and the fourth theorem of §C, Chapter III, now show that in fact 


U(2) om K +4 32 for. 3z 40 


the function U(z) — K — A’3z is thus harmonic and < 0 in the upper 
half plane. 


* any such z must be real — U(z) is finite for Jz # 0 


t and, in particular, finite (see preceding footnote) — the integral in the following 


Poisson representation is thus surely convergent. 
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By §F.1 of Chapter III we therefore have 


CAE K = Aa ah ap 3z da(t) 


for 3z > 0, with a constant b > 0 and a certain positive measure o on R. 
It is readily verified that b must equal zero. Our desired Poisson 
representation for U(z) will now follow from an argument like the one in 
§G.1 of Chapter III if we verify absolute continuity of o. 

For this purpose, it is enough to show that when y — 0, 


M 
| |U(x + iy) — U(x)|dx — 0 
-M 


for each finite M. Given such an M, we can write 


2M 
Ulim=s yR + (| -f )(t08 
-2M lt|>2M 


The second of the two integrals involved here clearly tends uniformly to 


| (ioe 
|t|>2M 


asz = x + iy tends to x, when — M < x < M. Hence, since p(t) is zero on 
a neighborhood of the origin, the matter at hand boils down to checking 


l 
M 


as y — 0. The inner integrand is already positive here, so the left-hand 
expression is just 


1-4 EY 7 apo) 


1-4 + * apt 
t t 


2M 
| (log|x +iy—t| — log|x—t|)dp(t)|dx —> 0 


-2M 


2M M 
| | (log|x +iy—t|. — log |x — t|)dx dp(t). 
—-2M /—-M 

In this last, however, the inner integral is easily seen — by direct calculation, 
if need be — to tend to zero uniformly for -2M < t < 2Masy— 0. 
(Incidentally, fe los | w= x|dx is the negative of a logarithmic potential 
generated by a bounded linear density on a finite segment, and therefore 
continuous everywhere in w.) The preceding relation therefore holds, so 
ø is absolutely continuous, giving us the desired Poisson representation 


for U(z). 
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Once that representation is available, we have, for Jz > 0, 


© %z log Wit ie 
zes 


— oe 


sears a 3z (U(t) + log 3z (UW) + log WO) 5 


= lz — ti? 


Since, however, U(t) + logW(t) < K on R, the right side of this relation 
must be < K + A’3z, so we have 


yRz + ih (108 


1 fe 32 log Wit) 
T jz—t]? 


-4 i "e)a 
t t 


n dt ee OR A 0. 


(Putting z = i, we see by the way that f? (log W(t)/(1+17))dt < œ.) 


By hypothesis, W meets our regularity requirement with parameters 
L, C, and «; this means that 


log W(t) > alogW(x) + logC 
for teJ,, an interval of length L containing x. Therefore, if 
Z = XAL 


the second integral on the left in the preceding relation is 
> (a/4)log W(x) + (1/4)logC. After multiplying the latter through by 
4/« we thus find, recalling that A’ < A, 


4 0 
pi + | (toe 
X = 00: 


+ slog WONI STMK; xeR, 


ta 


i + =) asoj) 


where 


4K +4AL—logC 
3 3 


It is at this point that we apply the last lemma, with 
4 
v(t) =~ O 
a 


andz = x+iL. If p(t), and hence v(t), vanishes on the neighborhood 
(—a, a) of the origin, we see on combining that lemma with the preceding 
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relation that 


Bx + | (igl -2+7 
t 


— oO 


"i *) atv + log W(x) 


|x| +iL 
+ ee 


< “K + log* 1 


ARAT 
L g 


on R, with a certain constant $. From this we have, a fortiori, 


Bx + y Cc 


er pe log ix) for xeER, 


t= 


F “Jaren + log W(x) 


K” being a new constant. The first two terms on the left add up, however, 
to log|@(x)|, where 


gz) = [I (1 -es 
a A 


is the Hadamard product formed from the discontinuities 4 of [v(t)], each 
one taken with multiplicity equal to the height of the jump in that function 
corresponding to it. Since 

v(t 4p(t 4A 

VO) Que 2AM) SES SE} 

t at an 

for t — + œ (hypothesis!), that product is certainly convergent in the 
complex plane, and ¢ is an entire function. In terms of it, the previous 
relation can be rewritten as 


W(x)|o(x)| < const.(x? + 1), xeR. 


It is now claimed that (z) must have infinitely many zeros A, unless W(x) is 
already bounded on R (in which case our theorem is trivially true). Because 
those A are the discontinuities of [v(t)] = [4p(t)/a], the presence of 
infinitely many of them is equivalent to the unboundedness of p(t) (either 
above or below). It is thus enough to show that if |p(t)| is bounded, W(x) 
is also bounded. 

We do this by proving that if |p(t)| is bounded, the function U(z) used 
above must be equal to zero. For real y, we have 


ee) 2 
y“ p(t) 
dolt) = dh 
p(t) [a 


2 
y 
EEA 


1 oc 
U(i = = lo 
(iy) 5 | g 


— œ 


Here, p(t) vanishes for |t| < a, so, if |p(t)| is also bounded, the ratio p(t)/t 
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appearing in the last integral tends to zero for t — + œ, besides being 
bounded on R. That, however, makes 


2 PO S — 0 for y —> +0, 
EEEN 


as one readily sees on breaking up the integral into two appropriate pieces. 
We thus have 
U(iy) 

ly| 


and the quantity A’ figuring in the above examination of U(z) is equal to 
zero. By the estimate obtained there, we must then have 


0 for y— +0, 


U(z) < K 


for z > 0, and exactly the same reasoning (or the evident equality of U (Z) 
and U(z) ) shows this to also hold for 3z < 0. The subharmonic function 
U(z) is, in other words, bounded above in the complex plane if |p(t)| is 
bounded. 

Such a subharmonic function is, however, necessarily constant. That is a 
general proposition, set below as problem 52. In the present circumstances, 
we can arrive at the same conclusion by a simple ad hoc argument. Since 
p(t)/t > 0, the previous formula for U(iy) yields, for y > 0, 


oe rI ie Gal Degman 


If ever p(t) is different from zero, there must be some k and yo, both > 0, 
with either p(t) > k for y> yə or p(t) < —k for y < — yo, and in 
both cases the last right-hand integral will be 
k 
aiig 
2 Yo 


for y > yo. This, however, would make U(iy) — œœ for y — œ, contra- 
dicting the boundedness of U(z), so we must have p(t) = 0. But then 


yx = U(x) < K — log W(x), xER, 


which contradicts our assumption that W(x) > 1 (either for x — œ or 


for x— — œ ) unless y = 0. Finally, then, the boundedness of p(t) forces 
U(x) to reduce to zero, whence 


log W(x) = U(x) + logW(x) < K, xeER, 


i.e., W(x) is bounded, as we claimed. 
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Thus, except for the latter trivial situation, | p(t)| is unbounded and the 

entire function (z) has infinitely many zeros. Dividing it by the factors 

1 — z/A corresponding to any two such zeros, we obtain a new entire 
function, W(z), such that* 


W(x)|W(x)| < const., XER: 


We now repeat the Phragmén-Lindelöf argument applied previously to 
another function y/(z) and then, in the course of the present proof, to U(z). 
Since 


EQN es is ence iad tiara 
t PRENT at `> an 


for t — + 00, we find in that way that 
lW(z)| S constet; 


w is thus of exponential type < 44/«. We have ¥(0) = 1, so y(z) # 0. 
Referring to the previous relation involving W and y, we see that the 
theorem is proved. 


Let us now settle on a definite meaning for the notion of admitting 
multipliers, hitherto understood somewhat loosely, and agree to 
henceforth employ that term only when actual boundedness on R is 
involved. 


Definition. A weight W(x) > 1 will be said to admit multipliers if there 
are entire functions (z) # 0 of arbitrarily small exponential type for 
which 

W(x)|o(x)| < const., xeR. 


Combining the last theorem with the conclusion of the discussion 
preceding it, we then have the 


Corollary. A weight W(x) > 1 fulfilling our regularity requirement admits 
multipliers iff, corresponding to any A > 0, there is an increasing function 
p(t), zero on some neighborhood of the origin, with 


p(t) < Bee Sir for t—> +0 


t T 


* W(x) must be bounded in the neighborhood of each of the two zeros of ọ just 
removed. Otherwise W would be identically infinite on an interval of length L 
by the first lemma in this article, and then the Poisson integral of 
U(t) < K — log W(t) would diverge. That, however, cannot happen, as we 
have already remarked in a footnote near the beginning of this proof. 
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and at the same time 


yx + | (toe 


on R for some real constant y. 


1-7 m *) ano + logW(x) < const. 


In the case where W(x) is equal to | F(x)| for some entire function F(z) of 
exponential type, the results just given hold without any additional special 
assumption about the regularity of W. 


Theorem. Let F(z) be entire and of exponential type, with |F(x)| > 1onR. 
Suppose there is an increasing function p(t), zero on a neighborhood of the 
origin, such that 
ptt) < ANT for t — +œ 
t T 
and 


yx + | Cc 


on R for some real constant y. Then there is an entire function w(z) # 0 of 
exponential type < A (sic!) with 


is 
t 


x 
a *) ao + log|F(x)| < const. 


|F(x)W(x)| < const., xER. 


Proof. Writing |F(x)| = W(x), one starts out and proceeds as in the 
demonstration of the proceeding theorem, up to the point where the 
relation 

1 {° 3z log W(t) 


U(z) + a W S KTA 
T |z—t| 


— oa 


is obtained for 3z > 0, with 


U(z) = yRz + if (1o 


= 0 


z Rz 
bel hy dO: 
| ; ) p(t) 
From this one sees in particular* that 


| © log|F(t)| ° log W(t) 
ae 
Eee pene eran eS i 


di < Mag; 


which enables us to use some results from Chapter III. 


* cf. footnotes near beginning of proof of the preceding theorem. 
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We can, in the first place, assume that all the zeros of F(z) lie in the 
lower half plane, according to the second theorem of §G.3 in Chapter III. 
Then, however, by §G.1 of that chapter, 


a Iz log W) 4, _ an Sz log|F(O| 4, 


TJ- |z—tl? T [z-— t\|* 


mae 


= log|F(z)| — Bz for. <}zZ, > ,0; 
where 


B = limsup log Fay)! 


yo 
Our previous relation involving U and W thus becomes 
Utz) + logiF(z)| <= K HIATB) oe Se. 


In this we putz = x +i, getting 


yx + | (io 


+ log|F(x+i)| < const, xeR. 


fee a + *) ao 


Apply now the lemma used in the proof of the last theorem, but this time 
with 


v(t) = p(t). 


In that way one sees that 


px + te Cc 


+ log|F(x+i)| < 2log*|x| + O(!), xeR, 


x+i 
pegi 
t 


+ “Jato 


with a new real constant f. There is as before a certain entire function ọ 
with log|@(x +i)| equal to the sum of the first two terms on the left, and 
we have 


|F(x +i)o(x+i)| < const (x + 1), xeR. 


It now follows as previously that ¢(z) has infinitely many zeros, unless 
|F(x)| is itself bounded, in which case there is nothing to prove. Dividing 
out from ¢(z) the linear factors corresponding to two of those zeros gives 
us an entire function y(z) # 0 with 


[F(x +iw(x+i)| < const, xeR. 
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Here, our initial assumption that |F(x)| > 1 on R and the Poisson 
representation for log|F(z)| in {3z > 0} already used imply that 


|F(x+i)]} > const. > 0 for xeR, 
so by the preceding relation we have in particular 
lw(x+i)| < const., xeR. 
By hypothesis, we also have 


t t A 
Ce ae EEE 
t t T 
for t — + œ, permitting us to use once again the Phragmén-Lindelöf 


argument made three times already in this article. In that way we see that 
lW(z+i)| < const. e^!7!, 


meaning that w is of exponential type < A. The product F(z + i)w(z +i) 
is then also of exponential type. Since that product is by the above 
relation bounded for real z, we have by the third theorem of §C in 
Chapter III, that 


|F(x)W(x)| < const. for xeR. 


Our function wy thus has all the properties claimed by the theorem, and 
we are done. 


Remark. Suppose that we know of an increasing function p(t), zero on a 
neighborhood of the origin, satisfying the conditions assumed for the 
above results with some number A > 0 and a weight W(x) > 1. For the 
increasing function u(t) = p(t) — p(—t), also zero on a neighborhood 
of the origin, we then have 


t A 
me < 2. + o(1) for t — œ, 
T 


as well as 


| log 
0 


for xe R. In this relation, both terms appearing on the left are even; that 
enables us to simplify the argument made in proving the first of the 
preceding two theorems when applying it in the present situation. 

If the weight W(x) meets our regularity requirement* with parameters 


2 
1 — “3 | du) + log{W(x)W(—x)} < const. 


* see also Remark 5 near the end of §E.2. 
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L, C, and «, we do have 


an Llog { W(t)W(—t)} Hie 
Tag wo(x—tP+L 


> 4 08 (WOW x)} 


log C 


+ for xe R; 

this one sees by writing the logarithm figuring in the left-hand member 
as a sum and then dealing separately with the two integrals thus obtained. 
The behaviour of the even subharmonic function 


VQ) = [ioei i 


0 


- =| duce 
is easier to investigate than that of the function U(z) used in the above 
proofs (cf. §B of Chapter III). When V(x +iL) has made its appearance, 
one may apply directly the lemma from §A.1 of Chapter X instead of 
resorting to the latter’s more complicated variant given above. 

By proceeding in this manner, one obtains an even entire function ‘P(z) 
with 


W(x)W(—x)|‘¥(x)| < const., xeR, 
and thus, since W(— x) > 1 (), 
W(x)|'P(x)| < const. xeR. 


The function ¥(z) is of exponential type, but here that type turns out to 
be bounded above by 8A/« rather than by 4A/a as we found for the 
function y(z) obtained previously. 

Insofar as W’s admitting of multipliers is concerned, the extra factor of 
two is of no importance. The reader may therefore prefer this approach 
(involving a preliminary reduction to the even case) which bypasses some 
fussy details of the one followed above, but yields less precise estimates 
for the exponential types of the multipliers obtained. Anyway, according 
to the remark following the statement of the first of the above two 
theorems, the estimate 4A/a on the type of y(z) is not very precise. 


Problem 52 


Show that a function V(z) superharmonic in the whole complex plane 
and bounded below there is constant. (Hint: Referring to the first theorem 
of §A.2, take the means (®,V)(z) considered there. Assuming wlog that 
V(z) # œ, each of those means is also superharmonic and bounded below 
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in C, and it is enough to establish the result for them. The ®,V are also 
@ a» SO we may as well assume to begin with that V(z) is €. 

That reduction made, observe that if V(z) is actually harmonic in C, 
the desired result boils down to Liouville’s theorem, so it suffices to 
establish this harmonicity. For that purpose, fix any Zo and look at the 
means 


V{z.) = Es a V(zo + re'*) dd. 
To 
Consult the proof of the second lemma in §A.2, and then show that 
OV, (Zo) 
dlogr 


is a decreasing function of r, so that V,(z9) either remains constant for all 
r>0 — and hence equal to V(zo) — or else tends to — œ asr — œ. In the 
second case, V could not be bounded below in C. Apply Gauss’ theorem 
from §A.1.) 


Scholium. The regularity requirement for weights given in the 1962 
paper of Beurling and Malliavin is much less stringent than the one we 
have been using. A relaxed version of the former can be stated thus: 


There are four constants C > 0, «>0, B <1 and y <1 such that, 
to each xeR corresponds an interval I, of length e~'*!’ (sic!) 
containing x with 


Wit) > Ce (Wax) for teL, 


The point we wish to make here is that the exponentials in |x|’ and |x|? 
are in a sense red herrings; a close analogue of the first of the above two 
theorems, with practically the same proof, is valid for weights meeting the 
more general condition. The only new ingredient needed is the elementary 
Paley—Wiener multiplier theorem. 


Problem 53 


Suppose that W(x) > 1 fulfills the condition just formulated, and that 
there is an increasing function p(t), zero on a neighborhood of the origin, 


with 
t A 

pt) < — + o(l) for t — + œ 
t T 

and 


Ex + | (108 


pee 
t 


Da 
T =) don + logW(x) < const. 


2. 
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on R, where c is a certain real constant. Show that for any n > 0 there 
is an entire function ~(z) # 0 of exponential type < 4A/a + n 
making 


W(x)|W(x)| < const., xER. 


(Hint: Follow exactly the proof of the result referred to until arriving at 
the relation 


an 3z log W(t) 


U(z) rea 


dims Ky ct tA Iz SZ ae NO; 
T 


— 0 


In this, substitute z = x+ie~'*! (!) and invoke the condition, finding, 
for that value of z, 


4c e 
—x + | (1e 
a — oe 


4 
EPR tog Wixy OK at xP 
a 


z x 
-4 a *) ato 


with a new constant K’. Using the lemma (with z as above!) and 
continuing as before, we get an entire function g(z) # 0 such that 


EO Oa a 
Iyl x 
logļọ(z)| < O(|z|***) 


for large |z| (e> 0 being arbitrary), and finally 


+ o(1) for y— + œ, 


4 
W(x)|e(x)| <  const.(x? + 1) exp(Ixt X fixt) 
X 


on the real axis. To the right side of the last relation, apply the theorem 
from §A.1 of Chapter X (and §D of Chapter IV !). ). 


The smallest superharmonic majorant 


According to the results from the latter part of the preceding 


article (beginning with the second theorem therein), a weight W(x) > 1 
having any one of various regularity properties admits multipliers if and 
only if, corresponding to any A > 0, there exists an increasing function p(t), 
zero on some neighborhood of the origin, such that 


— + o(1) for t — +0 
t T 
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and 


yx + | (e 


with some constant y. Hence, in keeping with the line of thought embarked 
on at the beginning of article 1, we regard the (hypothetical) second 
(‘essential’) condition for admittance of multipliers by a weight W as being 
very close (if not identical) to whatever requirement it must satisfy in order 
to guarantee existence of such increasing functions p. That requirement, 
and attempts to arrive at precise knowledge of it, will therefore be our 
main object of interest during the remainder of this chapter. 


+ zago + logW(x) .< K forxeR 
t 


pte 
t 


Suppose that for a given weight W(x) > 1 we have such a function p(t) 
corresponding to some A > 0. The relation 


4 ISellogWO 4 ary 
Td) — 0 |jz=t|? 
o R 
Sig EE A f (ioe Le + Fz at 


(with the left side interpreted as log W(x) for z = xe R) then holds 
throughout the complex plane. For z > 0, this has indeed already been 
verified while proving the second theorem of article 1 (near the beginning 
of the proof). That, however, is enough, since both sides are unchanged 
when z is replaced by Z. 

Now the right side of the last relation is obviously a superharmonic 
function of z, finite for z off of the real axis. The existence of our function 
p thus leads (in almost trivial fashion) to that of a superharmonic majorant 


Æ œ for 
an |3z| log W(t) 


T |z—t|? 


dt — A|3z| 
— 0 
(interpreted as log W(x) for z = xeR) in the whole complex plane. The 
key to the proof of the Beurling—Malliavin multiplier theorem given below 
in §C lies in the observation that the converse of this statement is true, at 
least for continuous weights W(x). That fact (which, from a certain point 
of view, is nearly tautological) will be established in the next article. For 
this purpose and the later applications as well, we will need the smallest 
superharmonic majorant of a continuous function together with some of 
its properties, to whose examination we now proceed. 


Let F(z) be any function real-valued and continuous in the whole complex 
plane. (In our applications, we will use a function F(z) equal to the 
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preceding expression — interpreted as log W(x) for z = xe R — where 
W > 1iscontinuous and such that |” | (log W(x)/(1 + x*))dx < 00.) We 
next take the family F of functions superharmonic and > F (everywhere); 
our convention being to consider the function identically equal to + œ as 
superharmonic (see §A.1), F is certainly not empty. Then put 


Q(z) = inf{U(z): UeF} 
for each complex z, and finally take 


2 MF) = liminf Q0; 
AETA 


MF is the function we will be dealing with. (The reason for use of the 
symbol W will appear in problems 55 and 56 below. MF is a kind of 
maximal function for F.) 


In our present circumstances, Q(z) is > the continuous function F(z), so 
we must also have 


(MF)(z) > Fiz). 


This certainly makes (MF)(z) > — œ everywhere, so (MtF)(z) is itself 
superharmonic (everywhere) by the last theorem of §A.1, and must hence 
belong to F in view of the relation just written. The same theorem also 
tells us, however, that (NF)(z) < U(z) for every UeF; MF is thus 
a member of F and at the same time < every member of F. MF is, 
in other words, the smallest superharmonic majorant of F. 

It may well happen, of course, that (MF)(z) = oo. However, if MF is 
finite at just one point, it is finite everywhere. That is the meaning of the 


Lemma. If, for any Zo, (MF)(Zo) = ©, we have (MF)(z) = oo. 


Proof. To simplify the writing, let us wlog consider the case where zọ = 0. 
By continuity of F at 0, there is certainly some finite M such that 


F(z) < M_ for |z| < 1,- say. 


Given, however, that (MF)(0) = ©, there isean t OX AS tor 
which 


(MF\(z) > M+1, lzZl <7 
because the superharmonic function INF has property (i) at O (§A.1). 


It is now claimed that 


P (MF)(re!%) dI = o. 


= 
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Reasoning by contradiction, assume that the integral on the left is finite. 
Then, since (NF)(re'*) is bounded below for © < 9 < 2n (here, simply 
because MF > F, but see also the beginning of §A.1), we must have 


1 T r? n p’ , 
= (MF)(re")dt < œ 
2nJ_,1? + p* — 2rp cos(¢ — 1) 


for0<p<rand0 < @ < 2r. Take now the function V(z) equal, for 
|z| > r to (MF)(z) and, for z = pe? with 0 < p <r, to the Poisson 
integral just written. This function V(z) is superharmonic (everywhere) by 
the second theorem of §A.1. 

We have 


V(pe'?) > M+1 for 0<p<r, 
since (MF)(re") > M+1. At the same time, 
F(pe*?) < M for 0<p<r 


because r < 1,so V(z) > F(z) for|z| < r. This, however, is also true for 
|z| > r, where V(z) = (MF)(z). We thus have in V(z) a superharmonic 
majorant of F(z), so 


V(z) > (MF)(2). 


Thence, 


(MFO < VO) = zf (MF\(re*)\dt < o. 


But it was given that (MF)(0) = oo. This contradiction shows that the 
integral in the last relation must be infinite, as claimed. 

Apply now the first lemma of §A.2 to the function (MF)(z), 
superharmonic everywhere. We find that 


(MF\z) = c 


for all z. The proof is complete. 


Corollary. The function (MtF)(z) is either finite everywhere or infinite 
everywhere. 


Henceforth, to indicate that the first alternative of the corollary holds, we 
will simply say that INF is finite. 


Lemma. If INF is finite and F(z) is harmonic in any open set ©, (MF)(z) is 
also harmonic in 0. 
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Proof. Let z) € © and take r > 0 so small that the closed disk of radius r 

about z, lies in @; it suffices to show that (MF)(z) is harmonic for 
|Z—Zo| < T: 

Supposing wlog that zọ = 0, we take the superharmonic function V(z) 

used in the proof of the preceding lemma. From the second theorem of 
§A.1, we have 


V(z) < (MEF)(z). 
Here, however, we are assuming that (MF)(z) < œ, so the Poisson 


integral 


$ | ae Recalls (MF) (re) dt, 


2a) lz = re]? 


equal, for |z| < r, to V(z), must be absolutely convergent for such z, 
(INF)(re*) being bounded below, as we know. V(z) is thus harmonic for 
Ce eae 
Let |z| < r. Then, since {|z| <r} =S 0, where F(z) is given to be 
harmonic, 
Ie en 
F = — Fire) de, 
(z) on me ( ) 

and the integral on the right is < the preceding one, MF being a majorant 
of F. Thus, 

F(z) < V(z) for |z| < r. 


This, however, also holds for |z| > r where V(z) = (WMF)(z). We see as in 
the proof of the last lemma that V(z) is a superharmonic majorant of F(z). 
Hence 


V(z) > (MF)(z). 
But the reverse inequality was already noted above. Therefore, 
V(z) = (MF)(z). 


Since V(z) is harmonic for |z| < r, we are done. 


Let us now look at the set E on which 
(MF)(z) = F(z) 


for some given continuous function F. E may, of course, be empty; it is, 
in any event, closed. Suppose, indeed, that we have a sequence of points 
z, € E and that z, —> Zo. Then, since MF enjoys property (i) (§A.1), 


k 
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we have 


(MF)(zo) < liminf(MF)(z,) = liminfF(z,) = F(zo), 
k> œ k> œ 


F being continuous at zo. Because INF is a majorant of F, we also have 
(MF)(Zo) > F(zo), and thus finally (MF)(zo) = F(Zo), making Zo E E. 

This means that the set of z for which (WRF)(z) > F(z) is open. Regarding 
it, we have the important 


Lemma. (MF)(z), if finite, is harmonic in the open set where it is > F(z). 


Note. I became aware of this result while walking in Berkeley and thinking 
about a conversation I had just had with L. Dubins on the material of 
the present article, especially on the notions developed in problems 55 
and 56 below. Dubins thus gave me considerable help with this work. 


Proof of lemma. Is much like those of the two previous ones. Let us show 
that if (MF)(zo) > F(zo) with INF finite, then (MF)(z) is harmonic in 
some small disk about Zp. 

We can, wlog, take zọ = 0; suppose, then, that 


(MF)(0) > FO) + 2n, say, 
where n > 0. Property (i) then gives us an r > 0 such that 
(MF)(z) > FO) + n 


for |z| < r, and the continuity of F makes it possible for us to choose this 
r small enough so that we also have 


F(z) < FO) + n for |z| < r. 


Form now the superharmonic function V(z) used in the proofs of the 
last two lemmas. As in the second of those, we certainly have 


V(z) < (MF)(z), 


according to our theorem from §A.1. In the present circumstances, for 
Iz] < r, 


1 n PAS d 2 ; 
V(z) = | : 2 (MF)(re') dt 
2nJ_,|z—re'*|? 


is > F(O) + n, whereas F(z) < F(O) + n there; V(z) is thus > F(z) 
for |z| < r. When |z| > r, V(z) = (MF)(z) is also > F(z), so V is 
again a superharmonic majorant of F. Hence 


V(z) > (MLF)(z), 
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and we see finally that 
V(z) = (MF)(z), 
with the left side harmonic for |z| < r, just as in the proof of the preceding 
lemma. Done. 
Lemma. If IF is finite, it is everywhere continuous. 


Proof. Depends on the Riesz representation for superharmonic functions. 
Take the sets 


E 


{z: (MF)(z) = F(z)} 


and 
= aw e, 


as we have already observed, E is closed and O is open. By the preceding 
lemma, (SNF)(z) is harmonic in © and thus surely continuous therein. We 
therefore need only check continuity of MF at the points of E. 

Let, then, Zọ € E and consider any open disk A centered at Zo, say the 
one of radius = 1. In the open set Q = AnN@ the function (MF)(z) is 
harmonic, as just remarked and on A~Q = ANE, (MEF)(z) = F(z) 
depends continuously on z. The restriction of INF to E is, in particular, 
continuous at the centre, Zo, of A. 

The corollary to the Evans-Vasilesco theorem (at the end of §A.3) can 
now be invoked, thanks to the superharmonicity of (MtF)(z). After 
translating z, to the origin (and A to a disk about 0), we see by that result 
that (MF)(z) is continuous at Zo. This does it. 


Remark. These last two lemmas will enable us to use harmonic estimation 
to examine the function (INF)(z) in §C. 


It is a good idea at this point to exhibit two processes which generate 
(MF)(z) when applied to a given continuous function F, although we will 
not make direct use of either in this book. These are described in problems 
55 and 56. The first of those depends on 


Problem 54 
Let U(z), defined and > — œ in a domain 2, satisfy 


liminfU(Q) > U(z) 


+z 


for z e 2. Show that U(z) is then superharmonic in @ iff, at each z therein, 
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one has 


~All Udd < Ue) 
-z| <r 


Tr 


for all r > 0 sufficiently small. (As usual, ¢ = € + in.) 
(Hint: For the if part, the first theorem of §A.1 may be used.) 


Problem 55 


For Lebesgue measurable functions F(z) defined on C and bounded 
below on each compact set, put 


EMER E | | P()dé dn. 
r>o Tr |¢-z|<r 


Then, starting with any F continuous on C, form successively the functions 
FO(z) = F(z), F(z) = (MFZ) F(z) = (MF)(z), and so forth. 


(a) Show that F(z) < F(z) < Fz) < 
(b) Show that limp» F(z) < (MF)(z). 


(c) Show that lim,_,,, F(z) is superharmonic. 
(Hint: For this, use problem 54.) 


(d) Hence show that limp F(z) = (MF)(z). 


Remark. The function MF was originally brought into the study of 
multiplier theorems through this construction. 


The next problem involves Jensen measures (on C). That term is used 
here to denote the positive Radon measures u of compact support such that 


| voo < U*(0) 
C 


for each function U superharmonic on C. (Any such function U(z) is certainly 
Borel measurable, for, by the first theorem of §A.2, it is the pointwise limit 
of an increasing sequence of @,, superharmonic functions.) Some simple 
Jensen measures are the v, given by 


1 
dv(Q = 3m 
O (eer 


dčdn, || < r, 


(refer to problem 54 !). 
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For reasons which will soon become apparent, we denote the collection 
of Jensen measures by W. If U is any function superharmonic on C, so 
are its translates, so, whenever pe% and zeC, 


(a 


(b 


— 


~ 


| U(z +d) < U(z). 
(D 


Problem 56 


The purpose here is to show that if F is continuous on C, 


(MF)(z) = sup | F(z + C)du(‘). 
Cc 


eM 
Show that fc F(z+0)du(l) < (MF)(z) for each pe M. 


Denote now the set of Jensen measures absolutely continuous with respect 
to two-dimensional Lebesgue measure by 2. As examples of some measures 
in £, we have, for instance, the v, described above. £ is of course a 
subset of W. 


Show that £ has a countable subset {,}, dense therein with respect to 
L, convergence with bounded support. This means that given any pe 2, 
with say du() = o(f)dédn, where y(f) = Oae.for|{| > some integer 
N, we can find a subsequence {j,,} of the 4, such that, if we write 
du (C) = o,(0)dédn, we also have P, (%) = 0 ae. for |¢| > N, and 
moreover 


{fie -e.,oasan zed. AS J 00, 
| 


cl<N 
(Hint: For the open subsets of each of the spaces L, (|z| < N), N = POORE 
there is a countable base, some of whose members contain densities 
belonging to measures from £. Select.) 


(c) Taking the measures 4, from (b), put 


Vz) = max | F(z + (du, (¢) 
Cc 


1<k<N 
for our given continuous function F. Fix any ze C and R > 0. Show that 
there is a ve £ (depending, in general, on z, R and N) such that 
bi he 
— | YV,(z+Re'%)d3 = F(z + Q)dv(Q). 
wy 5 c 
(Hint: First show how to get a Borel function k(9) taking the values 
1, 2; 3,...,N such that 


Vz +R’) = | F(z + Re + O) dugo l). 
C 
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Then define v by the formula 
IEE ; 
| Gd) = Lf | G(C + Re’) duys)(0)d9 
Cc 2n 0 Cc 


and verify that it belongs to £.) 


(d) Hence show that 


V(z) = sp | F(z+{)dy(C) (sic!) 
Cc 


HER d. 


is superharmonic. 

(Hint: Since F is continuous, we also have V(z) = sup, fc F(z + edu) 
with the u, from (b). That is, V(z) = limy- Vs(z), where the Vy are the 
functions from (c). But by (c), 


1 (2 : 
+ | Vz + Re)d9 < V(2) 
0 


for each N. Use monotone convergence.) 


(e) Show that 


— 


sup | F(z+¢)du(l) = (MF)(z). 
eM JC 

(Hint: The left side is surely > the function V(z) from (d). Observe 
that V(z) > F(z); for this the measures v, specified above may be used. 
This makes V a superharmonic majorant of F ! Refer to (a) and to the 
definition of MF.) 


Remark, The last problem exhibits MF as a maximal function formed 
from F by using the Jensen measures. 


Each pe% acts as a reproducing measure for functions harmonic on C. 
We have, in other words, 


| He+ au = H(z), zeéC, 
Cc 


for every function H harmonic on C and every Jensen measure u. It is 
important to realize that not every positive measure u of compact support 
having this reproducing property is a Jensen measure. The following example 
was shown to me by T. Lyons: 
Take 
dull) = (Q)dédn + $d5,(0), 
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where 6, is the unit mass concentrated at the point 1 and 


1 
T \C| < 2 and l¢—1| > i; 


(0) 4n 


0 otherwise. 


Figure 241 


Then, since 


1 1 
Zisi = + [fa Odéd 
4 ) 4r IC a <1 i 
for functions H harmonic on C, we have 
1 
| A(f)du(t) = E | |moacan = (0), 
Cc An) Jigi<2 


and similarly, by translation, 
| H(z +da) = H(z) 
c 
for such functions H. 


However, U(z) = log(1/|z—1|) is superharmonic in C, and, with the 
present 4, 


| U(Oduo) = œ although U(0) = 0. 
c 
This measure p is therefore not in W. 
The reader interested in a general treatment of the matters taken up in 


this article should consult a recent book by Gamelin (with Jensen 
measures in its title). 
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3: How WMF gives us a multiplier if it is finite 


Starting now with a continuous* weight W(x) > 1 for which 
fe (log W(t)/(1 + t7))dt < œ, we choose and fix an A > 0 and form the 
function 


F(z) = dt — AlSz|, 


au |3z| log W(t) 


TJ- o =t 


the expression on the right being interpreted as log W(x) when 
z = xeR. This function F is then continuous and the material of the 
preceding article applies to it; the smallest superharmonic majorant, MF, 
of F is thus at our disposal. 

Our object in the present article is to establish a converse to the 
observation made near the beginning of the last one. This amounts to 
showing that if WF is finite, one actually has an increasing function p, 
zero on a neighborhood of the origin, such that 

p(t) 


A 
— < — + o(l) for t — + œ 
t T 


and that 


log W(x) + yx + | (10g 1 -3 + * apt < const. for xeR 


ale 


with a certain constant y. We will do that by deriving a formula, 


MP) = MFO) — Rz — | j (iog E 


— oo 


+ aco, 


involving an increasing function p with (subject to an unimportant 
auxiliary condition on W) the first of the properties in question, and then 
by simply using the fact that (MF)(x) is a majorant of F(x) = log W(x). 
That necessitates our making a preliminary examination of INF for the 
present function F. 


Lemma. If, for F(z) given by the above formula, WF is finite, we have 


| (MF)(t) 
Soa We 2 


dir PO: 


* The regularity requirement for weights discussed in article 1 does not, in itself, 
imply their continuity. Nevertheless, in treating weights meeting the requirement, 
further restriction to the continuous ones (or even to those of class € ») does not 
constitute a serious limitation. See the first theorem of article 1. 
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and then 


(MFN) = an IIZIME O a, A13] 


TJ- o |z—t|? 
for zR. 


Proof. Since F(z) = F(z), we have min(U(z), U(z)) > F(z) for any 
superharmonic majorant U of F. By the next-to-the-last theorem of §A.1, 
the min just written is also superharmonic in z; it is, on the other hand, 
< U(z), and does not change when z is replaced by Z. Therefore, for MF, 
the smallest superharmonic majorant of F, we have 


(MF)(Z) = (MF)(2), 


and for this reason it is necessary only to investigate MF in the upper 
half plane. 

The function F(z) under consideration is harmonic for 3z > 0, and thus, 
by the second lemma of the preceding article, (MF)(z) is too, as long as 
it is finite. Because (MF)(z) > F(z), 


1(? Jz log Wi) ,, 


(MF)(z) + A3z > 
|z—t|? 


a quantity > 0, for Jz > 0( W(t) being > 1 ). The function on the 
left is hence harmonic and positive in Jz > 0. 
According to Chapter ITI, §F.1, we therefore have 


1(° Jzdutt) 
T Solet 


(MF)(z) + Ağz = a% 


in {3z > 0}, where «> 0 and p is some positive measure on R, with 
fe (1 +17)" dut) < œ. But (MF)(z) is everywhere continuous by the 
fourth lemma of the last article; it is, in particular, continuous up to the 
real axis. Thus, du(t) = (MF)(t)dt, and 


1% SME 5, 


MFZ) = @-4)3z + an 


for 3z > 0. Using the symmetry of (NF )(z) with respect to the x-axis just 
noted, we see that 


© |3z|(MF)(E) 


|z— t|? 


MAO = (@- ANS + = | dt 


(with the usual interpretation of the right side for ze R). 
Here, « > 0; it is claimed that « is in fact zero. Thanks to the sign of a, 
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—a|%z| is superharmonic (!), and the same is true of the difference 
(MF)(z) — a| Jz]. 


However, (NF)(t) > F(t) = logW(t), MF being a majorant of F, so 
this difference must, by the preceding formula, be 


® [3z|log W(t) 


dt. =. F(z). 
TET (z) 


A E | 
T AOO 
(WMF)(z) — a|3z| is thus a superharmonic majorant of F(z), and therefore 
> (MF)(z), the least such majorant. This makes « <0. Since « > 0 
as we know, we see that « = 0, as claimed. 
With « = 0, the above formula for (MF)(z) reduces to the desired 
representation. We are done. 


Theorem. Suppose that for a given continuous weight W(x) > 1 the 
function INF corresponding to 


Mp |Szllog W(0) 


F(z) = 
a TJ- |z= ti? 


dt — A|§z| 


(where A > 0 ) is finite. If (MF)(z) is also harmonic in a neighborhood of the 
origin, we have 


(MF)(z) = (MFO) — yRz — | 


with a constant y and a certain increasing function p(t), zero on a 
neighborhood of the origin, such that 
Att) _— is for t — +0. 
t T 

Remark. The subsidiary requirement that (MRF)(z) be harmonic in a 
neighborhood of the origin serves merely to ensure p(t)’s vanishing in such 
a neighborhood; it can be lifted, but then the corresponding representation 
for MF looks more complicated (see problem 57 below). Later on in this 
article, we will see that the harmonicity requirement does not really limit 
applicability of the boxed formula. 


Proof of theorem. Is based on the Riesz representation from §A.2; to the 
superharmonic function (WF)(z) we apply that representation as it is 
formulated in the remark preceding the last theorem of §A.2 (see the boxed 
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formula there). For each R > 0 this gives us a positive measure fp on 
{|€| < R} and a function H,(z) harmonic in the interior of that disk, such 
that 


(MF)(z) = f _ dur(C) + H(z) for |z| < R. 
ISR es 


By problem 48(c), the measures upg and upg agree in {|| < R} whenever 
R’ > R; this means that we actually have a single positive (and in general 
infinite) Borel measure u on C whose restriction to each open disk {|¢| < R} 
is the corresponding pp (cf. problem 49). This enables us to rewrite the 
last formula as 


(MF)(z) = | log 
ISR 


L du) + Hee) lel < R, 
|z—¢| 
with, for each R, a certain function H,(z) (N.B. perhaps not the same as 
the previous H(z) !) harmonic in {|z| < R}. 

We see by the preceding lemma that (MF)(z) is itself harmonic both in 
{3z > 0} and in {3z <0}, so, according to the last theorem of §A.2, 
u cannot have any mass in either of those half planes. By the same token, 
u has no mass in a certain neighborhood of the origin, MF being, by 
hypothesis, harmonic in such a neighborhood. There is thus an increasing 
function p(t), zero on a neighborhood of the origin, such that 


ME) = | dp(t) 
ENR 


for Borel sets E S C, and we have 


R 
1 
(MF)(z) = | log. j dp(t) + H,(z) for (Z| EER 
-R zZ— 
with Hz harmonic there. Our desired representation will be obtained by 
making R — oo in this relation. For that purpose, we need to know the 
asymptotic behaviour of p(t) as t — + o. 
It is claimed that the ratio 


pey = A") 
r 
(which is certainly positive) remains bounded when r — œ. Fixing any R, 
let us consider values ofr < R. Using the preceding formula and reasoning 
as in the proof of the last theorem in §A.2, we easily find that 


1 li (MF\(re%)d9 = | 
2) a5 


R 


min( 10g- log— -Japo + HgO), 
R 
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and thence, subtracting (MtF)(0) from both sides, that 


R 1 m 7 

— log* lb dp(t) = zf (MF)(rei®d9 — (MF)(0) 
-R | t| 2n ae 

for 0 < r < R. Here, p(t) vanishes on a neighborhood of the origin, so we 

can integrate the left side by parts to get 


r anh 1/7 ' 
| A) SOS OO I ope ee ee | (MF) (re!) d9, 
0 t Dre ie 
which is, of course, nothing but a version of Jensen’s formula. In it, R no 
longer appears, so it is valid for all r > 0. 

By the lemma, however, 


_(MF\2) = AlSz! |" LOL) 


Tt |z—t|? 


> 
— oc 


a quantity < A|%z|, since (MF)(t) > log W(t) > 0. Using this in the 
previous relation, we get 

” p(t) — = 

| PD) ED ts eestor Ee: 

i t T 
whence 

2A 
pr) — p(—r) < (MF)(0) + Po 


by the argument of problem 1(a) (!), p(t) being increasing. Since p(t) also 
vanishes in a neighborhood of 0, we see that 
t 
an < const. onR. 
Once this is known, it follows by reasoning like that of §A, Chapter III, 
that the integral 


BO 


is convergent (a priori, to — œ, possibly, when ze R) for all values of 
z — one needs here to again use the vanishing of p(t) for t near 0. That 
integral, however, obviously differs from 


Z Rz 
1—-| + — }do(t 
| =) at 


R 
| log |z — t| do(t) 
R 


3 How MF .gives us a multiplier if it is finite 379 


by a function harmonic for |z| < R. Referring to the previous 
representation of (MtF)(z) in that disk, we see that 


Ge) = MFP) + jE (1o 


-4 + 7) at 
t t 


must be harmonic for |z| < R, and hence finally for all z, since the 
parameter R no longer occurs on the right. Our local Riesz representations 
for (MtF)(z) in the disks {|z| < R} thus have a global version, 


amean i | 5 (1o 


— 0 


p 
t 


if Fe apt + G2), 


valid for all z, with G harmonic everywhere. 


We proceed to investigate G(z)’s behaviour for large |z|. The lemma 
gives, first of all, 


(MF\(2) < =f © [SIMA 5 


TJ) —w |z- t|? 


(MF)(t) being > 0. Therefore 


[G(z)]* < L IMPO a, + oi (ve 
T — oo 


1 Z 
; oie 
-» |z-t1tl t 


+ = aa) 


According to the discussion at the beginning of §B, Chapter III, our bound 
on the growth of p(t) makes the second term on the right < O(|z|log|z|) 
for large values of |z|; we thus have 


z f risin IMF) 4 49 


z ; 1 
G(rei)]* d9 < trlogr + — 
T Cai EA AnA ‘| et? +t? —2rtcos 3 


ER: 


when r is large, and, desiring to estimate the integral on the left, we must 
study the one figuring on the right. Changing the order of integration 
converts the latter to 


2 | 1 ier 
Oe 
which we handle by resorting to a trick. 


Take the average of the expression in question for R < r < 2R, say, 
where R > 0 is arbitrary. That works out to 


= 


r+t 


[ID dt, 


ae rome ara em | 4 y2 )mpoa, 
r— TRIAL |t| 
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where 


s+1 


2u 
Yiu) = | log |_| ds. 
s—1 


The last integral can be directly evaluated, but here it is better to use 
power series and see how it acts when u — 0 and when u — oo. 
For 0 < u < 1, expand the integrand in powers of s to get 


Pu oS" 3u*e+ OM), ~- 0 <u <1. 


For u > 1, we expand the integrand in powers of 1/s and find that 
1 
Y(u) = 2log2 + (5) WA 
u 


Y(R/|t|)/R thus behaves like 1/R for small values of |t|/R and like R/t? for 
large ones, so, all in all, 


2 R R 
Z2 <" const =F for teR. 
mR \{t| R? +t? 


Substituting this into the previous relation, we see that 


p) 2R 
Sail -log 
zR R E 


This, however, implies the existence of anr’, R < r' < 2R, for which 


JAMSS 
zf -log 
94 oe 


Here, the right side is < const.R < const.r’ ( and is even o(R) ) for 
large R, since f? | ((MF)(t)/(1 + t7))dt < oo. Taking r equal to such an 
r’ in our original relation involving G thus yields 


oe 


Fi Neo NO kes < const. | R 


r+t 


R 
JQRF)(@)dt < const. l ee HOM. 


| [G(r'e'*)]* d9 < const.(r’logr’ + r’) 


when R, and hence r’, is large. 
Letting R take successively the values 2” with n = 1, 2,3,..., we 
obtain in this way a certain sequence of numbers r, tending to oo for which 


| [G(r,e'*)]*d9 < O(r,logr,). 
Since G(z) is harmonic, we have on the other hand 


j (LGe, — [Gr] d9 = fi Gr,e'9)d9 = 2nG(0), 
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. SO, subtracting this relation from twice the preceding, we get 


| (Grid < O(r,logr,). 

Now it follows that G(z) must be of the form A) + A,Rz. We have, 
indeed, G(Z) = G(z), since INF and the integral involving dp have that 
property; the function G(z), harmonic everywhere, is therefore given by a 
series development 


Gre’) = P Arcosko. 
k=0 
For k > 1, we have 
a kg 4 
A = — G(re'”)cos k9 d9. 
T J 
Putting r = r, and making n — œ, we see, using the estimate just found, 
that A, = 0. The series thus boils down to its first two terms. 


Going back to our global version of the Riesz representation for (NF)(z) 
and using the description of G just found, we see that 


(MF) = Ay + A,R- k (toe 1- + Fe) ao 


— oo 


Because p(t) vanishes for t near 0, it is obvious that 4) = (MF)\O). 
Denoting A, by — y, we now have the formula we set out to establish. 


In order to complete this proof, we must still refine the estimate 


p(t) 
t 


< Const. 


obtained and used above to the asymptotic relation 


pl) = CACHES EY: t— Ło. 


t T 


For this, some version of Levinson’s theorem (the one from Chapter II) 


must be used. 
Write 


E =z) dp(t); 


V(z) = yRz + iN (toe 


== GO 


{ese 
t 


then, by the previous lemma and the representation formula just proved, 
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we have 


2 INAO y 


|z—t|? 


1 
VO — MAO = -MA = A3- - | 


— 0 


From this, we readily see that 


KW) — Á asy—> to, 
ly| 
whilst 
V(z) < (MF)O) + Al3z! 
for all z. 


Take, as in the proofs of the last two theorems of article 1, an entire 
function @ such that 


Rz 


loglø(z)| = BRz + he Cc 1-3 + *2) ato 


— oo 


where $ is constant; according to a lemma from that article, we have, for 
suitable choice of $, the inequality 


log|y(z)| < V(z) + log* 


z + log*|z| + O(1). 
3z 


Applying this first with z = x +i and using the preceding estimate for V, 
we see, taking account of the fact that |@(z)| diminishes when |3z| does, 
that 


lo(z)| < const.(\z/?+1),  I3z| < 1. 
We next find from the same relations that 
|o(z)| < const.(|z|? + 1)e4!*! 


when |3z| > 1; in view of the preceding inequality such an estimate (with 
perhaps a larger constant) must then hold everywhere. (z) is thus of 
exponential type. 
A computation like one near the end of the next-to-the-last theorem in 
article 1 now yields, for ye R, 
log|g(iy)| — Vay) = 


oe) 2 
| m 2 AUN KORN 


Since [p(t)]— p(t) is bounded (above and below!) and zero on a 
neighborhood of the origin, the integral on the right is o(|y|) for 
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y — + œ, and hence 


log | p(iy)| 


Iyi — A asy—> to, 
y 


in view of the above similar relation for V(iy). 
By the preceding estimates on (z), we obviously have 


i log’ lel yy 


<< (00) 
2: 5 
ART AY 


and the Levinson theorem from §H.2 of Chapter III can be applied to 9. 
Referring to the last of the above relations, we see in that way that 


t A 
Le] — — ast—- to. 
t T 
Therefore, 
t A 
lt) — for t — +00. 
t T 


Our theorem is proved. 


Problem 57 


If (MF)(z) is finite, but not necessarily harmonic in a neighborhood of 0, 
find a representation for it analogous to the one furnished by the result 
just obtained. 


As stated previously, the last theorem has quite general utility in spite of 
its harmonicity requirement. Any situation involving a finite function MF 
can be reduced to one for which the corresponding WMF is harmonic near 
0. The easiest way of doing that is to use the following 


Lemma. Let W(t), continuous and > 1 on R, be = 1 for —h<t<h, 
where h > 0, and suppose that for |x| < h, we have 


1 © log W(t) E g. 
TJ-o (x— t}? 


with the integral on the left convergent. Then the function 


aS Wit 
pons sf Selo WO 4, — A132] 
T |z—t| 


— 0 
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satisfies 
=| Frends ie FO) end 
PS aa gs 


forO<r<h. 


Proof. We have F(z) = F(z), so 


as F(rei*)d9 = 
27 eo 


| F(re'®) dd. 
T 


0 


It will be convenient to denote the right-hand integral by J(r) and to 
work with the function 


an zlog W(t) 
jz) 


G(z) dt — Az (sic!) 


T 


Eie 


instead of F(z); we of course also have 


Leite 
Ufa Peet = | G(re'®) d 9. 
T Jo 

In the present circumstances the function G(z) is finite, and hence 
harmonic, in both the upper and the lower half planes. Moreover, since 
log W(t) = 0 for |t| < h, G(z) (taken as zero on the real interval 
(—h, h) ) is actually harmonic* in C ~ (— œ, —h] ~ [h, œ) and 
hence @ ,, in that region. There is thus no obstacle to differentiating under 
the integral sign so as to get 

dJ(r) 1 (* dG(re'%) 


= rdə, orah. 
dr rJ TE OF 


Let 2, be the semi-circle of radius r lying in the upper half plane, having 
for diameter the real segment [ — r, r]: 


Figure 242 


* by Schwarz’ reflection principle, since G(z) = — G(z) 
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When r < h, the function G(z) is harmonic in a region including the closure 
of Z,, so we can use Green’s theorem to get 


| SSO aç = [f V OOdédy = 0, 
a9, ON; 2r 


where ô/ôn; denotes differentiation along the outward normal to 09, at 
¢. The left-hand expression is just 


fi dG(re'’) 
or 


(0) 


rd% — | G,(x) dx, 
so the previous relation yields 
1 r 
Jr) = +f G,(x) dx. 
TES 


Here, G(z) = F(z) for 3z > 0 with G(x) = F(x) = logW(x) = 0 
for —h < x <h, so, for such x, 


F iA 
G(x) = lim KESIAN. 
Ay>0+ Ay 


which, by our formula for F, is equal to 
EET ina 
T J-o (x a fi 


If, then, this expression is > 0 for |x| < h, we must, by the preceding 
formula, have 


J'(r)-> 0» e O N 
Obviously, J(r) — F(0) = 0 for r — 0. Therefore, 


PAE : 
F0) < Jfr) = =| F(rei*)d9 
25, is gs 
when 0 <r < h, given that the hypothesis holds. We are done. 


Corollary. Given W(x) continuous and > 1 with fe dog W(H/ + t?)) dt 
< œ, and the number A > 0, form, for h > 0, the new weight 


1, |x| < h, 
Wia) = 4 e Wx), |x| > 2h, 
linear for —2h < x < —h and for h < x < 2h. 
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Put then 
a eee! i ISellog Mal) g 


t — AlS3z|. 
ach on. | Eco 


If (NF ,)(z) is finite, it is harmonic in a neighborhood of the origin. 


Proof. When —h<x < h, 


1 f log, 5 1 { ( 2nAh eu 3 
nt Jom (x—t) T Jon \(t—x)* (t + x) 
8 Ah? 
Ah? — x? 


DAS) AS 


WV 


The lemma, applied to W, and F,, thus yields 
Nd ies 
F, < =| F,(rei%)d9 
2% J > 


for 0 <r < h. Since, however, MF, is a superharmonic majorant of F,, the 
right-hand integral is 


< =|" (MF,)(re2)d9 < (MF,)(0), 
NJ —n 


F,(0) < (MF,)(0). 
The corollary now follows by the third lemma of article 2. 
The preceding results give us our desired converse to the statement from 
the last article. 
Theorem. Let W(x) > 1 be continuous, with 
| (log W(t)/(1 + t?))dt < œ, 
and put 
1 fo 0) 
Paes { |3z|log Wi) 
T 


dt — A|Szl, 
A |3z| 


where A > 0, interpreting the right side in the usual way when zeR. If the 
smallest superharmonic majorant, INF, of F is finite, there is an increasing 
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function p, zero on a neighborhood of the origin, for which 


log W(x) + yx + | (1e 


= 


a 
t 


x 
+ *) apo < const. xeR 


(with a certain constant y ), while 


D A 
t 


as t — +0. 


Proof. With h > 0, form the functions W, and F, figuring in the preceding 
corollary. Since log W(t) > 0, we have 


log W,(t) < log W(t) + 2zAh, 
whence 

F,(z) < F(z) + 2nAh. 
Thus, since (MF)(z) > F(z), 

F,(z) < (MF)(z) + 2zAh. 


In the last relation, the right-hand member is superharmonic, and, of 
course, finite if MF is. Then, however, MF, the least superharmonic 
-` majorant of F, must also be finite. 

This, according to the corollary, implies that (MtF,)(z) is harmonic in 
a neighborhood of the origin. Once that is known, the previous theorem 
gives us an increasing function p having the required properties, such 
that 


1-4 n 7) do, 
t t 


MFA) = MFO) — yRz — i (toe 


— 0 


y being a certain constant. Thus, since (MF,)(x) > F a(x) = log W,(x), 


log W,(x) + yx + | (toe 1-4 + *) apo 


— 0 


< (MF,)(0) for xeER. 


Let now m, denote the maximum of W(x) for —2h < x < 2h. Then 
certainly 


log W(x) < logm, + log W,(x), 


W(x), and hence m,, being > 1. This, substituted into the previous, yields 
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finally 


log W(x) + yx + | (108 1-% + *) apo 


< (MF,)(0) + logm, for xER. 
We are done. 


The proof just given furnishes a more precise result which is sometimes 
useful. 


Corollary. If W(x), satisfying the hypothesis of the theorem, is, in addition, 
1 at the origin, and the function INF corresponding to some given A > 0 is 
finite, we have, for any n>0O, an increasing function p(t) with the 
properties affirmed by the theorem, such that 


C2 
t 


log W(x) + yx + i (e $ =) apt < (MFO) + 1, xeER. 


= 


To verify this, we first observe that the continuity of W(x) makes 
m, — 1 and hence logm, — 0 when h — 0. On the other hand, 


(MF,)(0) < (MF)(0) + 2rAh, 


since (MF)(z) + 2nAhis a superharmonic majorant of F,(z), as remarked 
at the beginning of the proof. The desired relation involving p will therefore 
follow from the last one in the proof if we take h > 0 small enough so as 
to have 


logm, + 2nAh < yn. 


These results and the obvious converse noted in article 2 are used in 
conjunction with the material from article 1. Referring, for instance, to 
the corollary of the next-to-the-last theorem in article 1, we have the 


Theorem. Let W(x), continuous and > 1 on the real axis, fulfill the 
regularity requirement formulated in article 1. In order that W admit 
multipliers, it is necessary and sufficient that 


iL log W(t) 
a eke 


di = 


and that then, for each A > 0, the smallest superharmonic majorant of 


i log W(t 
f ellos WO a, L Aiz 
TJ- o |z—t| 


be finite. 
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Looking at the last theorem of article 1 we see in the same way that such 
a result holds for any weight W(x) > 1 of the form |F(x)|, where F is entire 
and of exponential type, without any additional assumption on the regularity 
of W. This fact will be used in the next §. 
The regularity requirement on W figuring in the above theorem may, 
of course, by replaced by the milder one discussed in the scholium to 
article 1.* 


Let us hark back for a moment to the discussion at the beginning of 
article 1. Can one regard the condition that (MF)(0) be finite for each of 
the functions 


F= 


an OIC WU SEA heen 


TJ —o |z =t 


as one of regularity to be satisfied by the weight W? In a sense, one 
can -see especially problem 55. Is this, then, the presumed second 
(‘essential’) kind of regularity a weight must have in order to admit 
multipliers? 


C. Theorems of Beurling and Malliavin 


We are going to apply the results from the end of the last § so 
as to obtain multiplier theorems for certain kinds of continuous weights 
W. Those are always assumed to be > 1 on the real axis, and only for 
the unbounded ones can there be any question about the existence of 
multipliers. 

One can in fact work exclusively with weights W(x) tending to œ for 
x— +œ without in any way lessening the generality of the results 
obtained. Suppose, indeed, that we are given an unbounded weight 
W(x) > 1; then 


Q(x) = (1+ x2) W(x) 


does tend to œ when x — + œ, and it is claimed that there is a non-zero 
entire function of exponential type < A whose product with Q is bounded 
on R if and only if there is such an entire function whose product with W 
is bounded there. 

It is clearly only the if part of this statement that requires checking. 
Consider, then, that we have an entire function g(z) # 0 of exponential 
type < A making ¢(x)W(x) bounded on R. Since W(x) is unbounded, 
|@(x)| cannot be constant, so the Hadamard product for g (Chapter III 


* See also Remark 5 near the end of §E.2. 
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§A) must involve linear factors — there must in fact be infinitely many of 
those, for otherwise | (x)| would grow like a polynomial in x when |x| — œ. 
The function g(z) thus has infinitely many zeros, and, taking any two of 
them, say a and f, we can form a new entire function, 


(2) 

(z—a)(z—f) 
also of exponential type < A, with W(x)Q(x) bounded on the real axis. 

The existence of multipliers for W(x) is thus fully equivalent to existence 
thereof for Q(x), a weight tending to oo for x— + œ; that is fortunate, 
because weights having the latter property are easier to deal with. When 
working with a given weight W, it will sometimes be convenient to form 
from it the new one 


2 
(: + =) W(x) 


(using a large value of M ) or 


(1 +x" W(x) 


yz) = 


(taking for ņ a small value > 0 ), instead of dealing with the weight Q(x) 
just looked at. Any of these weights W fulfills the condition 


| > log W(x) p 


o0 
a RFX 
as long as 
° logW 
| ENTERA 
be Pid ba Se 


unless the latter holds W cannot, as we know, admit any multipliers. 

In order to establish the existence of multipliers for a weight > 1 
satisfying the last condition, we first form from it a new one according to 
one of the above recipes* if that is necessary to ensure our having a weight 
tending to co with |x|. Then, choosing a number A > 0 and using the new 
weight W, we take the function 

oo 
F(z) = f El tog wieydt — AISZ 


Ya Solet] 


studied in §B.3. According to results obtained there, the question of our 
weight’s admittance of multipliers reduces in large part to a simple decision 


* the new weight obviously meets the local regularity requirement of §B.1 iff the 
original one does 
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about the finiteness of MF, the smallest superharmonic majorant of F, 
for various initial choices of the number A. We know by the first lemma 
of §B.2 that the latter property is equivalent to the finiteness of INF at any 
one point, say that of (MF)(0). To evaluate this quantity we will use 
harmonic estimation, guided by the knowledge that MF, if finite, must 
be harmonic in both the upper and lower half planes (first lemma of §B.3), 
and also harmonic across any real interval on which itis > F (by the third 
lemma of §B.2). 


1. Use of the domains from §C of Chapter VIII 


Starting, then, with a continuous weight W(x) > 1 tending to oo 
for x — + œ, we take (using some given A > 0 ) the function F(z) whose 
formula has just been written, and look at its smallest superharmonic 
majorant INF, our aim being to see whether or not (MtF)(0) < oo. The idea 
is to get at MF by using other superharmonic majorants whose qualitative 
behaviour is known. 


For each N > 1, let 


W(x) = min(W(x), N) 
and then form the function 
1 oO 
F(z) = f i log W,(t)dt — A|3z| 
-~olZ— 


corresponding to it in the way that F(z) corresponds to W. Clearly, 


Fy(z) 1 F); 
N 


it is claimed that also 


(MF y)(z) T (MFO). 
N 


For each N, we have, indeed, 
(MF ys i)(2) > Fu+ilZ) > Frl), 
so MF y+, is a superharmonic majorant of Fy, and hence 
(MFy+i(Z) > (MF y)(2), 
the least superharmonic majorant of Fy(z). By the same token, 


(MF)(z) > (MFN) 
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for each N, so we have 


lim (MF y)(z) < (MF)(2). 


N-> 00 


The sequence {MF y} is, as just shown, increasing, so limy, ,, WF y is 
superharmonic by the next-to-the-last theorem of §A.1. That limit must, 
however, be > limy.,, Fy = F, so it is also a majorant for F. As a 
superharmonic majorant of F, limy, „ WF is therefore > MF. So, since 
the contrary relation holds, we in fact have equality, as asserted. 


We thus have, in particular, 


(MF)(O) = lim (MF y)(O), 


No 


whence, in order to verify that (MF)(0) < œ, it suffices to obtain an 
upper bound independent of N on the values (MF y)(0). 
Each of the functions INF is certainly finite. Indeed, 


0 < logW,(t) < logN, 
so 
F(z) < logN — A|3z\. 


But the right-hand expression in this last relation is superharmonic! Hence, 
(MF y(z) < logN — 4Aļ|3zl. 

Since, on the other hand, 
Fy(z) > —AlSz\, 

we also have 
(MF yz) > —AlZzI. 


Thanks to our assumption that W(x) — œ for x — + œ, there is a 
certain number L, depending on N, such that 


Wre) cS NE fons x eels 


Therefore Fy(x) = logN for |x| > L, making (MFy)(x) > logN for 
such x. By one of the previous relations, we have, however, 
(NF y\(x) < logN on R. Thus, 


QUE N(x) .c=. logN = Fy) fom x| yo EE. 


We see that on the real axis, (NF y)(x) (a continuous function by the fourth 
lemma of §B.2) can strictly exceed the (continuous) function Fy(x) 
only on an open subset © of (— L, L). The first lemma of §B.3 and the third 


1 Use of domains from §C of Chapter VIII 393 


one of §B.2 then ensure that (MF y)(z) is harmonic in the region 
Te Ur Ut sai OF UO: 


it is, moreover, continuous up to the boundary of that region (indeed, 
continuous everywhere), again by the fourth lemma of §B.2. The boundary 
certainly includes the two infinite segments (— oo, — L] and [L, oo) of the 
real axis, on which (MF y)(x) = Fy(x). 


The open subset © of R might, however, be so complicated as to raise 
doubts about our being able to solve the Dirichlet problem in the region 
(bounded by R ~ © ) just described, and it is thus not clear that one can 
do harmonic estimation there. We get around this difficulty by means of 
a simple device. 

The difference 


(MF y)(x) — Fry(x) 


is continuous on R and identically zero on R ~ 0. The latter set includes 
(— oo, —L] vu [L, œ), so our difference is actually uniformly continuous 
on R, and, given any £ > 0, we can find a ô > 0 such that 


(MF y)(x) — F(x) < € if dist(x, R~O) < ô. 


The points x fulfilling the condition on the right make up a certain closed 
set 
E; = (R~0O) + [—6, 6] 


possibly equal to R which, in any event, includes 

(—o, —L+6] u [L—6, «) and may, in addition, contain some disjoint 
closed intervals of length > 26 intersecting with (— L + ô, L—6). There 
can, of course, be only finitely many of the latter so Es, if not identical with 
R, is simply a finite union of disjoint closed intervals thereon including two 
of the form (— œ, M], [M’, œ). In the latter case, the complement 
C ~ E; is one of the domains P considered in §C of Chapter VIII, and on 
OD = E; we have 


(MF y)(x) < Fy(x) + € 


by construction. 

Our object here is to estimate (MFy)(0). That quantity is of course 
> F,(0), and, as long as it is equal to Fy(0), there is no problem, because 
F,(0) = logW,(0) is < log W(0) (is, in fact, equal to log W(0) for 
sufficiently large values of N ). We thus need only look at the situation 


where 
(MFy)(0) > Fy(0). 
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Then, however, 0 belongs to our original open subset O of R, and, given 
> 0, it is possible to take the 6 > 0 corresponding to it small enough, in 
our construction, so as to still have 


0 ¢€ (R~O) + [-46, 6] = Es. 
Doing so, we see that E; really is properly included in R, making 
Q = C ow E; 


a domain of the kind studied in Chapter VIII, §C, with 0 e 2. (We write 
2 instead of the more logical J, in order to avoid having to use subscripts 
of subscripts later on.) 


Es Es. Es SUBS? AES Es 
| 
Figure 243 


In the present circumstances, WMF y is harmonic in 2 and continuous. up 
to 02, with 


(MF (t) < Fat) +€ = logWy(t) + € for t € 0%, 
and also, in view of the previous estimates, 
(MFy)(z) = O(1) — A|3z| 


(everywhere). These facts make it possible for us to follow the procedure 
indicated at the very beginning of §C, Chapter VIII, and in that way carry 
out the harmonic estimation of (MFy)(z) in 2. 


Let us, as in Chapter VIII, §C, denote the Phragmén—Lindelof function 
for 2 by Yo(z) and harmonic measure for that domain by wo( , Z). 
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Then, by the last relations we have 


(MFy)(0) < | (MF y)()das(t, 0) — AYA(0) 
0D < 


< | (log Wy(t) + e)dwo(t, 0) — AYQ(0). 
32 


(The first two members in this chain of inequalities are in fact equal, MF y 
being harmonic in 2. ) Because log W,(t) < log W(t) and œwa(02, 0) = 1, 
the estimate just written implies that 


(MFO) < e+ | log W(t)dwə(t, 0) — AYa(0); 
3D 


this, then, must hold, whenever (INF y)(0) is not simply equal to log W,(0) 
and hence < log W(0). 

In the boxed formula (derived, we remind the reader, under the 
assumption that W(t) — oo for t — + œ ), the integrand appearing in 
the right-hand integral no longer depends on N. But the right side as a whole 
certainly involves N (and e as well!) through the domain 2, whose very 
construction depended on our knowing that W(x) > N for |x| sufficiently 
large! In principle, it does not generally seem possible to actually know 
2 precisely, because such knowledge would depend on information about 
the function (MF y)(z) which we are in fact trying to estimate (really, to 
find) by using 2. 

The formula is useful nevertheless, on account of the results found in 
§§C.4 and C.5 of Chapter VIII. As we saw there, when dealing with certain 
kinds of weights W, one can, by using quantities involving only W, express 
the entire dependence of 


| log W(t)dw(t, 0) 
32 
on the domain 2 in terms of Yo(0). That is the basis for the following 


applications. 


2 Weight is the modulus of an entire function of exponential type 


We come to one of the main results of this chapter — indeed, of 
the present book. The proof, based on the matters discussed above and 
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in §C of Chapter VIII, uses also a refinement of the Riesz—Fejér 
factorization theorem which has never been explicitly formulated up to 
now, although it is essentially contained in the material of Chapters III 
and VI. Here it is: 


Lemma. Let P(z), entire and of exponential type 2B, satisfy the condition 


eo | + 
| og* IPO 8 A 
-o 1+x? 


and suppose that P(x) > 0 on R. Then there is an entire function g(z) of 
exponential type B having all its zeros in 3$z < 0 and such that 


g(z)g(Z) = P(2). 


Proof. Except for the specification of the exponential type of g, this is 
just a restatement of the Riesz—Fejér result (the third theorem of §G.3, 
Chapter III). There is thus an entire function g,(z) having the stipulated 
properties, but we do not know its type. 


In particular, go(z)g.(Z) = P(z). As long as 4 is real, we then have 


ga(z)ga(Z) = P(z) 
for the function 


galz) = e'**go(z). 
However, log|g,(iy)| = —Ay + log|go(iy)|, so we can evidently adjust 
the real parameter / so as to make 

: l i : i 

ana ogla = a im sup log |g,(iy)| 


y> æ y Te SOO, |y | 
equal. Do this, and denote the common value of the two limsups by 4A, 
taking, then, g(z) as g,(z) for that particular choice of 4. 
Since P is of exponential type 2B, we have 


log |P(iy)| 


lim sup 2B. 


y> o 
At the same time, |P(iy)| = |g(iy)||g(—iy)| for real y, so 
logiatiy)| , logig(—iy)| _ log|PGy)| 
y y Vian 
On the real axis, |g(x)|?_ = P(x), whence 


S log* |g(x)| 


e a alana 
See x 
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by hypothesis. Also, g(z), like go(z), has all its zeros in Jz < 0; the remark 
at the end of §G.1, Chapter III, thus applies to it, and we actually have 
log |g(y)| 
y 


A 


as y — œ. Now make y — œ through a sequence of values along which 
log|g( —iy)|/|y| also tends to A; referring to the previous relation we see 
that 


A+A < limsup 


y> 


log | P(iy)| 2B 
y bd 


so Á < B. 
By Chapter III, §E, we have 


© + 
|Szllog* Ig] 4, 
|z- t|? 


1 
log|g(z)| < Al3z| + =f 


> 
— oo 


and from this it follows easily as in the fourth theorem of §E.2, Chapter VI 
(see also §B.2 of that chapter), that g is of exponential type A. Since 
g(z)g(zZ) = P(z), P must be of exponential type < 2A, i.e., B < A. We 
have, however, just shown that A < B. Thus, A = B, and we are done. 


Now we can give the 


Theorem on the Multiplier (Beurling and Malliavin, 1961). If f(z), entire 
and of exponential type, is such that 


oo + 
| log" Ifa. < a 
14x 


there are entire functions oz) £0 of arbitrarily small exponential type with 
(1 + |f(x))e%) 
bounded on the real axis. 


Proof. Given A > 0, we wish to find a non-zero entire g of exponential 
type < A having the desired property. Our plan is to invoke the second 
theorem from §B.3, referring to the last theorem in §B.1. This involves our 
showing that (MF)(0) < oo where 


F(z) = |" 32l tog w@jdt — AlSzl, 


T \z—t|? 


with W(t) > 1 an appropriate weight formed from f. For that purpose, 
the boxed formula at the end of the preceding article will be applied. 
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We proceed as at the beginning of §C.5, Chapter VIII, forming from f 
a new entire function g,(z) with |g,,(x)| = |gy(—x)| > 1 on R and 
gm(0) = 1. Our present construction differs slightly from the one made 
there. 

Taking a large number M (whose value will depend on the type A of 
the multiplier we are seeking), we form the entire function 


z oA —— —— 
Py(z) = (: T Z0 t mt OF@ a fa); 
the purpose of the first factor on the right being to ensure that 

Py(x) — œ for x— +00. 


Given that f(z) is of exponential type B, P,,(z) will be entire, and of 
exponential type < 2B. It is clear that P,,(z) is even, that 


Py(x) > 1 for xeR, 
with 
Py(0) = 1, 
and that 
Py(x) > |f(x)\?/M? — for |x| > 1. 
From the hypothesis it follows also that 


| 2 log Py(x) 


(ae 
X 


— ce 
we can, indeed, choose M so as to make 


| © log Py(x) 


x? 


dx (sic!) 


~ oc 


as small > 0 as we like. Here, the behaviour of the integrand near the 
origin is alright, because (for large M) 


llog Py(x)| < const. x?/M? for |x| < 1 


with a constant independent of M. 

For any particular M, the lemma now gives us an entire function 9m(2Z)s 
of exponential type < B (half that of Py ), having (here) all its zeros in 
the lower half plane, with 


GulZ)Gu(Z) = Pulz). 
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Thence, in particular, 

lgu(x)| = JPu(x) > |f(x)|/M 
for real x of modulus > 1, so, since Py(x) > 1 on R, 

1 + |f()| < Cylgu|, xeR, 
with a constant Cy depending on M. Our result will thus be established 
if, for a suitable value of M, we can find an entire g(z) # 0 of exponential 
type A with @(x)g,,(x) bounded on R. To do this, we follow the procedure 
explained in the last article. 

Fixing a value of M (in a way to be described shortly) we take the weight 
W(x) = |gy¢(x)| and then use it in the formula written at the beginning of 
this proof so as to obtain a function F. According to the last theorem of 
§B.1 and the second one of §B.3, a function ọ having the desired properties 
exists provided that (MF)(0) < oo. It is now claimed that for proper 
choice of M we in fact have 


(MF)O) = 0. 


To see this we verify (in the notation of the last article) that 
(NF y)(0) = 0 for every N > 1. In the present circumstances, W(0) = 1, 
so for N > 1, 


Fy) = FO) = logW(0) = 0, 
and it is enough to show that assuming 
(MF y)(0) > e 
for some ¢ > 0 leads to a contradiction. 
In case the last relation holds, it is certainly true that 
(MF y)(O) > log W(0), 


so the boxed formula from the end of the preceding article is valid, 
W(x) = ./Pm(x) having been ensured by our construction to tend to 
œ for x — + œ. Thus, 


(MFy)(0) < e+ | log W(t)daa(t, 0) — AY,(0), 
0D 


where 2 is a certain (unknown) domain of the kind studied in §C of 


Chapter VIII. 
Now the second theorem of §C.5 in Chapter VIII can be used to estimate 


the quantity 


| log W(t)d@a(t, 0) = | log |gy(t)|\dwa(t, 0). 
32 Jag 
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Our function gy is of exponential type < B and has otherwise the 
properties of the function G figuring in that theorem. Therefore, 


| log|gy(t)|dwo(t, 0) < Yg(O){J + J/(2eJ(J + 7B/4))}, 
32 


where 
tom mE opha ail {" log Pul(x) 4 


k Xá 4 x? 


— 0c 


As observed above, the right-hand integral will, for large enough M, 
be as small as we like. We can hence choose (and fix) a value of M for 
which J is small enough to render 


J + ./(2eJ(J + 2B/4)) < A. 
This having been done, the previous relations yield 
(MF yO) < e 


(whatever N may be), contradicting our assumption that (MtFy)(0) > €. 
Thus, (MFy)(0) = 0, so, since this holds for every N, we have 
(MF)(0) = 0 as claimed, and the theorem is proved. 

We are done. 


Scholium. The multiplier (z) of exponential type < A obtained by going 
from the conclusion of the above argument to the second theorem in §B.3 
and thence to the last one in §B.1 has real zeros only. This is immediately 
apparent on glancing at the description of the function @ appearing 
towards the end of the latter result’s proof -— that p, by the way, is not 
the same as the multiplier we are talking about here, which, in the theorem 
referred to, was called y. 


In their 1967 Acta paper, Beurling and Malliavin made the important 
observation that the zeros of the multiplier g can also, in the present 
circumstances, be taken to be uniformly separated, in other words, that 
any two of those zeros are distant by at least a certain amount h > 0. This 
can be readily seen by putting together some of the above results and 
then using a simple measure-theoretic lemma. 


Let us look again at the least superharmonic majorant (INF)(z) of the 
function 


nae efi ISelloglawOl d, giya 


TJ- o |[z—t|? 
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formed from the weight W(x) = |gy¢(x)| used in the preceding proof. Here, 
lgm(t)| = |gu(—t|, so F(z) = F(—z) and therefore (MF)(z) = 
(MF)(— z) (cf. beginning of proof of first lemma, §B.3 ). We know that MF 
is finite, but here, since (MF)(0) = F(0) = log|g,,(0)| = 0, we cannot 
affirm that (MF)(z) is harmonic in a neighborhood of 0 and thus are not 
able to directly apply the first theorem from §B.3. An analogous result is 
nevertheless available by problem 57. In the present circumstances, with 
(INF)(z) even, that result takes the form 


(MF) = C= f 1o12- apto 2 n log|1 


=| aol, 
where p is a certain positive measure on [0, 00) with 
p(L9, t]}) A 
—— — — for t — œ. 
t T 
Because (MF)(0) < œ, we actually have 
1 
| log(t?)dp(t) > —o, 
(0) 


so, after changing the value of the constant C, we can just as well write 


2 
1 ——|do(0. 
t 


(MF)(z) = C — [iog 
0 


By the first lemma of §C.5, Chapter VIII (where the function 
corresponding to our present gy(z) was denoted by G(z) ), we have 


0 


log|g9m(z)| = | log} 1 — 


0 


2 
| dv(t) for 32 "0; 


v(t) being a certain absolutely continuous (and smooth) increasing function. 
Taking the function g,(z) to be of exponential type exactly equal to B (so 
as not to bring in more letters ! ), we also have 


® Izlog lgm 4 


t 
|z—t|? 


log|gm(z)| = Biz + 
for 3z > 0 by §G.1 of Chapter III.* Referring to the above formula for 
F(z) = F(z), we see from the last two relations that 


z? 
1——|dv(t) — (A+ B)|3zl. 


F(z) = fie 
(0) 


* see also end of proof of lemma at beginning of this article 
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(MF)(z) is, however, a majorant of F(z). Hence, 


2 


Z 
1R 
2 


(dv(t) + do(t)) 


F(z) — (MF/)(z) = [ie 


10) 
AO FETE Ag COR 


Our statement about the zeros of ¢(z) will follow from this inequality. 
The real line is the union of two disjoint subsets, an open one, Q, on which 


F(x) — WRF)(x) < 0, 
and the closed set E = R~ Q, on which 
F(x) — (MF)(x) = 0. 


According to the third lemma of §B.2, (RF)(z) is harmonic in a 
neighborhood of each xọ € Q, so the measure involved in the Riesz 
representation of (MF)(z) can have no mass in such a neighborhood (last 
theorem, §A.2). This means that 


dp(t) = 0 in Qa [0, 0). 
It is now claimed that 


dwt) + dp(t) < 


B 
dt on Eo (0, œ). 


Once this is established, the separation of the zeros of our multiplier ¢(z) 
is immediate. That function is gotten by dividing out any two zeros from 
the even entire function @,(z) given by 


1 a dLp(t)] 


log|g,(z)|_ = [ioe 


(0) 


(as in the proof of the last theorem, §B.1 ). Because dv(t) > 0, the preceding 
two relations will certainly make 


dp(t) < aha 


dt fort >O; 


and thus any two zeros of ~,(z) will be distant by at least 


T 
A+B 


units, in conformity with Beurling and Malliavin’s observation. 
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Verification of the claim remains, and it is there that we resort to the 


Lemma. Let u be a finite positive measure on R without point masses. Then 
the derivative '(t) exists (finite or infinite) for all t save those belonging to 
a Borel set Ey with (E) + |Eo| = 0. If E is any compact subset of R, 


|E| = (du(t) + dt). 


1 

|, KOTI 
Proof. The initial statement is like that of Lebesgue’s differentiation 
theorem which, however, only asserts the existence of a (finite) derivative 
y(t) almost everywhere (with respect to Lebesgue measure). The present 
result can nonetheless be deduced from the latter one by making a change 
of variable. Lest the reader feel that he or she is being hoodwinked by 
the juggling of notation, let us proceed somewhat carefully. 

Put, as usual, u(t) = fi da(t), making the standard interpretation of 
the integral for t <0. By hypothesis, p(t) is bounded, increasing and 
without jumps, so 


S(t) = Wt) + t 


is a continuous, strictly increasing map of R onto itself. S therefore has a 
continuous (and also strictly increasing) inverse which we denote by T: 


T(w(t)+t) = t. 


If o(s) is continuous and of compact support we have the elementary 
substitution formula 


E if ods = | "ASOMA + dt) 


— 00 = 0 


which is easily checked by looking at Riemann sums. The dominated 
convergence theorem shows that (*) is valid as well for any function Q 
everywhere equal to the pointwise limit of a bounded sequence of continuous 
ones with fixed compact support. That is the case, in particular, for 
@ = 7p, the characteristic function of a compact set F, and we thus have 


\F| = | vlogs) dour 2 EONO +D = (TUF) + ITU). 


= oo — 0 


The quantity |T(F)| is, of course, nothing other than the Lebesgue-Stieltjes 
measure |, dT(s) generated by the increasing function T(s) in the usual 
way. The last relation shows that 


|T(F)| < IF| 


for compact sets F; the measure on the left is thus absolutely continuous 
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with respect to Lebesgue measure, and indeed 


0 < mrs zeda fompbacal: 


By the theorem of Lebesgue already referred to, we know that the 
derivative 


T(s +h) — T(s) 


T’(s)> = lim 
h>0 h 
exists for all s outside some Borel set Fọ with |F| = 0. The image 


E, = T(Fo) is also Borel (T being one-one and continuous both ways) 
and, for any compact subset C of Eo, the previous identity yields 


WC) + |IC| = ISO] < IFol = 9, 
since C = T(S(C)) and S(C) © S(Eo) = Fo. Therefore 
u(Eo) + |Eo| = 0. 


Suppose that t¢ Eo. Then s = p(t)+t (for which T(s) = t ) cannot 
lie in Fo, T being one-one, and thus T’(s) exists. For ô # 0 and any such 
t (and corresponding s ), write 


h(s,6) = p(t+6) — pt) + ô. 
We have s + h(s,ô) = pw(t+d) + t + ô, so by definition of T, 
T(s+h(s,6)) = t+6, and 
H T(s+h{(s,6)) ES ô 
h(s, ô) u(t + ô) — u(t) + ô 


The function p(t) is in any event continuous, so at each s (and 
corresponding t ), 


h(s,d) + 0 as 6—>+0. 


Therefore, when t¢ Eo, lims.o((u(t + 5) — u(t))/6 + 1)~* must, by (t), 
exist and equal T’(s). This shows that p(t) exists for such t (being infinite in 
case T'(s) = 0 ). 

Take now any continuous function Ņ(s) of compact support. Because 
of the absolute continuity of the measure fpdT(s).already noted, we have 


| " POTO = | Od 


— 0 -00 
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Here, 
T(s\)_. =. im AS O 6) a.e. 
ô>0 h(s, ô) 


where h(s, ô) is the quantity introduced above. The difference quotients 
on the right lie, however, between 0 and 1. Hence „ Y(s)T'(s)ds equals 
the limit, for ô — 0, of 


= T(s + h(s,6)) — T(s) 
| eee) h(s, 6) i 


by dominated convergence. In this last expression the integrand is 
continuous and of compact support when 6 # 0. We may therefore use 
(*«) to make the substitution s = p(t)+t therein; with the help of (tT), that 
gives us 


z ô 
p (u(t) + t) aonana (du(t) + dt). 


The quantity ô/(u(t + 6) — u(t) + ô) lies between 0 and 1 and, as we have 
just seen, tends to 1/(y'(t) + 1) for every t outside Ey when 6 — 0, where 
u(Eo) + |E | = 0. Another application of the dominated convergence 
theorem thus shows the integral just written to tend to 

f°, Wud) + e (u(t) + 1)" (dult) + dt) as ô— 0. In this way, we see 
that 


[> waro = [7 MRO? (au + ao 
TA -o H(t)+1 
when y is continuous and of compact support. 

Extension of this formula to functions y of the form yp with F compact 
now proceeds as at the beginning of the proof. Given, then, any compact 
E, we put F = S(E), making T(F) = E and yp(u(t) +t) = xr(S(t)) = Xz(t); 
using Y(s) = x,(s) we thus find that 


Xe(t) 


fe dyu(t) + dt 
we u(t)+1— 


IE] = |T(F)| = | Xr(s)dT(s) = 
The lemma is established. 
We proceed to the claim. 


Problem 58 


(a) Show that in our present situation, neither v(t) nor p(t) can have any 
point masses. (Hint: Concerning p(t), recall that (INF )(x) is continuous! ) 
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(b) We take v(0) = p(0) = 0 and then extend the increasing functions v(t) 
and p(t) from [0, 00) to R by making them odd. Show that for x € E (the set 
on which F(x) — (IMF)(x) = 0 ), we have 


5 | toe (1 qb Ys Janey + a) — (A+B)y < 0 fory>0. 
2 (x — t)? 


(c) Writing u(t) = v(t) + p(t), show that for fixed y > 0, 

a y? oy eee HO) 

-| log{ 1 + ant) = dt. 
| e( and Aa \ yer r 


(Hint: Since u({x}) = 0, the left hand integral is the limit, for 6 — 0, of 


[! y ) 
feli + ap) du. 


Here we may integrate by parts to get 


liz y? wx +t) = Mex 1) — (ux + 6) — ax — 9) 4 
3 y+? T l 


— oo 


Now make 6 — 0 and use monotone convergence.) 

(d) Hence show that for each xe E where p(x) exists, we have 
mu (x) < A+B. 
(Hint: Refer to (b).) 

(e 


— 


Show then that if F is any compact subset of E, 
mu(F) < (A+ B)|F|, 
whence 


A+B 
VF) + p(F) < gi 


(Hint: Apply the lemma.) 


The reader who prefers a more modern treatment yielding the result of 
part (e) may, in place of (d), establish that 


mDu)(x) < A+B for xeE, 
where 


DS ies. Ata ee 
Ax>0 Ax 


Then, instead of using the lemma to get part (e), a suitable version of 
Vitali’s covering theorem can be applied. 
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Remark. The original proof of the theorem of Beurling and Malliavin is 
different from the one given in this article, and the reader interested in 
working seriously on the subject of the present chapter should study it. 

The first exposition of that proof is contained in a famous (and very 
rare) Stanford University preprint written by Malliavin in 1961, and the 
final version is in his joint Acta paper with Beurling, published in 1962. 
Other presentations can be found in Kahane’s Seminaire Bourbaki lecture 
for 1961-62, and in de Branges’ book. But the clearest explanation of the 
proof’s idea is in a much later paper of Malliavin appearing in the 1979 
Arkiv. Although some details are omitted in that paper, it is probably the 
best place to start reading. 


3: A quantitative version of the preceding result. 


Theorem. Let ®(z) be entire and even, of exponential type B, with D(x) > 0 
on the real axis and 


< LF OO). 


le log* Ox) ay 


feel 


For M > 0, denote by Jy, the quantity 


ace Bs ws 
gtx 


Suppose that for some given A>0, M is large enough to make 


Ju + SMT ul Iye 2B) <n Ai 


Jt 
Then there is an even entire function ¢(z) of exponential type A with 
90) = 
and 
|p(x)|®(x) < 2e7/A+B)?M for xeR. 
Remark. There are actually functions ọ having all the stipulated properties 
and satisfying a relation like the last one with the coefficient 2 replaced 


by any number > 1 — hence indeed by 1, as follows by a normal family 
argument. By that kind of argument one also sees that there are such @ 
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corresponding to a value of M for which 


1 
J MGE payee + 7B)) =" A 


Such improvements are not very significant. 


Proof of theorem. We argue as in the last article, working this time with 
the auxiliary entire function 


ž ®(z) 
Pays (1 7 =)( + a20) 


which involves a large constant R as well as the parameter M. An extra 
factor has again been introduced on the right in order to make sure that 


P(x) — œ for x— to. 


Like ®(z), the function P(z) is even, entire, and of exponential type B; 
it is, moreover, > 1 on the real axis and we can use it as a weight thereon. 
As long as M fulfills the condition in the hypothesis, 


J = [Stow Poa 
si 


0 


will satisfy the relation 
1 
Jn 
for large enough R; we choose and fix such a value of that quantity. 
Using the weight W(x) = P(x) and the number A, we then form the 
function F(z) and the sequence of F,(z) corresponding to it as in the 
previous two articles, and set out to show that (MF)(0) = 0. 
This is done as before, by verifying that (MFy)(0) < 0 for each N. 


Assuming, on the contrary, that some (MF y)(0) is strictly larger than 
some € > 0, we have 


J + JUV + 7B) < A 


(MF (0) < e+ | log P(t)d@o(t, 0) — AYo(0) 
a 
with a domain 2 of the sort considered in §C of Chapter VIII, 
since here 
Fy(t) < FQ) = logP@), teR, 


where log P(t) — oo for t — + œ. We proceed to estimate the integral 
on the right. 


3 Quantitative version of preceding result 409 


The entire function P(z) is realand > 1 on R, so, by the lemma from 
the last article, we can get an entire function g(z) of exponential type B/2 
(half that of P), having all its zeros in the lower half plane, and such that 


g(z)g(z) = P(z). 


For the entire function 


G(z) = (g(z)) 


of exponential type B with all its zeros in z < 0 we then have 
|G(x)| = P(x) on R, so that 


| log P(t)dwa(t, 0) = | log|G(t)|dwo(t, 0). 
GEA 6D 


Here, G(z) satisfies the hypothesis of the second theorem in §C.5 of 
Chapter VIII, and that result can be used to get an upper bound for the 
last integral. We can, however, do somewhat better by first improving the 
theorem, using, at the very end of its proof, the estimate furnished by 
problem 28(c) in place of the one applied there. The effect of this is to 
replace the term ,/(2eJ(J + 7B/4)) figuring in the theorem’s conclu- 
sion by 


DEA + 7B)) 


Jn 
with 
wag Pi 
J = | — log|G(x)|dx = | — log P(x) dx, 
es o x 
and in that way one finds that 


| Jo8iGidoot 0) < Zot + L JUU +B) } 
ag 


Jt 
Substituted into the above relation, this yields 
(MFy)(0) < £, 


a contradiction, thanks to our initial assumption about M and our choice 
of R. It follows that (MFy)(0) < O for every N and thus that 
(MF)(0) = 0. 

Knowing that, we can, since P(0) = 1, apply the corollary to the second 
theorem of §B.3. That gives us, corresponding to any 7 > 0, an increasing 
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function p(t), zero on a neighborhood of the origin, such that 


PD sates for t—> +o 
T 


t 


and that 


logP(x) + yx + | (102 


= co 


x x 
1—-| + —]dp(t) < 4 
t t 
on R, y being a certain real constant. In the present circumstances 
P(x) = P(— x), so, taking the increasing function 


v(t) = (p(t) — p(—2)) 


(also zero on a neighborhood of the origin), we have simply 


ioe) x2 
log P(x) + | log hae 


(0 


dv(t) < 4 for xER. 


Our given function ® is > 0 on the real axis. Therefore 
P(x) > x?@(x)/M there, and our last relation certainly implies that 


(x) z x? 
loch x2.) * + log|1 ——I|dv(t < 
e(> M ) | i G a : 
on R. Denote for the moment 
(z) e z4 
10212A log| 1 ——|dv(t 
ae | l Baa v(t) 


by U(z); this function is subharmonic, and, since ® is of exponential type 
B while 


— — 


v(t) A 
t T 


for t— œ, 
we have 
U(z) < (B+A)|z| + o(|z]|) 


for large |z|. Because U(x) < ņ on R, we see by the third 
Phragmén-Lindelöf theorem of §C, Chapter III, that 


U(z) < n + (A+B)9z lor sz a0. 


To the integral fẹ log|1— (z?/t°)|dv(t) we now apply the lemma of 
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§A.1, Chapter X, according to which 


| log 
(0) 


(where, as usual,z = x+iy ). Used together with the preceding inequality 
for U(z), this yields 


2 
Z 
jh Ab ee 
t 


dPOJ-aO) < log felek l0 Recs. 


2\y| 2max (|x|, | yl) 


log oe + |. log} 1 zlava] 
max (|x|, y) y 
< n + (A+B)y + al 2y a ee 


joe jer = y >. 0, 
There is clearly an entire function (z) with 


2 
— 7 db); 


log|g(z)| = [rosli 
(0) 


ọis even and ọ(0) = 1. Moreover, in view of the asymptotic behaviour of 
v(t) for large t, ọ(z) is of exponential type A. In terms of ọ, the preceding 
relation becomes 


Meiate (Max (Ixl Wy + y/max (xl y)} 


>, 0: 
2(x? + y?) y 


|D(z)p(z)|_ < 


The fraction on the right is just 
1 max(¢,1) + 1/max (€, 1) 
2y? & + 1 
with € = |x|/y, and hence is < 1/y”. Thus, putting z = x+ih with 
h > 0, we see that 


M 
|D(x + ih)p(x+ih)| < ee for xeR. 


Applying once more the third Phragmén—Lindelof theorem of 
Chapter III, §C, this time to ®(z)p(z) (of exponential type A + B ) in the 
half plane {3z < h}, we get finally 


M 
Epe << GerAtrrn  xeR, 


and, putting h = 1/(4 + B), we have 
@(x)|y(x)| < ee? (4+BPM onR. 
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The quantity n > 0 was arbitrary, so the desired result is established. We 
are done. 


Scholium. Let us try to understand the rôle played by the parameter M 
in the result just proved. As long as 


| © logt M(x) ih 


<5 o0 
6. > 
ae ee 


it is surely true that with 


a oan 
J = =] 1 + X 
* E a ox( q M 


the expression 


Jags 2A ald + nB) 

eventually becomes less than any given A > 0 when M increases without 
limit; we cannot, however, tell how large M must be taken for that to 
happen if only the value of the former integral and the type B of ® are 
known. Our result thus does not enable us to determine, using that 
information alone, how small sup,.2®(x)|g(x)| can be rendered by taking 
a suitable even entire function g of exponential type A with g(0) = 

This is even the case for polynomials ® (special kinds of functions of 
exponential type zero!). 


Problem 59 


Show that for the polynomials 


z? 2N 
®,(z) = (Z = i) 


one has 
æ 1 $ 
— log ®,(x)dx < const., 
o X 


but that for J > 0 small enough, there is no value of M which will make 
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for all N simultaneously. 


‘ ZRI 
(rin Look at the values of T log* (2) dx. ) 


N 
o * 7 


The parameter M, made to depend on A by requiring that 
1 
Ju + av CUu + 7B)) 


be < A (or simply equal to A; see the remark following our theorem’s 
statement) does nevertheless seem to be the main factor governing 
how small 


sup ®(x) | (x)| 


xeR 


can be for even entire functions @ of exponential type A with ọ(0) = 1. 
The evidence for this is especially convincing when entire functions ® of 
exponential type zero are concerned. Then the discrepancy between the 
above result and any best possible one essentially involves nothing more 
than a constant factor affecting the type A of the multiplier ọ in 
question. 


Problem 60 


Suppose that W(x) > 1 is even and that there is an even entire function 
ọ of exponential type A with (0) = 1 and 


W(x)|o(x)| < K for xeR. 


(a) Show that then 


s 1 W(x) ys 
f oe( Jas Sia A 
ge ea/ (x? — x9) K 2 


for any xọ > O. (Hint: Use harmonic estimation in 


Q = C ~ (=, —x] ~ [xo 0) 


to get an upper bound for log|g(0)|. Note that w9( , z) and Y9(z) are 
explicitly available for this domain; for the latter, see, for instance, §A.2 
of Chapter VIII). 


Suppose now that pọ, A and K are as in (a) and that there is in addition 
an xọ > 0 such that W(x) < K for |x| < Xo while W(x) > K for 
|x| > xo. Note that W(x) need not be an increasing function of |x| for 
this to hold for certain values of K: 


414 XI C Theorems of Beurling and Malliavin 


Figure 244 


(b) Show that then, given any 7 > 0, there is a constant C depending only 
on y such that 


aS | A?x? W(x) T 
— log 1 + ——Iidx < = NN NA. 
o X CARK 2 


(Hint: Observe that 


A2 2 Wi A? 2 W 
log} 1 + x < oe( 1 + = + log* (=) 
Ga C K 


Refer to part (a). ) 


By this problem we see in particular that if W(x) is the restriction to R 
of an entire function of exponential type zero having, for some given K, 
the behaviour described therein, then, for 


M = CK/A?, 


the integral J,, corresponding to W satisfies the condition of our theorem 
pertaining to multipliers of exponential type 


r“ EE + 14 


(rather than to those of exponential type A ). For suitable choice of the 
constant C, the right side is 


< 25A 
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=- 


Thus, subject to the above proviso regarding W(x) and K, the theorem 
will furnish an even entire function y with (0) = 1, of exponential type 
2.5A, for which 


W(x)|w(x)| < 12.5e7CK onR 
whenever the existence of such an entire ọ, of exponential type A, with 
W(x)lo(x)| < K onR 
is otherwise known. 
There may be certain even entire functions ®, > 1 on Rand of expo- 
nential type zero, such that, for some arbitrarily large values of 
Xo, (x) < (xo) for |x| < xo and O(x) > D(x) for |x| > xo with, 


in addition, the graph of log@®(x) vs |x| having a sizeable hump 
immediately to the right of each abscissa Xo: 


log B(x) 


Xo |x] 
Figure 245 


If we have such a function ® and use the weight W(x) = (x), 
the condition 


z 1 2%) T 
e —— de <= A 
ik x(x? — x?) oe( K 2 


obtained in part (a) of the problem would, for K = (x) with any of 
the x, just described, give us 


[oer (2) ax < cA 
o x ; 
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where c is a number definitely smaller than 2/2, and thus make it possible 
to bring down the bound found in part (b) from (n/2 + n)A to (c+n)A. 
It is conceivable that one could construct such an entire function ® with 
humps large enough to make 


CES y7 


i Jn+1 


for a sequence of values of K tending to œ and values of A corresponding 
to them (through the first of the above two integral inequalities) tending 
to zero. Denoting the first sequence by {K,} and the second by {A,}, we 
see that for the function ® (if there is one!), the upper bound provided by 
the theorem would, for A = A,, be proportional to K,, and hence exceed 
the actual value in question by at most a constant factor (for such A). 
Although I do not think the value of c can be diminished that much, the 
construction is perhaps worth trying. I have no time for that now; this 
book must go to press. 


Our result seems farther from the truth when functions ® of exponential 
type B > 0 are in question. For those, the condition on J y figuring in the 
statement is essentially of the form 


Ja < const A? 


when A is small. 

It is not terribly difficult to build even functions ® of exponential type 
> 0 whose graphs (for real x) contain infinitely many very long and 
practically flat plateaux, e.g., 


log D(x) 


log (100 K) 


log K 


Xo 


Figure 246 
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For this kind of function ® one has arbitrarily large values of K (and of 
Xo corresponding to them) such that 


5 ® 
[toe (2 Jax 
o X 100 K 


(say) is exceedingly small in comparison to 


oe Pa; 
I. x] (x? — x3) los( K Jax: 


putting the latter integral equal to (/2)A, we can thus (for values of A 
corresponding to these particular ones of K ) have the former integral 
< const. A”, and even much smaller. What brings 


2 ® 
| J loe(1 -+ 42 OE) ax 
one 100 CK 


back up to a constant multiple of A in this situation is not the presence 
of ®(x)/K in the integrand, but rather that of x? ! In order to reduce this 
last integral to a multiple of A”, the A? figuring in the integrand must be 
replaced by A*, making M a constant multiple of 


K/A* 


if J y is to satisfy the condition in the theorem. We thus find a discrepancy 
involving the factor 1/A* between the upper bound 


2e7(4+ B)?>M = const K/A* 


furnished by our result (for small A > 0 ) and the correct value, at least equal 
to K when 


ait gps A o% 
ft b y x? — x3) or K je 


It frequently turns out in actual examples that the K related to A in 
this way (and such that ®(x) < K for |x| < xo while ®(x) > K for 
|x| > xo ) goes to infinity quite rapidly as A — 0; one commonly finds 
that K ~ exp(const./A). Compared with such behaviour, a few factors 
of 1/A more or less are practically of no account. Considering especially the 
approximate nature of the bound on f ag log|G(t)|\d@o(t, 0) that we have 
been using, it hardly seems possible to attain greater precision by the 
present method. 
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4. Still more about the energy. Description of the 
Hilbert space 5 used in Chapter VIII, §C.5 


Beginning with §B.5 of Chapter VIII, we have been denoting 


Nee 


by E(dp(t), dp(t)) when dealing with real signed measures p on [0, 00) 
without point mass at the origin making the double integral absolutely 
convergent. In work with such measures p it is also convenient to write 
U(x) for the Green potential 


| Bela 
10) 


at least in cases where the integral is well defined for x > 0. In the latter 
circumstance U ,(x) cannot, as remarked at the end of §C.3, Chapter VIII, 
be identically zero on (0, œ) (or, for that matter, vanish a.e. with respect 
to |dp| there) unless the measure p vanishes. It thus makes sense to regard 


J(E(dp(t), dp(t))) 


as a norm, ||U,||g, for the functions U,(x) arising in such fashion. This 
norm comes from a bilinear form < , Xg on those functions U, defined 
by putting 


at oes UE a | fi log| 
0 (0 


for any two of them, U, and U,; the form’s positive definiteness is a 
direct consequence of the results in §B.5, Chapter VIII. Since 
lU le = A U,, Upe), we obtain a certain real Hilbert space § by 
forming the (abstract) completion of the collection of functions U, in the 
norm || _ |g. 

The space § was already used in the proof of the second theorem of 
§C.5, Chapter VIII. There, merely the existence of H was needed, and we 
did not require any concrete description of its elements. One can indeed 
make do with just that existence and still proceed quite far. Specific 
knowledge of $ is, however, really necessary if one is to fully understand 
(and appreciate) the remaining work of this chapter. The present article 
is provided for that purpose. 


+ dp(t)dp(x) 


Xt 


agl ys 


‘| do()do(x) 


It is actually better to use a wider collection of Green potentials U ) in 
forming the space §. One starts by showing that if p is a signed measure 
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on [0, œ) without point mass at 0 making 


Kaf xt 
log 
0 JO x — 


st Idp(t)||Idp(x)|_ < æ, 


the integral, 


i log 
0 


is absolutely convergent at least almost everywhere (but perhaps not 
everywhere! ) for 0 < x < œ. In these more general circumstances we will 
continue to denote that integral by U,(x); we will also have occasion to 
use the extension of that function to the complex plane given by the formula 


apto) 


“| dp 


U,(z) = id log | 
0 


It turns out to be true for these functions U, that E(dp(t), dp(t)) is 
determined when U(x) is specified a.e. on R (indeed, on (0, o0) ); we will 
in fact obtain a formula for the former quantity involving just the function 
U,(x). This will justify our writing 


lUplle = V(EMp(o), de()): 


the space § will then be taken as the completion of the present class of 
functions U, in the norm || ||. It will follow from our work* that the 
Hilbert space § thus defined coincides with the one initially referred to 
in this article which, a priori, could be a proper subspace of it. That fact 
is pointed out now; we shall not, however, insist on it during our discussion 
for as such it will not be used. 


We shall see in a moment that our space § consists of actual Lebesgue 
measurable odd functions defined a.e. on R; those will need to be 
characterized. 

Let’s get down to work. 


Lemma. If p is a real signed measure on [0, œ) without point mass at 0, 
such that 


t Idp(t)||dp(x)| < œ, 


pn x+t 
log 
ee) Na 


* see the last theorem in this article and the remark following it 
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the integral 


| oe ae 
(0) 


is absolutely convergent for almost all real x, and equal a.e. on R to an odd 
Lebesgue measurable function which is locally L4. 


x+t 
soo) 


Proof. For x and t > 0, log|(x+2/(x—1t)| > 0, and the left-hand 
expression is simply changed to its negative if, in it, x is replaced by — x. 
The whole lemma thus follows if we verify that 


[ico 


for each finite a. We will use Schwarz’ inequality for this purpose. 
Fixing a > 0, we take the restriction A of ordinary Lebesgue measure to 
[0, a], and easily verify by direct calculation that 


[f okt 
0 v0 


According, then, to the remark at the end of §B.5, Chapter VIII, the 
previous expression, nothing other than 


E(|dp(t)|, d4(0)) 


in the notation of that §, is 


< V(E(\dp(l, Ido(t)l): EA), d4(t))), 
a finite quantity (by the hypothesis). Done. 


= tlld] dx "SO 


Xe 


duoda < o. 


By almost the same reasoning we can show that the Hilbert space § 
must consist of Lebesgue measurable and locally integrable functions on 
R. In the logical development of the present material, that statement should 
come somewhat later. Let us, however, strike while the iron is hot: 


Theorem. Suppose that the signed measures p, on [0, œ), each without 
point mass at the origin, are such that 


[os 


and that furthermore, 


E( dp,(t) T dpm(t), dp,(t) i dp,,(t)) Tham? 0. 


lido (Olido) <0 
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Then, for each compact subset K of R, the functions 


“| dp,(t ) 


U,(x) = fe log 
0 


(each defined a.e. by the lemma) form a Cauchy sequence in L,(K). 


Proof. It is again sufficient to check this for sets K = [0, a], where 
a > 0. Fixing any such a and focussing our attention on some particular pair 
(n,m), we take the function 


sgn (U,(x)— U,(x)), O<x <a, 
ote) = [U (x)) a 
0 otherwise. 


Then, 
| ‘|U,0)—U, (dx = | * (U(x) Un) (x) dx. 
0 0 
We have, however, 


ik le log <*'llo(ldtiolds < | [tee = 


. with the right side finite, as already noted. Thence, by the remark at the 
end of §B.5, Chapter VIII, 


as: ‘| de dx 


* (U(x) — Un(x)) ods = E(dp,(t)—dpp(t), g(t) dt) 
0 
< M E(dp,(t) a dp,n(t), dp,(t) = dp,,(t)) ‘ E(e(t)dt, p(t)dt) ). 


Since log|(x + t)/(x—t)| > 0 for xandt > 0, 


(t)|| p(x)|dt dx 


E(p(t) dt, p(t) dt) aly i log) 


which, as we have just seen, is bounded above by a finite quantity — call it 
C, — depending on a but completely independent of n and m! The 
preceding relation thus boils down to 


| "|U, (9) — Unlxiidx < VEC E(dpn(t)—dpml(t), dpn(t)—den(t))), 
0 
and the theorem is proved. 


Corollary. Under the hypothesis of the theorem, a subsequence of the U,,(x) 
converges a.e. to a locally integrable odd function U(x) defined a.e. on R. For 
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any bounded measurable function @ of compact support in [0, œ), we have 
E(dp,(t), p(t)dt) —> | U(x) p(x) dx. 
0 


Proof. The first part of the statement follows by elementary measure 
theory from the theorem. A standard application of Fatou’s lemma then 
shows that 


[1019 uax = 0 
0 : 


for each finite a. Since the left-hand member of the limit relation to be 
proved is just 


| Taod dx, 


0 


we are done. 


Remark. Later on, an important generalization of the corollary will be 
given. 


If we only knew that the measures g(t)dt formed from bounded ọ of 
compact support in [0, 00) were ai (E( , ))dense in the collection of signed 
measures dp(t) satisfying the hypothesis of the above lemma, it would follow 
from the results just proved that any element of that collection’s abstract 
completion in said norm is determined by the measurable function U(x) 
associated to the element in the way described by the corollary. The density 
in question is indeed not too hard to verify; we will not, however, proceed 
in this manner. Instead, the statement just made will be established as a 
consequence of a formula to be derived below which, for other reasons, 
is needed in our work. 


Given a measure p satisfying the hypothesis of our lemma, we will write 


U(x) = le fog ee “Jap 


The function U,(x) is thus odd, and defined at least a.e. on R. Concerning 
extension of the function U, to the complex plane, we observe that the 
integral 


by log 
(0) 


= dp(t) 
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converges absolutely and uniformly for z ranging over any compact subset 
of {3z > 0} or of {3z < 0}. 
It is sufficient to consider compact subsets K of the half-open quadrant 
{z: Rz > 0 (sic!) and 3z > 0}. 
We have, by the lemma, 


| Be Xo + 
o Xo — 


0 


t 
|| deo! < © 


for almost all x > 0; fixing any one of them gives us a number Cx 
corresponding to the compact subset K such that 
Zat 


Aia 


Xo +t 


log < Clog 


| for t>0 and zeK. 
Xo 


The affirmed uniform convergence is now manifest. 


The integral 


ff log 
(0) 


is thus very well defined when z lies off the real axis, we denote that 
expression by U,(z). The uniform convergence just established makes 
U (z) harmonic in both the upper and the lower half planes. It is, moreover, 
odd, and vanishes on the imaginary axis. At real points x where the integral 
used to define U,(x) is absolutely convergent, we have 


tt dp(t) 


U,(x) = limU,(x + iy), 
y>0 
so on R, the function U, can be regarded as the boundary data (existing 
a.e.) for the harmonic function U (z) defined in either of the half planes 
bounded by R. 


We turn to the proof of the formula mentioned above which, for measures 
p meeting the conditions of the lemma, enables us to express E(dp(t), dp(t)) 


in terms of p’s Green potential U,(x). We have the good fortune to already 
know what that formula should be, for, if the behaviour of 


Pe | dp 
(0) 


is nice enough, problem 23(a), from the beginning of §B.8, Chapter VIII, 
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tells us that 


EldpO dala hese all if Gee oN) dx dy. 


What we have, then, to do is to broaden the scope of this relation, due to 
Jesse Douglas, so as to get it to apply to the whole class of measures p 
under consideration in this article. Instead to trying to extend the result 
directly, or to generalize the argument of problem 23(a) (based on the first 
lemma of §B.5 in Chapter VIII which was proved there under quite 
restrictive conditions), we will undertake a new derivation using different 
ideas. 


The machinery employed for this purpose consists of the L, theory of 
Hilbert transforms, sketched in the scholium at the end of §C.1, 
Chapter VIII. The reader may have already noticed a connection between 
Hilbert transforms and logarithmic (and Green) potentials, appearing, for 
instance, in the first lemma of §C.3, Chapter VIII, and in problem 29(b) 
(Chapter IX, §B.1). 

As usual, we write 


pest [aw fons => 0 
0 


when working with real signed measures p on [0, 00). It will also be 
convenient to extend the definition of such functions p to all of R by making 
them even (sic!) there. ? 


Lemma. Let 


oe | ass x+t 
| | log 
o Jo x — 


H apola < 0 


for the real signed measure p on[0, 00) without point mass at the origin. Then 
x) is O(./x) for x — œ. 


Remark. This is a weak result. 


Proof of lemma. Since 


x 


lp(x)| < io for x > 0, 


10) 


it is just as well to assume to begin with that dp(t) is positive, and thus p(x) 
increasing on [0, ©). 


4 Energy and the space $ from §C of Chapter VIII 425 


Then, by the second lemma of §B.5, Chapter VIII, 


a (© ( p(x)— p(y)\? x? + y? 
i | ( x—y ) (x + y)? dx dy = E(dp(t), dp(t)) < 0.6), 


f (> — eon ax phat af 
0 ay, 


for almost all y > 0. Fix such a y; we get 


peaa 3 AEEA oT 
2y x 2y ay. w 


and thence, for x > 2y, 


© oo) 2 
(p(x)? | S < | (£) pees 
x 2y 


p being increasing. Thus, 


so 


(pi) =” const.x for x'> 2y. 


Done. 


Lemma. Let p satisfy the hypothesis of the preceding lemma. Then 


= 1 1 

U,(x) = -f (+, + Joa a.e, xeER. 
fy NOR SE Xt 

Proof. U (x) is odd, so it is enough to establish the formula for almost all 

x > 0. Taking any such x for which the integral defining U (x) converges 

absolutely, we have 


U,(x) = im( | 4 J Joet 
e> 0 


Fixing for the moment a small € > 0, we treat the two integrals on the 
right by partial integration, very much as in the proof of the lemma in §C.3, 
Chapter VIII (but going in the opposite direction). The integrated term 


+ dp(t). 


x¥t 
p(t) log] —— 
» 


which thus arises vanishes at t = 0 and also when t — o, the latter thanks 
to the preceding lemma. Subtraction ofits valuesfort = x+ e€ also gives a 
small result when ¢ > 0 is small, as long as p'(x) exists and is finite, and 
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therefore for almost all x. We thus end with the desired formula on making 
e— 0, Q.E.D. 


Referring to our convention that p(—t) = p(t), we immediately obtain 
the 
Corollary 
i 1 t 
Uea ea f (5 + Jat dti «xelexeR: 
x 


ei. tee 


Remark. The dummy term t/(t? + 1) is introduced in the integrand in order 
to guarantee absolute convergence of the integral near + œ, and does so, 
p(t) being O(,/|t|) there. We see that, aside from a missing factor of 
—1/nx, U,(x) is just the harmonic conjugate (Hilbert transform) of p(x), 
which should be very familiar to anyone who has read up to here in the 
present book. 


Lemma. Let the signed measure p satisfy the hypothesis of the first of the 
preceding two lemmas. Then, for almost every real y, the function of x equal 
to (p(x) — p(y))/(x — y) belongs to L,(— œ, œ), and 


U,(x)-U,(y) _ -f Ropi pins n v Men 


x—y -oX—t t—y 


Proof. As at the beginning of the proof of the first of the above two lemmas, 
œ fæ = PANE? 2 
| | (eee ) cath dxdy < œ, 
o Jo XGN (x+y) 


so, for almost every y >0, (p(x)—p(y))(x—y) belongs to L,(0, 0) 
as a function of x. But since p is even, 


eA S ais — PUD 
x— y Ix] — Iyl | 


we thus see by the statement just made that as a function of x, 


(P(x) — p(y))/(x — y) belongs in fact to L,(— 00, 00) for almost all yeR. 
For any real number C, we have (trick! ): 


| ( nee Joa = 0. 
tte OSE + 1 
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Adding this relation to the formula given by the last corollary, we thus get 


S; 1 t 
U,(x) = -F (4 y zeo — C)dt 


for almost all xe R, where the exceptional set does not depend on the 
number C. From this relation we subtract the similar one obtained on 
replacing x by any other value y for which it holds. That yields 


U,(x) — Uy) = — f (= — Joo — C)dt ae, x,yeR. 

In the Cauchy principal value standing on the right, the integrand 
involves two singularities, at t = x and at t = y. Consider, however, what 
happens when y takes one of the values for which p’(y) exists and is finite. 
Then, we can put C = p(y) in the preceding relation (!), and, after dividing 
by x — y, it becomes 


UA UN _ f° 1 pO- 
x—y x—t t—y 


in which the function (p(t)— p(y))/(t — y) figuring on the right remains 
bounded for t — y. What we have on the right is thus just the ordinary 
_ Cauchy principal value involving an integrand with one singularity 
(at t = x), used in the study of Hilbert transforms. 

We are, however, assured of the existence and finiteness of p’(y) at almost 
every y. The last relation thus holds a.e. in both x and y, and we are done. 


Theorem. Let the real signed measure p on [0, œ), without point mass at the 
origin, be such that 


zt Idp(t)||dp(x)| < œ, 


zi x+t 
| log 
o sa 


U(x) = ie log 


and put 


thus specifying the value of U, almost everywhere on R. Then we have Jesse 
Douglas’ formula: 


Edt de) Sa al iP (2 Pobo veu) dx dy. 
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Proof. The last lemma exhibits the function of x equal to 
(U, (x) — U,(y))/(x — y) as — x times the Hilbert transform of the one equal 
to (p(x) — p(y))/(x — y) for almost every y € R, and also tells us that the latter 
function of x is in L,(— œ, œ) for almost every such y. We may therefore 
apply to these functions the L, theory of Hilbert transforms taken up in the 
scholium at the end of §C.1, Chapter VIII. By that theory, 


a (2E Helo a j: ie Gar 
=o n(x — y) — 2 On Fp! 


for the values of y in question, i.e., almost everywhere in y. 
Integrating now with respect to y, this gives 


sh iy (ee 0) - EAA eee =f k ga a pet 


Because p is even, the right side is just 


æo fo E 2 = 2 
Ai | [22 pn A (pe 2o) has ne 
y x+y 
a B29 2 
saga fs (= e») x LY aday. 
x—y (x + y) 
Dividing by 4 and referring to the second lemma of §B.5, Chapter VIII, 
we immediately obtain the desired result. 


Corollary. For any measure p satisfying the hypothesis of the theorem, 
E(dp(t), dp(t)) 
is determined when the Green potential U(x) is specified almost everywhere 


on R, and p = 0 if U,(x) = 0 ae. in (0, œ). (Here U,(x) is determined 
by its values on (0, œ) because it is odd.) 


This corollary finally gives us the right to denote wf (E(dp(t), dp(t))) by 
||U, lz for any measure p fulfilling the conditions of the theorem; indeed, 
we simply have 


ae = ALL CE aw) 


It will be convenient for us to use this formula for arbitrary real-valued 
Lebesgue measurable functions (odd or not !) defined on R. Then, of course, 
it becomes a matter of 
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Notation. Given v, real-valued and Lebesgue measurable on R, we write 


one = SEES eo) 


This clearly defines || ||, as a norm on the collection of such functions v 
(modulo the constants); if ||v|| = 0 we must have 


d{x)-. == ‘const: ae xe R: 


Near the beginning of this article, we said how the Hilbert space § was 
to be formed: H was specified as the abstract completion in norm || ||, of 
the collection of Green potentials U, coming from the measures p satisfying 
the conditions of the last theorem. An element of § is, in other words, defined 
by a Cauchy sequence, { U pa }, of such potentials. According, however, to 
the corollary of the first theorem in this article, such a Cauchy sequence 
has in it a subsequence, which we may as well also, for the moment, denote 
by {U,,}, with U, (x) pointwise convergent at almost every xeR. Writing 


lim U, (x) = U(x) 


n> æ 
wherever the limit exists, we see that U(x) is defined a.e. and Lebesgue 


measurable; it is also odd, because the individual Green potentials U, (x) 


are odd. 
Fixing any index m, we have, making the usual application of Fatou’s 


lemma, 


1 (* (= (UG)—U, AUEL wy 
U-—U,|2 = = = i yeah d 
I Pm lE A RE XEEN ~ 
= U 2 
< imit i |” fia (fae — Yon) = Up AY) + aol?) dx dy 
j> © — ad — 0 SEEI; 
= liminf ||U,, — Ue: 
j>o 


Since we started with a Cauchy sequence, the last quantity is small if m is 
large. This in fact holds for all the U, from our original sequence, for the 
last chain of inequalities is valid for any of those potentials as long as the 
U appearing therein run through the subsequence just described. 


f 
Corresponding to the Cauchy sequence { U A }, we have thus found an odd 
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measurable function U with 


(UU ee 0. 


n 


In this fashion we can associate an odd measurable function U, 
approximable in the norm || ||, by Green potentials U, like the ones 
appearing in the last theorem, to each element of the space §. It is, on the 
other hand, manifest that each such function U does indeed correspond to 
some element of $ — the Green potentials U, approximating U in norm 
| Ilg furnish us with a Cauchy sequence of such potentials (in that norm)! 
There is thus a correspondence between the collection of such functions U 
and the space §. 


It is necessary now to show that this correspondence is one-one. But that 
is easy. Suppose, in the first place that two different odd functions, say U 
and V, are associated to the same element of the space § in the manner 
described. Then we have two Cauchy sequences of Green potentials, say 
{U, } and {U, }, with 


Ce 2, Tiger, 
and such that 

Is ce ar A 
while 

Ue a 
It follows that 

LU Vip = 0; 
but then, as noted above, 

U(x) — V(x) = const. a.e., xER. 
Here, U — V is odd, so the constant must be zero, and 


U(x) = V(x) a.e., xeR. 


Given, on the other hand, two Cauchy sequences, {U >, } and {U, }, of 
potentials associated to the same odd function U, we have 


JU — Ul => 0 
and 


IU Ti U, lle Fae 0, 
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whence 


po mep 


n 


Then, however, {U,„} and {U,,„} define the same element of the abstract 
completion §. 

Our Hilbert space § is thus in one-to-one correspondence with the 
collection of odd real measurable functions U approximable, in norm 
| lz, by the potentials U, under consideration here. There is hence 
nothing to keep us from identifying the space § with that collection of 
functions U, and we henceforth do so. 


We are now well enough equipped to give a strengthened version, 
promised earlier, of the corollary to the first theorem in this article. 


Lemma. Let the odd measurable function U be identified with an element of 


the space $ in the manner just described, and suppose that p is an absolutely 
continuous signed measure on [0, œ) with 


[> [eee 
o Jo 


| * U(x) dplx) 


dp(t) dp(x) 


and 


both absolutely convergent. Then 
| U(x)dp(x) = <U, UE 
0 


and especially 


U(x)dp(x)| < |UlleJ(Ep(t), de(t))). 


Remark. The second relation is very useful in certain applications. 


Proof of lemma. We proceed to establish the first relation, using a 
somewhat repetitious crank-turning argument. 
Starting with an absolutely continuous p fulfilling the conditions in the 
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hypothesis, let us put, for N > 1, 


p'(t)dt if |p’(t)| < N, 
dpy(t) : ia 
(N sgn p'(t))dt otherwise ; 
it is claimed that 
lU, r Unnile — 0 


for N — oo. 
By breaking p’(t) up into positive and negative parts, we can reduce 
the general situation to one in which 


p(t) > 9, 
so we may as well assume this property. Then, for each x > 0, the potentials 
t 
z= min(p'(t), N)dt 
pe — 


U, (x) = [ig 


(0 


increase and tend to U ,(x) as N — oo. Hence, by monotone convergence, 
| Upd) > | U(x) dp(x). 
0 0 


From this, we see that 


IU, — Usl = E(dp(t)—dpy(t), dp(t)—dpp(t)) 


| (UG) =U. e Gee annie. ds 
0 


IN 


EZE ~ Updo) (Y) 
(0) 


must tend to zero as N — œ, verifying our assertion. 
From what we have just shown, it follows that 


<U, UE Nie CO; UDr: 


But we clearly have 
| U(x) dpy(x) —y> | U(x) dp(x) 
0 (0) 


by the given absolute convergence of the integral on the right. The desired 
first relation will therefore follow if we can prove that 


I U(x)dpy(x) = <U, Upy)e 


(0 
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for each N; that, however, simply amounts to verifying the relation in 
question for measures p satisfying the hypothesis and having, in addition, 
bounded densities p'(x). We have thus brought down by one notch the 
generality of what is to be proven. 

Suppose, then, that p satisfies the hypothesis and that p’(x) is also 
bounded. For each a, 0<a<1, put 


p(t) = 
0 otherwise, 


and then define a measure p, (not to be confounded with the py just used!) 
by taking dp,(t) = p/(t)dt. An argument very similar to the one made 
above now shows that 


IU, — U,, lle —> 0 for a—0 


(it suffices as before to consider the case where p'(t) > 0 ) and hence 
that 


CUP Uo, eS <U, U,>g as a— 0. 
At the same time, 


| mers — | ” U(x) dol), 
(0) 


0 


so it is enough to check that 


| U(x)dp(x) = <U, Up,?E 
0 
for each a. 

Here, however, dp,(x) = (x) dx with p/(x) bounded and of compact 
support in (0, 00), so the corollary of the first theorem in this article is 
applicable. Since U is identified with an element of $ there is, by the 
discussion preceding this lemma, a sequence of Green potentials U,, of 
the kind used to form that space such that 


IU sr U,,, lle TT yh 0, 
and also 


U,,(x) —> U(x) . ae, xeR. 
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Then we must have 
E(do,{t), pit) pee CU. US ee Se U 


and, by the corollary referred to, 


E(do,(t), dp) —— | “ U(x) dp). 
0 


Thus, 


ee) 


ave = | U(x) dp,(x), 
0 
what we needed to finish showing the first relation in the conclusion of 
the lemma. 
From it, however, the second relation follows immediately by Schwarz’ 
inequality and the preceding theorem, since 


lU,le = J(Ep(e), dp(t))). 


Our lemma is proved. 


What we have done so far still does not amount to a real description of 
the space §, for we do not yet know which odd measurable functions U(x) 
with ||U ||; < œ can be approximated in the norm || ||; by potentials 
U, of the kind appearing in the last theorem. The fact is that all those 
functions U can be thus approximated. 


Theorem. § consists precisely of the real odd measurable functions U(x) 
for which 


IUI} = al he (each vo toy dy 


is finite. 


Proof. That $ consists of such functions U was shown in the course of 
the previous discussion; what we have to do here is prove the converse, 
to the effect that any odd function U with ||U||; < œ is in §. This 
involves an approximation argument. 

Starting, then, with an odd function U such that || U ||; < œ, we must 


obtain signed measures p on [0, co) meeting the conditions of the last 
theorem, for which 


|U — Uplle 


is as small as we please. That will be done in essentially three steps. 


4 Energy and the space § from §C of Chapter VIII 435 


The first step makes use of the notion of contraction, brought into 
potential theory by Beurling and Deny. For M > 0, put 


U(x) if |U(x)| < M, 


U = 
ul) tee if |U(x)| > M. 
Then 


lUn) — Us) < [U(x) — UY)! 


(this is the contraction property), so 


(5 —Uu(x)— U(y) + aoa a (2 T o) 

x= y x x-y )° 
But U u(x) —> U(x) as M — œ, so the left side of this relation tends to 
zero a.e.in x and y (with respect to Lebesgue measure for R?) as M — œ. 
(The odd function U(x) cannot be infinite on a set of positive measure, for 
in that event U would be infinite on such a subset of (— œ, 0] or of [0, 00), 


and this would clearly make ||U||; = œ.) Because ||U||z < œ, the 
double integral of the right side of the relation over R? is finite. Hence 


IU — Uyllz —> 0 for M—o 
by dominated convergence. Any function U satisfying the hypothesis is thus 
| le - approximable by bounded ones. 


It therefore suffices to show how to do the desired approximation of 
bounded functions U fulfilling the conditions of this theorem. Taking such 
a one, for which 

|U(x)| < M, say, 
on the real axis, we look at the products 


2 


PIETRE 


U(x) 
where H is large. (These should not be confounded with the contractions 
Uy used in the previous step.) Denoting by v(x) the (even!) function 
H? 
H? +x? 
we have 


Un(x) — Unly) = vaU) — U(y)) + Uva) — vay), 
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so that 
U,(x)—U u(y) 
NEF 


U(x) — U(y) 
GY 


Vy (x) — valy) 
X=Y : 


+ M 


From this last, it is easily seen that 
lUnlz < 2UN% + 2M°|valž 


and we must compute the norms || vq ||. 
To do that, we note that vy(x) has a harmonic extension to the upper 
half plane given by | 


nO = uly = -a 
(H + y)? + x? z+iH)’ 


and that this function is sufficiently well behaved for the identities 
employed in the solution of problem 23(a) (§B.8, Chapter VIII) to apply 
to it. By the help of those, one finds that 


co fæ 2 2 
lone = =| i {( Sa) + (Su) laxay. 


Using the Cauchy—Riemann equations, we convert the integral on the 


right to 
( ) 
dz\z+iH 


H? co heo] 
a fx 
which becomes 
mh | aera 
2nJo Jo (2? +(n +1) 
after putting z = H(é+in). The further substitution é = (y+ 1)t 
converts the last double integral to 


2 H? roe) (oe) 1 
dxdy = — | ——— dx dy, 
2K Jo. Jeet LAS 


an dy i. dt ddi 
27.) diaa) male e Ike o Sa 
so we have 
1 
lva ll 


2/2 
independently of the number H. 
Plugging this into the previous inequality, we get 


lUalg < 201% + įM?, 
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so the norms on the left remain bounded as H — oo. From this it follows 
that the functions U y corresponding to some suitable sequence of values of 
H going out to infinity tend weakly (in the Hilbert space of all real odd 
functions with finite || ||, norm!) to some odd function W with 
IW] < oo. That in turn implies that some sequence of (finite) convex 
linear combinations u, of those U y ( formed by using ever larger values of 
H from the sequence just mentioned) actually tends in norm || ||g to W. 
It is clear, however, that 


U(x) — U(x) 

(wherever the value on the right is defined) as H — œ. Hence 
u(x) —z U(x) ae, xeR, 

so, since 
|W — ule => 9 

we see by the usual application of Fatou’s lemma that 
A ak al eu 

making (as in the previous discussion about the construction of §) 
W(x) = U(x) ae, xeER, 

since W and U are both odd. Therefore, we in fact have 
|U — ule > 9 


and we can approximate the function U in norm || ||g by finite linear 
combinations u, of the functions 


H? 


ZE — U(x). 
H? + x? o9 


Since the function U(x) is bounded, we see that each function u,, besides 
being odd (like U), satisfies a condition of the form 


K, 


> A xeR 
x-+1 


|u,(x)| < 


(where, of course, the constant K, may be enormous, but we don’t care 
about that). 
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For this reason it is enough if, using the potentials U,, one can 
approximate in norm || ||; any odd function u with ||u||z < œœ and, in 
addition, 

K 


——— on R. 
xe tel 


|u(x)| < 


Showing how to do that is the last step in our proof. 


Take any such u. For z > 0, put 


Pe eee. | TS ede 


T wo lz—tl? 


The size of |u(t)| on R is here well enough controlled so that the Fourier 
integral argument used in working problem 23(a) may be applied to u(z). 
In that way, one readily verifies that 


jul? = 5 | : | ” ((u(2))? + (u(2))?} dx dy: 


this, in particular, makes the Dirichlet integral appearing on the right finite. 
For h > 0 (whichin a moment will be made to tend to zero) we now put 
u,(Z) = wz+ih),..  $z,> 0. 


An evident adaptation of the argument just referred to then shows that 


teenie all {( Zuo- e) 
kied om on eo) Pa Uu,\Z 
ô 2 
+ (Fula) ) \avay. 
dy 


The right-hand integral is just 


1 
nS {| {(u,(2) —u,(z+ih))? + (u,(z)—u,(z + ih))?} dx dy, 
ya 3z>0 


and we see that it must tend to zero when h — 0 (by continuity of 
translation in L,(R7)!), since 


| | (u,(z))?dxdy and | (u,(z))? dx dy 
3z>0 3z>0 


are both finite, according to the observation just made. Thus, 


|u — u, lge — 0 ash—0 
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It is now claimed that each function u,(x) is equal (on R) to a potential 
U(x) of the required kind. Since u(t) is odd, we have 


u(x+iy) = u(—x+iy) for y>0, 
SO u,(x) is odd. Our condition on u(x) implies a similar one, 


const 


EPR: xeER, 
KEF 


|u,(x)| < 
on u,, SO that function is (and by far!) in L,(— œ, oo), and we can apply 
to it the L, theory of Hilbert transforms from the scholium at the end of 
§C.1, Chapter VIII. In the present circumstances, u,(x) = u(x +ih) is 
€ œ in x, so the Hilbert transform 


f(x) = 1p aO Lp RETo aeta 


a | Tt Jo T 


is defined and continuous at each real x, the last integral on the right being 
absolutely convergent. From the Hilbert transform theory referred to (even 
a watered-down version of it will do here!) we thence get, by the inversion 
formula, 


This relation, like the one preceding it, holds in fact at each xe R, for 
ii,(x) is nothing but the value of a harmonic conjugate to u(z)atz = x+ih 
and is hence ( like u,(x) ) @,, in x. Wishing to integrate the right-hand 
member by parts, we look at the behaviour of a, (t). 

By the Cauchy—Riemann equations, 


ü (x) = a,(x+ih) = —u,(x + ih). 


After differentiating the (Poisson) formula for u(z) and then plugging in 
the given estimate on |u(t)|, we get ( for small h > 0 ) 


RTE const. 
u,(x +1 SS SS 
4 h(x? + 1) 
so 
const. 
ait < for teR. 
| nl )| AN t2 T 1 


As we have noted, u,(x) is odd. Its Hilbert transform ŭ,(t) is therefore 
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even, and the preceding formula for u, can be written 


eel iasi 1 1 
= = ST i, (t) dt. 
unl) f (= + ao 


Here, we integrate by parts as in proving the lemma of §C.3, Chapter VIII 
and the third lemma of the present article. By the last inequality we 
actually have 


| |a(t)|dt < œ, 


0 


so, ti,(t) being @,,, the partial integration readily yields the formula 


Xot | yc 
~~) ai’ (t) dt, 
x-t 


P a. | “log 


TJo 


valid for all real x. 
This already exhibits u,(x) as a Green potential U,(x) with 


1 
dolt) = — ŭ,(t)dt, 
T 


and in order to complete this last step of the proof, it is only necessary 
to check that 


jeda 
log |—— 


That, however, follows in straightforward fashion from the above estimate 
on |ã,(t)|. Breaking up ( for x >0 ) 


| ee dt 
0 


1+t? 
as f + fZ, we have 


|a,(t)||a,(x)|dtdx < œ. 


Xt 


25 Hh 


xdr Lon 1 
mim: das log EE 
IET 2 Jo 


a finite constant, whilst 


E Re WN a OE Lax 1 
< Oj - | — = O|[xlo = O f 
i I. Fuge (= s XA ) (=) 


The double integral in question is thus 


< const. | (1 + j <O; 
é 1x J 1 +x? 
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showing that the measure p given by the above formula has the required 
property. 


The three steps of our approximation have thus been carried out, and 
the theorem completely proved. 


Remark. The Green potentials U , furnished by this proof and approxima- 
ting, in norm || ||, a given odd function U(x) with ||U||; < œ, 
are formed from signed measures p on [0, co) having, in addition to the 
properties enumerated at the beginning of this article, the following special 
one: 


each p is absolutely continuous, with @ ,, density satisfying a 
relation of the form 


const. 

MS ae 
IPO) ai 
The corresponding potentials U,(x) are also @,,, and especially, 


const. 
x? 1" 


| U,(x)| < xeR. 


This property will be used to advantage in the next article. 


Scholium. Does the space § actually consist entirely of Green potentials 


“| u(t) 


U,(x) = |- log — 


formed from certain signed Borel measures u on (0, 00), perhaps more 
general than the measures p considered in this article? 


One easily proves that if the positive measures dp, (without point mass 
at 0) form a Cauchy sequence in the norm J(E( , )), then at least a 
subsequence of them (and in fact the original sequence) does converge w* 
on every compact subinterval [a, 1/a] of (0, 00), thus yielding a positive 
Borel measure u on (0,00) (perhaps with y((0,1)) = œ as well as 
u([1, 00)) = œ). It is thence not hard to show that 


U,(x) = im U,,,(x) ae, XER, 


and U, may hence be identified with the limit of the U,, in the space 9. 
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Verification of the w* convergence statement goes as follows: by the 
first lemma of this article, the integrals 


p U,„(x) dx 
(0) 


are surely bounded. However, 


Jobnet skela es 
[iog 


and clearly bounded below by a number > 0 on any segment of the form 
{a < t < 1/a} with a > 0. Therefore, since dp,(t) > O for each n, the 
quantities 


Pn(La, 1/a]) 


must stay bounded as n—» œ for each a>0. The existence of a 
subsequence of the p, having the stipulated property now follows by the 
usual application of Helly’s selection principle and the Cantor diagonal 
process. 


=| ax dp,(t) 


with 


dx a0 for t>0 


XS 


As soon, however, as the measures dp, are allowed to be of variable sign, 
the argument just made, and its conclusion as well, cease to be valid. There 
are thus plently of functions U in § which are not of the form U, (unless 
one accepts to bring in certain Schwartz distributions u ). This fact is even 
familiar from physics: lots of functions U(z), harmonic in the upper half 
plane and continuous up to the real axis, with U(x) odd thereon, cannot 
be obtained as logarithmic potentials of charge distributions on R, even 
though they have finite Dirichlet integrals 


{| {(U,(z))’_ + (U,(2))?} dx dy. 
3z>0 


Instead, physicists are obliged to resort to what they call a double-layer 
distribution on R (formed from ‘dipoles’); mathematically, this simply 
amounts to using the Poisson representation 


U(z) = 7 SET 


T SE 
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in place of the formula 


U(z) = -1f log 
TJo 


which is not available unless 0U(z)/dy is sufficiently well behaved for 
3z — 0. ( U(x) may be continuous and the above Dirichlet integral 
finite, and yet the boundary value U,(x + 10) exist almost nowhere on R. 
This is most easily seen by first mapping the upper half plane conformally 
onto the unit disk and then working with lacunary Fourier series. ) 


z+t 
Zt 


U,(t + i0) dr, 


Problem 61 


Let V(x) be even and > 0, with ||V||; < œ. Given UE§, define a 
function U,(x) by putting 


Eo S, if |U(x)| < V(x), 
™" LV) sgn UU > VOX); 


the formation of U, is illustrated in the following figure: 


Figure 247 


Show that Uy € $. 
(Hint: Show that 


|Uy(x) — Uy(y)| < max(|U(x)— Uy), Vx) — VO). 
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To check this, it is enough to look at six cases: 

(i) |U(x)| < V(x) and |U(y)| < V(y) 

(ii) U(x) > V(x) and U(y) > V(y) 

(iii) U(x) > V(x) and U(y) < —V(y) 

(iv) 0 < U(x) < V(x) and U(y) < —V(y) 

(v) 0 < U(x) < V(x), V(y) < U(x) and U(y) > V(y) 
(vi). 0 < U(x) < V(x), Vy) > U(x) and U(y) 2 V(y). ) 


Problem 62 


(Beurling and Malliavin) Let w(x) be even, > 0, and uniformly Lip 1, 
with. 


[Po LRO 
x 


0 


Show that then w(x)/x belongs to $. 

(Hint: The function w(x) is certainly continuous, so, if the integral 
condition on it is to hold, we must have w(0) = 0. Thence, by the Lip 1 
property, w(x) < C|x|, i.e., 


2O <a Ge xeR. 


x 


In the circumstances of this problem, 


„leor o _ ob) 
me = x y dxdy 
x le ———— 
o Jo 
œ œ w(x) w(y) 2 
+ x y dx dy. 
o Jo e n A 


Using the inequality (A + B)? < 2(A? + B?), the second double integral 
is immediately seen by symmetry to be 


at (a 2o) © w(x) 
< 4 —— | — } dyd < AC ——dx: 
l f See x gh gtk? $ 
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The first double integral, by symmetry, is 


œ œ 


w(x)  œ(y)\? 


Be | dedy < af” i J22 =o dx dy 


0 Jy oe ae 
2 


1 
x -y | (oly)? dxdy. 
ae). 


œ (e) 


1 
em he X 
(0) y x 


The second of the expressions on the right boils down to 


œ fa 2 
‘ibe 
0 y y x 
which is handled by reasoning already used; we are thus left with the 


first expression on the right. 
That one we break up further as 


œ | y+owly) œo fa 
4 | | ties | ' 
0 y (0 y+ ay) 


again, the first of these terms is readily estimated, and the second is 


GEE Eoo i (Oa 1 l 
8 LE EE 8 aa dx dy. 
I eae eG sy Sr 


Integration of the first term in { } still does not give any problem, 
and we only need to deal with 


ae Stax) I 
8 dx dy. 
f is x? (x — y)? aes 


By reversing the order of integration, show that this is 


< gO a” 
o x a(¥(x)) 


where Y(x) denotes the largest value of y for which y + @(y) < x. 
Then use the Lip1 property of w to get 


|a(x) — @(Y¥(x))| < Co(Y(x)), 


whence 1/a@(Y(x)) < (C + 1)/a(x). This relation is then substituted into 
the last integral.) 
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3: Even weights W with || log W(x)/x]|g < œ 


Theorem (Beurling and Malliavin). Let W(x) > 1 be continuous and even, 
with 


(rete 


0 x 
and suppose that the odd function log W(x)/x belongs to the Hilbert space 


§ discussed in the preceding article. Then, given any A > 0, there is an 
increasing function v(t), zero on a neighborhood of the origin, such that 


v(t) A 
ie ee AS ba O 
t T 
and 
(oo) x? 
log W(x) + | log ee dv(t) < _ const. on R. 
0 


Proof. The argument, again based on the procedure explained in article 1, 
is much like those made in articles 2 and 3. For that reason, certain of 
its details may be omitted. 

In order to have a weight going to oo for x — + œ, we first take 


W(x) = (14+x?)"W(x) 


with a small number n > 0. Then, given a value of A > 0, we form the 
function* 


Fo Sta | L eT log W0) di — AIS]. 


~ oo | 
As before, the proof of our theorem boils down to showing that 
(MF)(0) < oc. 


This, in turn, reduces to the determination of an upper bound, independent 
of 2, on 


| log W,(t)dwa(t, 0) — AYa,(0), 
aD 


where 2 is any domain of the kind studied in §C of Chapter VIII. We 


* as usual, we put F(x) equal to log W,(x) on the real axis 


5 Even weights W with ||log W(x)/x||;_ < œ 447 


see that what is needed is a comparison of 


| log W,(t)dwa(t, 0) 
aa 


with the quantity Y,(0). 
We have, in the first place, to take care of the factor (1 + x°)" used in 
forming W,(x). That is easy. Writing, for t > 0, 


Q(t) = Wo9(ODN((— æ, —t] VL, «)), 0) 
as in §C of Chapter VIII, we have 


| nlog(1+t?)d@(t, 0) = -nÍ log(1 + t°) dQ g(t) 
ag 


0 
oat 
= —— Q a(t) dt. 
n | ine a(t) 
By the fundamental result of §C.2, Chapter VIII, 


OPO so, 


so the last expression is 


emdi 
< 2nYəą(0) | —— 7 = mYo(0). 
o 1+t 
Thence, 
| log W,(t) dwa(t, 9) 
ag 


= | nlog(1+t?)dwo(t, 0) + | log W(t)dwa(t, 0) 
3D ag 


< mY,(0) + | log W(t) dwa(t, 0), 
32 


and our main work is the estimation of the integral in the last member. 

For that purpose, we may as well make full use of the third theorem 
in the preceding article, having done the work to get it. The reader wishing to 
avoid use of that theorem will find a similar alternative procedure sketched 
in problems 63 and 64 below. According to our hypothesis, log W(x)/x € 5 
so, by the theorem referred to, there is, for any y > 0, a potential U,(x) 
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of the sort considered in the last article, with 


log W(x) 


3 U, (x) 
x 


uel] 


E 


and also (by the remark to that theorem) 


K 
|U,(x)|_ < com for xeR. 


Let us now proceed as in proving the theorem of §C.4, Chapter VIII, 
trying, however, to make use of the difference (log W(x)/x) — U,(x). 
We have 


| log W(t)dw,(t, 0) = | tU,(t)dwo(t, 0) 
RZ) 0D 


a | (log W(t) — tU,(t))dao(t, 0). 
0D 


Because |tU,(t)| < K,/2 by the last inequality,and@w (_ , 0)isa positive 
measure of total mass 1, the first integral on the right is 


as os 


In terms of Q(t), the second right-hand integral is 


z | (log W(t) — tU,(t))dQo(t); 
0 

to this we now apply the trick used in the proof just mentioned, rewriting 
the last expression as 


| i (eee < Uo) aia z | $ (sewa is U0) A20) 


(0) (0 
The first of these terms can be disposed of immediately. Taking a large 
number L, we break it up as 


[eO asa y | utoaanar + [EPO asiat 


o o L t 


We use the inequality Q,(t) < 1 in the first two integrals, plugging the 
above estimate on U,(t) into the second one. In the third integral, the 
relation Qo(t) < Yg(0)/t is once again employed. In that way, the sum of 
these integrals is seen to be 


o log W(t o log W 
< LÍ Sila ger ah z Ya f eat 


2 
0 t jp 
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We come to 


| j (‘en es ZOLA 


the second of the above terms. According to §C.3 of Chapter VIII, the 
double integral 


ppe 


is absolutely convergent, and its value, 


E(d(tQ2(t)), d(tQ2(t))), 


d(tQa(t)) d(xQa(x)) 


< 2(Yo(0))?. 


The measure d(tQ,(t)) is absolutely continuous (albeit with unbounded 
density!), and acts like const(dt/t*) for large t. Near the origin, 
d(tQ,(t)) = dt, for Q(t) = 1 in a neighborhood of that point. These 
properties together with our given conditions on W(t) and the above 
estimate for U,(t) ensure absolute convergence of 


| * (log WOY — U) dtQo(0)), 
(0) 


which may hence be estimated by the fifth lemma of the last article. 
In that way this integral is found to be in absolute value 


log W(t) _ 
t 


U,() || J(EGCQ4(), d(tQalt)))). 
E 


Referring to the previous relation, we see that for our choice of U,(t), the 
quantity just found is 


/t nYo(0), 


and we have our upper bound for the second term in question. 
Combining this with the estimate already obtained for the first term, 


we get 


-|° (log W(t) — tU,(t))dQa(0) 
0 


w log W) 
< LÍ EOY + 3K, + nof 2E ATENE AO) 
t 


0 
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whence, by an earlier computation, 


| log W(t)dwa(t, 0) 
ag 


c 1 = log W(t 
esi | eas fs ae K, + (Jan + | as Oar) Yo(0) 
L 


(0) 


and thus finally 


| log W,(t)dao(t, 0) 

ag 

< G +7) + r eOr) Y(0) 
L 


E 1 
A ia, 
t 2 
(0 


Wishing now to have the initial term on the right outweighed by 
— AY,(0) we first, for our given value of A > 0, pick 


< g (say) 
oa i eke 
and then choose (and fix!) L large enough so as to have 


{ eWay, < A 


> 


ey, 2 
For these particular values of ņn and L, it will follow that 


W “log W 
| log W,(t)da@o(t, 0) — AYA(0) < L| ae (t) ane at 1 K, 
0D à 


for any of the domains 2, and hence that 


(MF)O) < Lf ea Bent K 


ast 2a 


by the method used in articles 2 and 3. This, however, proves the theorem. 
We are done. 


Referring now to the corollary of the next-to-the last theorem in §B.1, 
we immediately obtain the 
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Corollary. Let the continuous weight W(x) > 1 satisfy the hypothesis of the 
theorem, and also fulfill the regularity requirement formulated in §B.1. Then 
W admits multipliers. 


This result and the one obtained in problem 62 (last article) give us once 
again a proposition due to Beurling and Malliavin, already deduced from 
their Theorem on the Multiplier (of article 2) in §C.1, Chapter X. That 
proposition may be stated in the following form: 


Theorem. Let W(x) > 1 be even, withlog W(x) uniformly Lip 1 on R, and 


z Wi 
| PEWS a. <U. 


a x 
Then W admits multipliers. 


It suffices to observe that the regularity requirement of §B.1 is certainly 
met by weights W with log W(x) uniformly Lip 1. 


Originally, this theorem was essentially derived in such fashion from 
the preceding one by Beurling and Malliavin. 


Problem 63 


Let p be a positive measure on [0, co) without point mass at the origin, 
such that E(dp(t), dp(t)) < oo. Show that there is a sequence of positive 
measures o, Of compact support in (0,00) with dp(t) — do,(t) > 0, 
U,,,(x) bounded on R for each n, and ||U,—U,,||z —— 0. (Hint: First 
argue as in the proof of the fifth lemma of the last article to verify that 
if p, denotes the restriction of p to [1/n, n], then |U, — U, lle —> 0. 


(a 


— 


Then, for each n, take o,, as the restriction of p, to the closed subset of 
[1/n, n] on which U, (x) < some sufficiently large number M,,.) 


(b) Let o bea positive measure of compact support © (0,00) with ||U,||; < © 
and U,(x) bounded on R. Show that, corresponding to any € > 0, there 
is a signed measure t on [0, 00), without point mass at the origin, such 
that U,(x) is also bounded on R, that ||U,—U,||; < £, and that 
U,(x) = 0 for all sufficiently large x. (Hint: We have U,(x) — 0 for 
x — œ. Taking a very large R>0, far beyond the support K of o, 
consider the domain Dg = {Rz>0} ~ [R, œ), and the harmonic 
measure @,p( , z) for Dp. Define an absolutely continuous measure op 
on [R, œ) by putting, for t > R, 


do,(t) _ da,(t, ¢) 
a [ag 
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Show that U,,(x) = U,(x)for x > R, that U,, is bounded on R, and that 
\|Uselle < ¢if R is taken large enough. Then put t = o—og. Note: 
Potential theorists say that og has been obtained from o by balayage 
(sweeping) onto the set [R, 00). ) 


=~ 
O 
eae?” 


Hence show that if p is any signed measure on [0, 00) without point mass 
at 0 making E(|dp(t)|, |dp(t)|) < œ, there is another such signed 
measure pz on [0, œ) with ||U,—U, |lz < £ U,(x) bounded on R, and 
U,(x) = 0 for all x > R, a number depending on e. (Here, parts (a) and 
(b) are applied in turn to the positive part of p and to its negative part.) 


Problem 64 


Prove the first theorem of this article using the result of problem 63. 
(Hint: Given that log W(x)/x € §, take first a signed measure p on [0, œ) 
like the one in problem 63(c) such that 


Ilog W(x)/x) — U,(x)llze < 1/2, 
and then a u, furnished by that problem, with ||U,—U,||z < n/2. 
Argue as in the proof given above, working with the difference 


log W(x) a 
eas U(x), 


and taking the number L figuring there to be larger than the R obtained 
in problem 63 (c).) 


D. Search for the presumed essential condition 

At the beginning of §B.1, it was proposed to limit a good part of 
the considerations of this chapter to weights W(x) > 1 satisfying a mild 
local regularity requirement: 


There are three constants C, «and L > 0 (depending on W ) such that, 
for each real x, one has an interval J, of length L containing x with 


W(t) > C(W(x))* for teJ,. 


That restriction was accepted because, while leaving us with room enough 
to accommodate many of the weights arising in different circumstances, it 
serves, we believe, to rule out accidental and, so to say, trivial irregularities 
in a weight’s behaviour that could spoil the existence of multipliers which 
might otherwise be forthcoming. Admittance of multipliers by a weight 
W was thought to be really governed by some other condition on its 
behaviour — an ‘essential’ one, probably not of strictly local character — 
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acting in conjunction with the growth requirement 


| æ log W(x) 


abe ce Oo. 
eS TEEN. 


In adopting this belief, we of course made a tacit asumption that another 
condition regarding the weight (besides convergence of its logarithmic 
integral) is in fact involved. Up to now, however, we have not seen any 
reasons why that should be the case. It is still quite conceivable that the 
integral condition and the local regularity requirement are, by themselves, 
sufficient to guarantee admittance of multipliers. 

Such a conclusion would be most satisfying, and indeed make a fitting 
end to this book. If its truth seemed likely, we would have to abandon 
our present viewpoint and think instead of looking for a proof. We have 
arrived at the place where one must decide which path to take. 


It is for that purpose that the example given in the first article was 
constructed. This shows that an additional condition on our 
weights — what we are thinking of as the ‘essential’ one — is really needed. 
Our aim during the succeeding articles of this § will then be to find out 
what that condition is or at least arrive at some partial knowledge of it. 

In working towards that goal, we will be led to the construction of a 
second example, actually quite similar to the one of the first article, but 
yielding a weight that admits multipliers although the weight furnished 
by the latter does not. Comparison of the two examples will enable us to 
form an idea of what the ‘essential’ condition on weights must look like, 
and, eventually, lead us to the necessary and sufficient conditions for 
admittance of multipliers (on weights meeting the local regularity 
requirement) formulated in the theorem of §E. 


Before proceeding to the first example, it is worthwhile to see what the 
absence of an additional condition on our weights would have entailed. 
The local regularity requirement quoted at the beginning of this discussion 
is certainly satisfied by weights W(x) > 1 with 


|log* log W(x) — log* log W(x')| < const.|x —x’| 
on R. Absence of an additional condition would therefore make 


ORIKO) Lee ae eo) 
1+x? 


— 0 


necessary and sufficient for the admittance of multipliers by such W. This 
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would in turn have an obvious but quite interesting corollary: if, for a 
weight W(x) with uniformly Lip 1 iterated logarithm, there is even one 
entire function ®(z) # 0 of some (finite) exponential type making 
W(x)®(x) bounded on R, there must be such functions g(z) # 0 of 
arbitrarily small exponential type having the same property. The example 
given in the first article will show that even this corollary is false. 


The absence of an additional condition on just the weights with uniform 
Lip 1 iterated logarithms would, by the way, imply that absence for all 
weights meeting our (less stringent ) local regularity requirement. Indeed, 
if W(x) > 1 fulfills the latter (with constants C, « and L), and 


| © log W(x) o 


<O 
2) > 
Louk & 


we know from the proof of the first theorem in §B.1 that W admits 
multipliers (for which the last relation is at least necessary), if and only if 
the weight 


4 (” Llog Wit) } 
W, (x) = expy— —— dt 
10%) di e, 
also does. We see, however, that | d log W,(x)/dx| < (1/L)log W,(x), i.e., 
$ log log W, (x) 1 
dx jE 


3 


so W, does have a uniformly Lip 1 iterated logarithm. 


Let us go on to the first example. 


1. Example. Uniform Lip 1 condition on loglog W(x) not sufficient 
Take the points 
p!” 


Xo E Pp RS A 8, 


and put 


Let then 
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where [A,] denotes the largest integer < A,; it is not hard to see — is, 
indeed, a particular consequence of the following work — that the product 
is convergent, making F(z) an entire function with a zero of order [A,] 
at each of the points +x, p > 8, and no other zeros. 

According to custom, we write n(t) for the number of zeros of F(z) in 
[0, t] (counting multiplicities) when t > 0. Thus, 


nit) = 0 forO < t < xg 
and 
AO = A e (Aglet 2 te LAL) | for x, <.t < xX yqu- 


The right side of the last relation lies between 


Ag ap a ear A S faa, a 
and 

Ag + Ag E + A, = X, 
SO, since 

p = (logx,)’, 
we have 


AA ates (OSX) @ SautXaesente «for xy Sut <x,44, 
with the second inequality actually valid for all t > 0. Here, 
APTA T ee a e (4 p73 mi O(p~57))x, 
is 
Ped eA 
3(log xp)? 


(1 — pan] — o( =.) ) = nt) < 4 
3(log t)? logt 


for xp S t < Xp+1. We thus certainly have 


making 


t 
t — 
(log t)? 
for large values of t, with the upper bound in fact holding for all t > 0, as 
just noted. 


TO Si 
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We can write 


dn(t), 


eee 
t? 


log|F(z)| = | log 


0 
and the reader should now refer to problem 29 (§B.1, Chapter IX). 
Reasoning as in part (a) of that problem, one readily concludes that 
log | F(iy)| 
TO 
y 


T for y — œ, 


since 
— — 1 ast—o 


by the previous relation. Clearly, 
|F(z)| < F(ilz|), 


so our function F(z) is of exponential type n. 
To estimate |F(x)| for real x, we refer to part (c) of the same problem, 
according to which 


; Aa n(*) 
log|F(x)| < aT IOES + 2 t t 


for x > 0, where for A we may take any number between 0 and 1. Assuming 
x large, we put 
1 


Fie ste 
(log x)? 


and plug the above relation for n(t) into the integral (using, of course, the 
upper bound with n(xt)/t and the lower one with tn(x/t) ). We thus find that 


1 A dt 
log|F(x)| < 2n(x)log— + 2x | ————————— 
panes ee i (log (x/))2(1 — 2) 
A ; log 2 + 2loglog x s c xloglog x 
(log x) (log x)? (log x)? 


for large values of x. 
The quantity on the right is increasing when x > 0 is large enough, and 
satisfies 
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ee co 
| cee eee c| loging idar trdn wet 


2 u? 


oe (log x)? 


Therefore, since log|F(x)| is even and bounded above by that quantity 
when x is large, we can conclude by the elementary Paley—Wiener 
multiplier theorem of Chapter X, §A.1 (obtained by a different method far 
back in §D of Chapter IV!) that there is, corresponding to any n > 0, a 
non-zero entire function wW(z) of exponential type < yn with F(x)W(x) 
bounded on the real axis. The function y(z) obtained in Chapter X is in 
fact of the form g(z + i), where 


z2 
g(z) = (i = 4 


is even and has only the real zeros + 4,; it is thus clear that for xeER, 
lyol = l+ > lo). 

(Observe that for€ = €+n1, 
Heii (ANC d azo LG |S fh) 

Hence, 
|F(x)p(x)| < const. on R 


with an even function (z) ofexponentialtype < n having only real zeros. 
Fixing a constant c > 0 for which 


c|F(xo(x)| < 1, xeER, 
we put 
¥(z) = cF(z)ọ(2), 
getting a certain even entire function ¥, with only real zeros, having 


exponential type equal to a number B lying between z (the type of F ) and 
nm + n. For this function the Poisson representation 


log|‘¥(z)|, = B3z + f SaN AIR 


2 
= 00 [z—t| 


from §G.1 of Chapter III is valid for 3z > 0, the integral on the right being 
absolutely convergent. In particular, 


B 


e 
P(x + i) 


o 1 1 
log = > | log —— dt for xeR, 


A ED i +1 "| PO! 


where the integral is obviously > 0. 
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We now take 


eB 


VO = er 


Then |W(x)| > 1 and differentiation of the preceding formula immediately 
yields 


ee < log W(x) 


dx 


making 
|loglog W(x) — loglogW(x’)| < |x—x’| for x, x’ EAR: 
From the same formula we also see that 


| @ log W(x) AB 


> =) Oe 
a bfx 


It is claimed, however, that the weight W has no mutipliers of exponential 
type < n. Suppose, indeed, that there is a non-zero entire function f(z) of 
exponential type A’ < n with f(x)W(x) bounded on R. According to the 
discussion following the first theorem of §B.1 we can, from f, obtain 
another non-zero entire function g of exponential type A < A’ (hence 
A<a -— A is in fact equal to A’ ), having only real zeros, with 


lg(x)| < |f(x)| on R, 


so that g(x) W(x) is also bounded for x e R. This function g(z) (denoted by 
Cy(z) in the passage referred to) is a constant multiple of a product like 


Z 
ebz (aa e7/4’ 
u(t - 3) 


formed from real numbers b and 1’, and hence has the important property 
that 


Ig(Rz)| < |g(2)l, 


which we shall presently have occasion to use. 
There is no loss of generality in our assuming that 


lg(x)W(x)| < e 8 for xeER. 
Referring to our definition of W, we see that this is the same as the relation 


lA < eA |¥e+4iL oe eer 
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To the function g, having all its zeros on the real axis (and surely bounded 
there!) we may apply the Poisson representation from §G.1 of Chapter III 
to get 


logig()| = AJ + | F ak 3z > 0. 
Ries! N= 


In like manner, 
3 1(° Jzlog|¥(t +i 
log|/¥(z+i)} = B3z + f Soe at > > 0, 
T z—t 


OO 


so that, for 3z > 0, 


gle) Soe loe D |a 
Y2 +i) mzet Y(t +1) 


Since A < x < B, the right side in the last relation is < —2B by the 
preceding inequality, so we have in particular 


(A—B)3z + =f 
T 


Deni a e ERa xeR. 


Let us note moreover that e~ 73|‘P(x + 2i)| < 1 on the real axis by the 
third Phragmén-—Lindeléf theorem of Chapter III, §C, ‘Y(z) being of 
exponential type B and of modulus < 1 for real z. Another application 
_ of the same Phragmén-Lindelof theorem thence shows that 


e 73|\W(z+2i)| < eFl3z! 
This estimate will also be of use to us. 


Our idea now is to show that |g(x)| must get so small near the zeros + x, 
of our original function F(z) as to make 


log” 1991 jy = Se 
dx 


and thus imply that g(z) = 0 (a contradiction!) by §G.2 of Chapter III. 
We start by looking at |g(x, + i)|, which a previous relation shows to be 
< e 78|P(x, + 2i)|. The latter quantity we estimate by Jensen’s formula. 

For the moment, let us denote by N(r, zo) the number of zeros of ‘¥(z) 
inside any closed disk of the form {|z—Zo| < r}. Then we have, for any 
R'> 0; 


tn log|e~72P(x, + 2i + Re'’)|d9 
Pa | Ee 
Sy [a Xp + 2i) 7 


0 r 


log |e” 72(x, + 2i)| 
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x 
Figure 248 aire 


Substituting the last of the above relations involving ¥ into the first 
integral on the right and noting that ¥(z) has at least a [A,] — fold zero 
at x,, we see that for R > 2, 


2 R 
logje 7P (x, + 2i) < =BR — [A,]log-. 
T 


Write now v(r, Zo) for the number of zeros of g(z) in the closed disk 
{|z— Zol < r}. Application of Jensen’s formula to g then yields 


lal F : R . 
log|g(x,+1)| = = ( log|g(x, +i+ Rei%)|d9 — [ ea. 
TRES ; 7 


Using the inequality |g(x,+i)| < e 73|(x,+ 2i)| and referring to the 
preceding relation we find, after transposing, that 


jb fg : 
=| log |g(x, +i + Re'%)|d9 
2k = 


2 Rv(r, x, +i 
SCERRI | Mi Set Da, TA Tlog ENE © 8. 
T 0 r 2 


Since all the zeros of g(z) are real, v(r, x, +i) is certainly zero for r < 1, 
whence 


OWT ed 
peata < wR, x, +i)logR, R>1, 
7 r 


which, together with the last, gives 


ee ' a 
— log|g(x, +i + Re'”)|d8 
2m 


2 : 
< -BR + (v(R, x»+i) — [A,])logR + [A,]log2, R>2. 
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We want to use this to show that for a certain R,, f Ri log |g(x, + t)|dt 
comes out very negative. 

To do that, we simply (trick!) plug the inequality |g(Rz)| < |g(z)| 
noted above into the left side of the last relation. We are, in other words, 
flattening the circle involved in Jensen’s formula to its horizontal diameter 
which is then moved down to the real axis: 


Figure 249 


That causes log|g(x, +i+ Rei®)| to be replaced by log|g(x, + R cos 9)| 
in the integral appearing in the relation in question; the resulting integral 
then becomes 
1 (F loglg(x,+5)| 
as ds 
TJ-R < (R85) 


on making the substitution R cos 3 = s. What we have just written is hence 


< 2 BR + (v(R, x,+i) — [A,])logR + [A,]log2 for R>2. 
T 


Our reasoning at this point is much like that in §D.1 of Chapter IX. 
Taking 


we multiply the preceding integral and the expression immediately 
following it by RdR and integrate from R,/2 to R,. That yields 
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h r e a dsdR 
T JRp/2 VJ(R 


-+ e v(Rp Xp +i) log R, 


IN 


127 ; 
Sogt 


= R [A,] loss! + [AL IR: : 

An integral like the one on the left (involving log|f(c + t)| instead of 
log|g(x,+ s)| ) has already figured in the proof of the theorem from 
the passage just referred to. Here, we may argue as in that proof (reversing 
the order of integration), for log|g(x)| < 0 on the real axis, as follows 
from the inequalities |g(x)|W(x) < e7? and W(x) > 1, valid thereon. 
In that way, one finds the left-hand integral to be 


/3 Rp 
> Cr, | log|g(x, + s)| ds. 


— Rp 


After dividing by R,x? and clearing out some coefficients, we see that 


Lo 
5f log|g(x, + s)| ds 
Xo ER 


TBSR? J3n i R,log R 
< WA Ta + T {vR xp +i) — [A,]} = 


p 
tf 3 nlog2 R 
Anaiarekin 
2 x5 
(the actual values of the numerical coefficients on the right are not so 
important). 

The quantities R, = A,/2 = (x,—x,-_,)/2 are increasing when p > 8 
because x, = exp(p’/*), and the latter function has a positive second 
derivative for p > 8. (Now we see why we use the sequence of points xt 
beginning with x, !) The intervals [x,—R,, X,+R,] therefore do not 
overlap when p > 8, so our desired conclusion, namely, that 
fe log” lg)I , 

————dx = o, 
eT NS ied 
will surely follow if we can establish that 


Rp 


Y= log|g(x,+s)|ds = — œ 


p>s ce — Rp 


with the help of the preceding relation. 
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Here, we are guided by a simple idea. Everything turns on the middle term 
figuring on the right side of our relation, for the sums of the first and 
third terms are readily seen to be convergent. To see how the middle term 
behaves, we observe that by Levinson’s theorem (!), the function g(z), 
bounded on the real axis and of exponential type A, should, on the average, 
have about 
2 A 
AR es ot 
pA T 
zeros on the interval (x,—R,, x,+R,], for all of g’s zeros are real. 
The quantity v(R,, x, +i) is clearly not more than that number of zeros, 
so the factor in { } from our middle term should, on the average, be 


n—A 
T 


< A 


P 


(approximately). Straightforward computation easily shows, however, that 


A, R log R, ne 
x 18p 


P 


for large values of p. It is thus quite plausible that the series 


P R, log R 
S Re ai Na Al 
P p 


should diverge to — œ. This inference is in fact correct, but for its 
justification we must resort to a technical device. 


Picking a number y > 1 close to 1 (the exact manner of choosing it will 
be described presently), we form the sequence 


XAS ays Rive PLA, sie 


We think of {Xm} as a coarse sequence of points, amongst which those 
of {x,} — regarded as a fine sequence — are interspersed: 


Xm-2 Xm- Am Xm+1 X m+? 


Figure 250 


It is convenient to denote by v(t) the number of zeros of g(t) in [0, t] for 
t >0; then, as remarked above, 


Ra Xp ti) < v(x, F R,) =(%,—R,). 
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For any large value of m we thus have, recalling that R, = A,/2, 


. R,logR 
yi WR, Xp +i) ~——* g z 
Xm<xp<Xm+1 Xy 


A A A,log A 
< vix Ka = yl X -&)} . su P Pi 
AER ( 4 a ( EN A 2x} 


Denote by hm the value of A,/2 corresponding to the smallest x, > Xm 
and by h’ ,; the value of that quantity corresponding to the largest 
X, < Xm+1- Since, for p > 8, the intervals [x,—-3A,, x, +3A,] don’t 
overlap, we have 


A A 
DY fox + 2) — (»-2)} = A A R) 
Xm<XxXp<Xm+1 


a W(X m a hy,)- 
According to Levinson’s theorem (the simpler version from §H.2 of 
Chapter III is adequate here), we have 


A. — ot) < wt) -< 4, + o(t) 
T T 


for t tending to oo. Since, in our construction, A, = o(x,) for large p, it 
follows that h,, = o(X,,) and hni = O(Xm+1) for m — oo; the 
preceding relation thus implies that 


i A 
WX mri Fhar) ~~ W(X m — Am) <S e E Xm) F O(X m+1) 


when m — œ. Hence, since Xm+1 —Xm = (1—1/y)Xm+ 1, we have 


A A A 
lig. ete) <b -Z)} = (B+ elem 


for any given e > 0, as long as m is sufficiently large. 
We require an estimate of (A, log A,)/x? for Xa P< lx, Xa ASP 
tends to oo, 


x 


A, log A, 3p 


2 


1 )- 2/3 ap’? 1 )—2/3 ap!’ 
spe ec ogla e jie 


SO 


ox. 6x, log x, 
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a decreasing function of p. Therefore, since Xm = y”, 


sup A,log A, < G + o(1) 


2 
Xm<XpS<Xm+1 2x5 


) es A 


for large values of m. 
Use this estimate together with the preceding one in the above relation. 
It is found that 


. R, log R 1/A —1 1 
LO Rpt tE < If + ae) 
Xe Sips Kine i X5 6\n logy m 
for sufficiently large values of m, where e > 0 is arbitrary. 
We turn to the sum 
[A,] R log R, 
Xm<xpSXmi+1 x i 
for which a lower bound is needed. We have 
[A,] R,log R, beg? Sore 42 TEA 1 
Eer Ee ~ r O ogo x) ~ a aO 
E 2x. 5 i £ d 18p*/s x 
: for 0 
= — =. s 
18p i 


Thence, calling p,, the smallest value of p for which x, > Xm and Ph+1 
the largest such value with x, < Xm+1» the preceding sum works out 
to 
1 p' 
— + o(1) |log == 
Gi ; ) we 
when m is large. In that case, x,,, = exp(p,/°) is nearly Xm = y”, and 


exp((p’,,,)'/3) nearly y"*’. So then, Pm+1/Pm is practically equal to 
((m+1)/m)> ~ 1 + 3/m, and 


: 3 
log Pm+1 =. 
Pm m 
Thus, 
1 
[A,] E R, > G = o()) ott 
eS ae x5 6 m 


for large values of m. 
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Now combine this result with the one obtained previously. One gets 


ian fi ee Pay [A,]} SPE 


Xm<Xp<Xm+1 Xp 


—1 1 
< “(4 ar z) —1 + eh 
6(\n log y m 


(with € > 0 arbitrary) for large m. We had, however, A/n < 1. It is thus 
possible to choose y > 1 so as to make 


—-— < 1-46, 


say, where 6 is a certain number > 0. Fixing such a y, we can then take 
ane > 0 small enough to ensure that 


1({/A — 
“(4 i 20)! Jie 1 + ef < ee 
6(\z logy 7 


The left-hand sum in the previous relation is then 


ô 


Tm 


for sufficiently large m, so 


FY {WR x,»+i) — [4,}} “EE plogR, 


<9 


does diverge to — œ. 


Aside from the general term of this series, our upper bound on 
1. ie 
as log |g(x, + s)| ds 
Xp —Rp 
involved two other terms, each of which is ~ const. A2/x? when p is 
large. But 
2 
A; 
2 
Xp 


1 
~ Ta for p — œ, 
so the sum of those remaining terms is certainly convergent. The divergence 
just established therefore does imply that 


= log|g(x,+s)|ds = — œ, 


p>8 X -Rp 
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and hence that 


fe log" |g6)| | 
dx 
DEFES 


as claimed, yielding finally our desired contradiction. 


The weight 


eB 


Ww Pe De ee 
Sain EED 


constructed above thus admits no multipliers f of exponential type < n, 
even though it enjoys the regularity property 


lloglog W(x) — loglogW(x’)| < |x— x’, x. x ER 
and satisfies the condition 


| © log W(x) ie 


; < Your 
~o 1+x 


2a Discussion 


We see that our local regularity requirement and the conver- 
gence of the logarithmic integral do not, by themselves, ensure admittance 
of multipliers. Some other property of the weight is thus really in- 
volved. 

For the weight W constructed in the example just given we actually had 


|loglog W(x) — loglogW(x’)| < |x— x’ 


on R. By this we are reminded that another regularity condition of similar 
appearance has previously been shown to be sufficient when combined 
with the requirement that PEN (log W(x)/(1 + x?))dx < œ. The theorem 
proved in §C.1 of Chapter X (and reestablished by a different method at 
the end of §C.5 in this chapter) states that a weight W does admit multipliers 
if its logarithmic integral converges and 


llog W(x) — log W(x’)| < const.|x —x’| 


on R. A uniform Lipschitz condition on log W(x) thus gives us enough 
regularity, although such a requirement on log log W(x) does not. 


An intermediate property is in fact already sufficient. Consider a 
continuous weight W with log W(x) = O(x?) near the origin (not a real 
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restriction), and suppose, besides, that W(x) is even. As remarked near 
the end of §B.1, that involves no loss of generality either, because W(x) 
admits multipliers if and only if W(x)W(— x) does. In these circum- 
stances, convergence of the logarithmic integral is equivalent to the 
condition that 
pie < « 
0 x 
When this holds, we know, however, by the corollary at the end of §C.5 
that W(x), if it meets the local regularity requirement, admits multipliers 
as long as log W(x)/x belongs to the Hilbert space $ studied in §C.4, i.e., 
that 


llog W(x)/xllzp < œ. 


Problem 62 tells us on the other hand that an even weight W(x) will have 
that property when the above integral is convergent and log W(x) 
uniformly Lip 1. These last conditions are thus more stringent than the 
sufficient ones furnished by the corollary of §C.5. 

This fact leads us to believe, or at least to hope, that the intermediate 
property just spoken of could serve as basis for the formulation of necessary 
and sufficient conditions for admittance of multipliers by weights satisfying 
the local regularity requirement. But how one could set out to accomplish 
that is not immediately apparent, because pointwise behaviour of the 
weight itself seems at the same time to be involved and not to be involved 
in the matter. 


Behaviour of the weight itself seems to not be directly involved (beyond 
the local regularity requirement), because, if W(x) admits multipliers, so 
does any weight W,(x) with 1 < W,(x) < W(x). Even when such a 
W(x) meets the local regularity requirement, its behaviour may be 
very wild in comparison to whatever we may otherwise stipulate for W(x). 
Were one, for instance to prescribe that || log W(x)/x]||g < œ, there would 
be weights W, failing to meet that criterion even though W answered to 
it — see the formula provided by the last theorem of §C.4. 


Nevertheless, some condition on the behaviour of our weights does 
appear to be involved! Support for this point of view is obtained by putting 
the theorem on the multiplier (from §C.2) together with those of Szegő 
(from Chapter II!) and de Branges (Chapter VI, §F). 


Consider any continuous function W(x) > 1 tending to oo for 
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x — + œ, and such that 
© log Wi 
| LENGIR eo, 
M es 


Then the weight Q(x) = (1+ x?)W(x) also has convergent logarithmic 
integral, so, by the version of Szegd’s theorem set as problem 2 (in 
Chapter II), there is no finite sum 


Spee) tae 
az1 

which can make 

f It = sl gy 

seua) 
smaller than a certain ô > 0. Hence, for any such s(x), we must have 
ices 
ciel => Om 
xer W(x) T 


Given any L > 0, this holds a fortiori for sums s(x) of the form 


EI E OI 
1<AS<2L+1 


Problem 65 


(a) Show that in this circumstance there is, corresponding to any L, an entire 
function ®(z) of exponential type L such that 


o | + 
log ‘1O09 pa 
1+x? 


and 
W(x,) < |P(x,)I 


at the points x, of a two-way real sequence A with x, # Xm for n#m 


and 
HAD oie eh for t — +0. 
t R 


Here, n, (t) denotes (as usual) the number of points of A in [0, t] when 
t > 0 and minus the number of such points in [t, 0) when t < 0. (Hint: See 
§F.3, Chapter VI.) 
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(b) Show that for the sequence {x,} = A obtained in (a) we also have 
Dy T De es F 
T 


for A, = An[0,00) and A- = (— A)^n(0, 00), with D the Beurling— 
Malliavin effective density defined in §D.2 of chapter IX. (Hint: See the 
very end of §E.2, Chapter IX.) 


(c 


<~ 


Show that for any given A > 0 there is a non-zero entire function f(z) 
of exponential type < A, bounded on R, with 


W(x,)|f(X,)| < const. 


at the points x, of the sequence from part (a). 


The result obtained in part (c) of this problem holds on the mere 
assumptions that W(x) > 1 is continuous and tends to œ for x —> + œ, 
and that 


| © log W(x) 


z dx <i (6-0), 
ee Bea 


The points x, on which any of the products W(x) f(x) is bounded behave, 
however, rather closely like the ones of the arithmetic progression 


II 
2 


n, n oe Ly ate Deere 


L 
which, for large enough L, seem to ‘fill out’ the real axis. From this 
standpoint it appears to be plausible that some regularity property of the 
weight W(x) would be both necessary and sufficient to ensure boundedness 
of the products W(x)f (x) on R. 


These considerations illustrate our present difficulty, but also suggest a 
way out of it, which is to look for an additional condition pertaining to 
a majorant of W(x) rather than directly to the latter. That such an 
approach is reasonable is shown by the first theorem of §B.1, according 
to which a weight W(x) > 1 meeting the local regularity requirement 
(with constants C, « and L) and satisfying |? „ (log W(x)/(1 + x?))dx < œ 
admits multipliers if and only if a certain @ „ majorant of it also does so. For 
that majorant one may take the weight 


ATER log W 
Q(x) = Mexp| = |" = rene. arl 


where M is a large constant, and then |d(loglog Q(x))/dx| < 1/L on R. 
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This idea actually underlies much of what is done in §B.1. One may of 
course use the even @ „ majorant Q(x)Q( — x) instead — see the remark just 
preceding problem 52. 


Let us try then to characterize a weight’s admittance of multipliers by the 
existence for it of some even majorant also admitting multipliers and having, 
in addition, some specific kind of regularity. What we have in mind at 
present is essentially the regularity embodied in the intermediate property 
described earlier in this article. We think the criterion should be that W(x) 
have an even @,, majorant Q(x) with log* logQ(x) uniformly Lip 1, 
fg (log Q(x)/x?)dx < œ, and ||log Q(x)/x|z < æ. 

A minor hitch encountered at this point is easily taken care of. The 
trouble is that neither of the last two of the conditions on Q is compatible 
with Q’s being a majorant of W when W(x) > 1 ona neighborhood of the 
origin. That, however, should not present a real problem because 
admittance of multipliers by a finite weight W meeting the local regularity 
requirement does not depend on the behaviour of W(x) near 0 — according 
to the first lemma of §B.1, W(x), if not bounded on finite intervals, would 
have to be identically infinite on one of length > 0. We can thus allow 
majorants Q(x) which are merely > W(x) for |x| sufficiently large, instead 
of for all real x. In that way we arrive at a statement having (we hope) 
some chances of being true: 


A finite weight W(x) > 1 meeting the local regularity requirement 
admits multipliers if and only if there exists an even @,, function 
Q(x) > 1 with QC) = 1 (making logQ(x) = O(x?) near 0), 


log* log Q(x) uniformly Lip 1 on R, 


Q(x) > W(x) whenever |x| is sufficiently large, 


[eas eel 


2 
0 x 


and 
llog Q(x)/xlle < ©. 


According to what we already know, the ‘if’ part of this proposition is 
valid, because a weight Q with the stipulated properties does admit 
multipliers (it enjoys the intermediate property), and hence W must also 
do so. But the ‘only if’ part is still just a conjecture. 

Support for believing ‘only if’ to be correct comes from a review of how 
the energy norm ||log W(x)/x ||, entered into the argument of §C.5. There, 
as in §C.4 of Chapter VIII, that was through the use of Schwarz’ inequality 
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for the inner product < , »g. This encourages us to look for a proof of 
the ‘only if’ part based on the Schwarz inequality’s being best possible. 


There is, on the other hand, nothing to prevent anyone’s doubting the 
truth of ‘only if’. We have again to choose between two approaches — to 
look for a proof or try constructing a counterexample. The second 
approach proves fruitful here. 

In article 4 we give an example showing that the existence of an Q 
having the properties enumerated above is not necessary for the admittance 
of multipliers by a weight W. The ‘essential’ condition we are seeking turns 
out to be more elusive than at first thought. 


The reader who is still following the present discussion is urged not to 
lose patience with this §s chain of seesaw arguments and interspersed 
seemingly artificial examples. By going on in such fashion we will arrive 
at a clear vision of the object of our search. See the first paragraph of 
article 5. 


Our example’s construction depends on an auxiliary result relating the 
norm ||- ||, of a certain kind of Green potential to the same norm of a 
majorant for it. This we attend to in the next article. 


3. Comparison of energies 


The weight W to be presently constructed is similar to the one 
considered in article 1, being of the form 


const. 


cha ig exp F(x +i)’ 


where F(z), bounded above on the real axis, is given by the formula 


2 

Z 
Kaa 
t2 


F(Z) "S [ig 


0 


du(t) 


with y(t) increasing and O(t) (for both large and small values of t) on 
[0, co). W(x) is thus much like the reciprocal of the modulus of an entire 
function of exponential type. 

From p(t) one can, as in §C.5 of Chapter VIII, form another increasing 
function v(t), this one defined* and infinitely differentiable on R, O(|t|) 


* by the formula v(t) = (1/n) fè {((t +s) +1)! + ((t— s)? + 1)7"} du(t); see 
next article, about 3/4 of the way through. 
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there and odd, such that 


F(x+i) — F) = [ioe ES z dv(t) 


0 


for xe R. The right-hand integral can in turn be converted to 


=x( “tog a(®), 
o t 


and our weight W(x) thereby expressed in the form 


a(®) 
t 

The reader should take care to distinguish between this representation 
and the one which has frequently been used in this book for certain entire 


functions G(z) of exponential type. The latter also involves a function v(t), 
increasing and O(t) on [0, 00), but reads 
aCA 
t 


with a minus sign in front of the integral. It will eventually become clear 
that this difference in sign is very important for the matter under 
discussion. 


x+t 


Xpt 


x+t 


o0 
const. + xf log 
rat! 


Xai 


log|G(x)| = -x| rS 


The weight W we will be working with in the next article is closely related 
to the Green potentials studied in §C.4, since 


“1og( 1) = [i a(®) 
x W(0) o t 


We will want to be able to affirm that this expression belongs to the 
Hilbert space § considered in §C.4 provided that there is some even 
Q(x) > 1 with logQ(x)/x in $ and fë (log Q(x)/x*)dx finite, such that 
W(x) < Q(x) for all x of sufficiently large modulus. 


ie 
Ai 


This kind of comparison is well known for the simpler circumstance 
involving pure potentials. Those are the potentials 


U,(x) = ie e 


corresponding to positive measures p. Cartan’s lemma says that if for two 
of them, U, and U,, we have U,(x) < U,(x) for x20, then 


“| dott) 


pP 
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lUplle < Uglle. Proof: 


IN 


WU,I2 = | UE < | ” U,(x)dolx) = | ” U(x) do(x) 


0 0 


< | U(x) do(x) lUelle ! 


0 


The result obviously depends greatly on the positivity of p and o. 


For our weight W, (1/x)log(W(x)/W(0)) is of the form U,,(x), but the 
measure p is not positive. Instead, 


o () 2. a _ oat 
ay = (£) -= t pie 


and all that the properties of our v give us is the relation 


dt 
dp(t) > — const. 7 


As we know, 


| log 
0 


the measure ø on (0,00) with do(t) = dt/t thus just misses having finite 
energy. Finiteness of || U,||z, if realized, must hence be due to interference 
between dv(t)/t and v(t) dt/t?. A version of Cartan’s result is nevertheless 
still available in this situation. 

In order to deal with the measure dt/t we will use the following two 
elementary lemmas. 


xX+t 
X 


2 
g 2 N forte> 0: 
t 2 


Lemma. For A > 0, we have: 


a TX aL Oe dx 2 2 
lo Sa E = 2 + oan + a 5) 
ota x—t|t x clap 
d t| dt 1 A 
wee aik i = —] sud 10faX > Ona A 
dx Ja x—t}t x—A 
d [4 +t] dt 1 +A 
if log oe me y | for x >0, x # A. 
dx Jo x—t| t x x—A 


Proof. To establish the first relation, make the changes of variable 
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and expand the logarithm in powers of č/t, then integrate term by term. 
For the last two relations, we use a different change of variable, putting 
s = t/x. Then the left side of the second relation becomes 


an 1+s 
we log |} ——— 
dx J jx 1—s 


and this may be worked out for x # A by the fundamental theorem of 
calculus. The third relation follows in like manner. 


ds 


S 


Lemma. Let p(t) = f dp(t) be bounded for 0 < t < œ. Then, for 
A > 0, the two expressions 


| [r 
I, [ra me 


are bounded in absolute value by quantities independent of A. 


t| dt 
ites do(x), 


TAR o Z, 


_ Proof. Considering the second expression, we have, for large M > A and 
any M’ > M, 


fa log | stlapo 

M 

ee [LOM] 1 + (x/M) Mot) 
= Miop PD M) Mp tog| EE + zx |" pee 


whenever 0 < x < A. Because |p(t)| is bounded, the right side is equal to 
x times a quantity uniformly small for O < x < A when M and M’ are both 
large. The second expression is therefore equal to the limit, for M — œ, 


of the double integrals 


aie 


Any one of these is equal to 
teat 


Ale oe 
A NJO = 


here we use partial integration on the outer integral and refer to the third 


stila Z 
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formula provided by the preceding lemma. In that way we get 


4 IM +t di {. A+t| dt 
M lo — — A log |——| — 
pl f fe ; p(A) red ET: 
M 
A 
+ [ioe sakra 
A E x 
Remembering that 
foe) 2 
| ep e PAN for x0; 


we see that the last expression is < 3x*K/2 in absolute value if 
|p(t)| < K on [0, œ). Thence, 


A œ 
| | log 
0 A 


independently of A > 0. 
Treatment of the first expression figuring in the lemma’s statement is 
similar (and easier). We are done. 


2 
easing 
2 


Xe 
ef 


dx 
dp(t) — 
x 


Now we are ready to give our version of Cartan’s lemma. So as not to 
obscure its main idea with fussy details, we avoid insisting on more 
generality than is needed for the next article. An alternative formulation 
is furnished by problem 68 below. 


Theorem. Let w(x), even and tending to œ for x — + œ, be given by a 
formula 
2 
x 
ax 3 
t 


ax) = T | iian dv(t), 


0 


where v(t), odd and increasing, is @,, on R, with v(t)/t bounded there. 
Suppose there is an even function Q(x) > 1, with 


| © log Q(x) 


doi < co 
0 Xe 


and logQ(x)/x in the Hilbert space H of §C.4, such that 
a(x) < log Q(x) 


for all x of sufficiently large absolute value. Then w(x)/x also belongs to 
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Pai 


H, and 
F Rao Ste o 


TE 
Proof. If there is an Q meeting the stipulated conditions, there is an L 
such that 
Ons = MOE ANN on e> E 


Because w(x) — œ for x — 00, we can take (and fix) L large enough to 
also make 


ses OO" for x's L. 


The given properties of v(t) make w(0) = 0 and (x) infinitely 
differentiable* on R. Therefore, since w(x) is even, we have w(x) = O(x?) 
near 0, and, having chosen L, we can find an M such that 


eM tn) <x Me LOL Ore Ls 


According to the first lemma of §B.4, Chapter VIII, the given formula 


for w(x) can be rewritten 
a(x) = f log a(®), es 


0 


MAb 
eat 


pies 


making p(t) > 0 and bounded by hypothesis, with 


v(t) dt dt 
dolt) > -—— 2 -C-. 
p(t) er 3 


* To check infinite differentiability of w(x) in (— A, A), say, take any even @,, 
function g(t) equal to 1 for |t| < A and to 0 for |t| > 2A. Then, since v(t) is 
also even, we have 


2A 


w(x) = [vei — x?/t?|(1—(t))v'(t)dt + | log |x — t| p(t)v'(t) dt 


A -2A 
2A 
— | log |t| p(t)v’(t) dt. 
The first integral on the right is clearly @,, in x for |x| < A. When |x| < A, 


the second one can be rewritten as [34,4 0(x — s)v'(x — s) log |s| ds, and this, 
like g and v’, is @,, (in x), since log|s| € L,(—3A,34A). 
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In order to keep our notation simple, let us, without real loss of generality, 
assume that C = 1, i.e., that 


Ors ptt) wa 


and 
dp(t) > — 
We now consider the Green potentials 


“| dp), 


U,(x) = i log > 


where A > L. Since v(t) is @,, and p(t) = v(t)/t bounded, it is readily 
verified with the help of ’H6pital’s rule that p(t) (taken as v'(0) fort =0 ) 
is differentiable right down to the origin, and that 


nO "o7 v(t) 


stays bounded as t — 0. The quantity |p'(t)| is thus bounded on each of 
the finite segments [0, A], and the double integrals 


lap x+t 
log 
o Jo x — 


= ldp(t)| |dp(x)| 


hence finite. Each of the potentials U į therefore belongs to $. We proceed 
to obtain an upper bound on ||U,||; which, for A > L, is independent of A. 


By the absolute convergence just noted we have, according to §C.4, 
A 
lUa Iž = | U 4(x) dp(x). 
0 
In view of the above formula for w(x), we can write 


w(x) 


U,(x) = — — [ “toe |=* 
x A 


z+ dp(t). 


When A — œ, the integral on the right tends to zero uniformly for 
0 <x < L (see beginning of the proof of the second of the above lemmas). 
Therefore, | p’(x)| being bounded for 0 < x < L, 


| Ua dpe) = f OO (x) dx + o(l) 
(0) 0 
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for A — oo. Referring to one of the initial inequalities for w(x), we see that 


L L 
| U,(x)dp(x) < | xM|p'(x)|dx + o(1) 
0 0 
for large A. 


Our main work is with the integral fa U ,(x) dp(x). Since dp(t) > — dt/t, 
it is convenient to put 


dp(t) + = =) dolt); 


getting a positive measure o on [0, 0). The above relation connecting 
U (x) and œ(x)/x then gives us 


Oe | log ett; 
x F t| t 
w(x) e ixt 
U(x) =F log da(t), x0 
% a x—t 
Thence, by our initial relations for a(x), 
e t| dt 
eA SEE y | fog ey Sips est 
x 7 A 
Ux 2 -| fog “| dott), re bi, 


Since logQ(x) > 0 by hypothesis and log|(x+t/(x— t| > 0 for x 
and t > 0, the first of these inequalities yields 


Xie 


A fo) 
ZEE < = tos OO [S osk S 
L (0) ORRA —t| t 
p [sea P p E ap A [fe toet $a 
0 ae o JA x=t 
+ [S x+ t| dt dx 
ee ee 


Similarly, from the second inequality, 


A AEn +t dx 
E | Cat eat | | log |> | do(t)— 
A t A fa x + t| dt dx 
= | K log >= d oS s | | log|——| — —. 
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Putting these results together and then adding on the one obtained 
previously, we find that for large A > L, 


A 
lucl = | U ,(x) dp(x) 


(0) 


dp(x) 


< ofl) + oe + eg o dip {meee 
0 


a j” log | Sapo) + $ g logi es 
af [oe dt dx 
0 A 


It is part of our hypothesis that 
” logQ 
| og x) a 


0 x 


Xitel 
lapo È = 


b K 
oA 


<=) CO: 


Because 0 < p(t) < 1, the fourth and fifth of the right-hand integrals are 
bounded (by quantities independent of A) according to the second of the 
above lemmas. By the first of those lemmas, the sixth integral is equal to 
a finite constant independent of A. We thus have a constant c independent 
of A such that 


lUa < © 


4 log Q(x) 
ih ig BEN 


for large A > L. 
Recalling, however, that 


U,(x) = [okt stlapo 
0 


and that log Q(x)/x is in § by hypothesis, we see from the fifth lemma of 
§C.4 that 


[EC anos = (eee ua) = 
x E 


o x 


Ualle. 


E 


log Q(x) 
X 


The preceding relation thus becomes 
IUalle < ¢ + |ogQ(x)/x lz Ualle. 
Knowing, then, that || U4 ||; < 00, we get by 11th grade algebra (!) that 


1 
IUalle < 5( Ilo Q@x)/ lle + J/(IllogQ(x)/x lz + 4c)) 


for large A > L, with the bound on the right independent of A. 
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Now it is easy to show that w(x)/x belongs to §. Since w(x)/x is odd, 

we need, according to the last theorem of §C.4, merely check that 

|| o(x)/x ||z < œ where, for || ||g, the general definition aig towards 
the middle of §C.4 is taken. As observed earlier, 


U,(x) — 2% u.c.c. in [0, 00) 


for A — oo. Thence, by the second theorem of §C.4 and Fatou’s lemma, 


locx < imini || U,||?. 
A> o 


(Cf. the discussion of how § is formed, about half way into §C.4.) The 
result just found therefore implies that 


|o(x)/xlle < 5 (log (/x lz + /(Ilog Q(x)/xllz + 4c)), 


making œ(x)/x e H. (Appeal to the last theorem of §C.4 can be avoided 
here. A sequence of the U, with A — œ certainly converges weakly to 
some element, say U, of H. Some convex linear combinations of those U 4 
then converge in norm || ||, to U, which then can be easily identified with 
«(x)/x, reasoning as in the discussion towards the middle of §C.4.) 


Once it is known that w(x)/x e §, the rest of the theorem is almost 
immediate. The relations for w(x) given near the beginning of this proof 


make 
[ee] ice} Q 
jia Joel ay ea TT f log Mx) y 
o È x 


<me + [ERa < @, 
x 


0 


so, since (here) 0 < v(x)/x < 1, we have 


i JI r 4, 


2 
a Meso ec 


a OKIE 
It is thus enough to verify that 


pee) < = 
ox X 


in order to show that 


[2 ao 
0 
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is finite. Since | d(v(x)/x)/dx| is bounded for 0 < x < L with |@(x)/x?| < M 
there, while w(x) > 0 for x > L, the first of these integrals is perfectly 
unambiguous according to the observation just made, and equal to the 
limit, for A — oo, of 


pee) 
eX A 


Here we may again resort to the fifth lemma of §C.4, according 
to which any one of the last integrals, identical with i (œ(x)/x)dp(x), is 
just the inner product 


(va), < | 
X x lle 


Plugging in the bounds found above, we see that for large A > L, 


paa g (fase + «)) 
o X 4.4 E x E 


x 
and, making A — œ, we arrive at the desired conclusion. 
The theorem is proved. 


Ua lle. 


The variant of this result referred to earlier, to be given in problem 
68, applies to functions w(x) of the form 


a(x) = x ip log | ‘|dp(0, 
o 


where the only assumptions on the measure p are that it is absolutely 
continuous, with p’(t) bounded on each finite interval, and that 


dp(t) = vow for t>1. 
t 


That generalization is related to some material of independent interest 
taken up in problems 66 and 67. 


Let us, as usual, write 


U,(x) = le log Ja p(t). 


Under our assumption on p, the integral on the right is certainly 
unambiguously defined because 
: min(1, 1/t)dt 


fe x+t 
log |} ——_ 
o Ni 
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is finite for x > 0 and, if K is large enough, 
do(t) = dp(t) + Kmin(1, 1/t)dt 


> 0 for t>0.* The preceding integral is indeed O(xlog(1/x)) for 
oe values of x > 0, so, by applying Fubini’s theorem separately to 


Han 


and to the similar expression with dø(t) — dp(t) standing in place of dø (t), 
we see that for each finite A > 0, 5 (U ,(x)/x) dx is well defined and equal 


: = 


By writing dp(t) one more time as the difference of the two positive 
measures do(t) and K min (1, 1/t)dt, one verifies that the last expression 
is in turn equal to 


im | [ioe 
M> JO 


Problem 66 


x+t “|do oe 


dx 


x+t |S aoc 


dx 


x+t Ea ot). 


In this problem, we suppose that the above assumptions on the measure 
p hold, and that in addition the integrals 


| ‘ Ut) dx 
an 


are bounded as A — oo. The object is to then obtain a preliminary grip 
on the magnitude of | p(t)|. 


(a) Show that for each M and A. 


x+t “|x +M] dx 
i [oe ~ dp) = poo | 1 wis 
A = 
a A| p(t 
+ f iots PU) ir, 
F EAE; 


(Hint: cf. proof of second lemma, beginning of this article.) 


* Only this property of p is used in problems 66 and 67; absolute continuity of that 
measure plays no rôle in them (save that p(t) should be replaced by p(t) — p(0+) 
throughout if p has point mass at the origin). 
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(b) Hence show that 


(c) 


(d) 


* 


M 
PIM si as M — œ. 


(Hint: p(t) > —K(1+log*t) for t> 0, making 


M 
-Í log 
0 


with a constant independent of M, for A > e, say. Deduce that for fixed 
large A and M — oo, 
p(M) 


Jars < O(1) + const. log A. ) 


t+A 


p(t) 
ae dt 


< const. log A 


Then show that 


A foo) 
| U(x) dx = | log 
o0 x 0 


Show that for large t>1 we not only have p(t) > —const.logt but 
also p(t) < const.logt. (Hint: Wlog, dp(t) > —dt/t for t>1. 
Assuming that for some large A we have p(A) > klog A with a number 
k >Q, it follows that 


t+A 
t—A 


pl) dt. 
t 


t 
p(t) > klogA EROR for t >A. 


At the same time, p(t) > —O(i) — log*t for 0<t<A. Use 
result of (c) with these relations to get a lower bound on §<(U,(x)/x) dx 
involving k and log A, thus arriving at an upper bound for k.) 


Problem 67 


Continuing with the material of the preceding problem, we now assume 
that 


A 
lim | dhee 


A>0J0 x 


exists (and is finite). It is proposed to show by means of an elementary 
Tauberian argument that p(t) then also has a limit (equal to 2/n? times 
the preceding one) for t — oo. Essentially this result was used by 
Beurling and Malliavin* in their original proof of the Theorem on the 


under the milder condition on p pointed out in the preceding footnote — they 
in fact assumed only that the measure p on [0, 00) satisfies dp(t) > — const. dt/t 
there, but then the conclusion of problem 67 holds just as well because the existence 


(a 


(b) 


(c 


— 


< 
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Multiplier. 


Show that for a and b > 0, 


| log 

0 

(Hint: We have 

ph f dt 
A 


Apply the L, theory of Hilbert transforms sketched at the end of §C.1, 
Chapter VIII.) 


+a +b 
log 2 dx = 2x’min(a, b): 
a 


x 
yy 


1 
—log 
m 


XF a 


x¥=a 


Hence derive the formula 


$ t A 
| log ** {210g|**4|—tog 
o t—x x—A 


= W(5A — |t—Al)’, 


x+(1+8)A|_, 
x—(1+6)A 


ert 
——__—| pdx 
x—(1—d)A 


valid for t>0, A>O and0<6<1. 


(1-d)A A (1+ 0)A : 
Figure 251 


Then, referring to part (c) of the previous problem, prove that 


ER Ee 1+ 0)A 
(P=) = 
Alo “Wo g x—(1+6)A 
1 — ô)A us —A 

rtl M hax = za (: = lt N eO a 
(Hint: Use the formula obtained in (b) together with Fubini’s theorem. 
In justifying application of the latter, the bound on |p(t)| found at the 
end of the preceding problem comes in handy. One should also observe 


that the expressionin { } involved in the left-hand integrand belongs 
to L,(0, œ) and is in fact O(1/x*) for large x.) 


x+A 


— log 


of liM iU (x)/x)dx is not affected when p is replaced by its restriction to 
[1, œ) 
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Assume now that 
| US) ag — |l 
Cka 


for x — œ. Show that then the right side of the relation establish in (c) 
tends to a limit, equal to (26? + O(ô°))l, as A — oo. (Hint: The left 
side of the relation referred to can be rewritten as 


| i | a) goladu, 
EE |e 


where ¢,(u) is a certain L, function not involving A. To compute 
Jo palu) du, look at ai @;(u)du. By making appropriate changes of 
variable, the last integral is thrown into the form 


1 M/(1 - ô) 
Ek | dv — (1- | log 
1 M 


v- 


M 
(1+) log 


M/(1 +ô) 


v+1 


v-1 


dv, 


and this is readily evaluated for large M by expanding the integrands 
in powers of 1/v. ) 


Hence show that under the assumption in (d), 
2 

PO S> forto: 
T 


(Hint: Picking a small ô > 0, assume that for some large A we have 
p((L—6)A) > m, 
anumber > 2l/n?. Recalling that dp(t) > — dt/t fort > 1, we then get 


1465 
ihe Sie roe(+**) for (hoot = ei A. 


and this will contradict the result in (d) if A is large, and m much bigger 
than 2l/n?. 
In case we have 


p((l+0)A) < w, 


a number < 2l/n? for some large A, we get 
; Mee 
p(t) < m + log ae for (1—ô)A < t < (14+5)A, 


and then the same kind of argument can be made.) 
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Problem 68 


Formulate and prove a theorem analogous to the one of this article for 
functions w(x) of the form 


Xt 


ON) = R log 


where p is a measure subject to the assumption* stated above. (Hint: 
Work directly in terms of p(t) and dp(t). Boundedness of p(t) — needed to 
apply the second lemma of this article — is guaranteed by the last 
problem.) 


4. Example. The finite energy condition not necessary 


The construction starts out as in article 1; again we take 


ya expip -) for p = 8,9, 10,.... 
and put 

Ags = Xg 

Aa oN pea heed ig LOL) = 9: 


We also use a sequence of strictly positive numbers 4, < 1 tending 
monotonically to 1, but at so slow a rate that 

o (1—4A,)? 

yy UER 00. 

8 p 
It will turn out to be convenient to specify the 4, explicitly near the end 
of this article. 

Based on these sequences, we form an increasing function v(t), defined 

for t > 0 according to the rule 


a OLA Xg, 


Magee AAN Orita E Ly with p > 9. 


v(t) 


This function has a jump of magnitude (1 — 4,)A, at each of the points 
xp; its behaviour is shown by the following figure: 


* in its original form, including absolute continuity of p and boundedness of p'(t) 
on finite intervals 
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Figure 252 


Obviously, 
vt) < t. 


Also, since 


X 
A a EE 2 p 
De SE 7 n aey 
and 
Xp EEE) 
Xi 
as p — œ, it is evident that 
w S i ; for large t 
AiE e 
Thence, putting 
(oe) z? 
Eiz = | logji — 2 dv(t), 
(0) 


we see by computations just like those at the beginning of article 1 that 


Fiz) < Fi(ilz) = az] + o((z|) 
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for |z| large and that moreover, for real values of x with sufficiently large 
absolute value, 


|x| log log|x| 
(log|x|)? 


where C is a certain constant. 

The right side of the last relation is an increasing function of |x| when 
that quantity is large. Choosing, then, a large number l in a manner to 
be described presently, we take 


F,(x) < 


OF a 
Bs, x loglog x 
(log x)? ? 
thus getting an increasing function T such that 
IA 
f Lo (ob aed mane S) 
Phd 


By the above two inequalities for F,, we then have 
F,(x) < T(|x|) + const. for xeR. 
We now follow the procedure used in Chapter X, §A.1, to prove the 


elementary multiplier theorem of Paley and Wiener. Using a constant B 
to be determined shortly, write 


ut) = ar Oar 


and then let 


re) z? 
F(z) = f log}1 — 2 dy(t). 
0 
Since T(t) is increasing, we have 
AT T(t 
eye B| O ae PAUN, 
t t 
for t > 0, and at the same time, 
u(t) 


— 0 ast—o. 
t 
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The first lemma of Chapter VIII, §B.4, may thus be applied to the right 
side of our formula for F,, yielding 


F t t 
F(x) = -xf log 2S a() 
(0) X= t t 
S BG 
= Bx| log als eer for x > 0. 
0 i t t 
Therefore, because T(t) is increasing, we have 

1 1+t dt 


F x20. 


F(x) 2 BT) | "toe 


The integral on the right is just a certain strictly positive numerical 
quantity. We can thus pick B large enough (independently of the value 
of the large number l used in the specification of T) so as to ensure that 


FOX). >= -2TtS) for x > 0. 


Fix such a value of B — it will be clear later on why we want the coefficient 
2 on the right. Then, taking 


F@) = F,(2) — F2(), 
we will have 

F(x) < —T(|x|) + const. < const. 
for real values of x. 


The function F is given by the formula 


fo) z? 
F(z) = | log}l — — 
i 


0 


d(v(t) — u(t), 


in which v(t) — y(t) is increasing, provided that the parameter l entering 
into the definition of T is chosen properly. Because v(t) and u(t) are each 
increasing, with the second function absolutely continuous, this may be 
verified by looking at v(t) — p(t). For x <t <x) With. p> .5. 
we have 


YO. WON Se a eee B|" Ki, 


pæl 


t T? 


and an analogous relation holds in the interval (0, xg). Choose, therefore, 
l large enough to make 


T(t oO 
B|” TO ar = ac | AE Nt AY tee 
o i ı (logt) t 
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Then, the sequence {/,,} being increasing, we will have v(t) — p(t) > 0 
for t>0 different from any of the points x,, and v(t) — y(t) will be 
increasing. 
It is also clear that 


ve) ne) 
t 


1 as t—> œ. 


Hence 
F(z) < F(ilz|) = Aa ANA 


for large |z|. F(x) is, on the other hand, bounded above for real x. From 
these two properties and the formula for F(z) we can now deduce the 
representation of §G.1, Chapter III, 

~ [32] F(t) 


=o |z—t]? 


> 


1 
F(z) ggz + | 
T 
by an argument like one used in the proof of the second theorem of §B.1. 


Let K be any upper bound for F(x) on R, and then, proceeding much as 
in article 1, put 


et tk 
W(x) = ———., xeER. 
exp F(x + 1) 


From the preceding relation, we get 


TRK EO) 


dt, 
-a (x—t} +1 


log W(x) = “| 
T 


and from this we see that 
W(x) 2 1, 
besides which 


$ log W(x) 


< log W(x), 
T g W(x) 


making log log W(x) uniformly Lip 1 on R. The present weight W thus meets 
the local regularity requirement from §B.1, quoted at the beginning of this §. 
Since F(t) is even, so is W(x), and the relation F(t) < — T(|t|) + const., 
together with T(t)’s tending to œ for t — oo, implies that 


W(x) — œ for x— Ło. 


(That’s why we chose B so as to have F(x) > 2T(|x|) with a factor of 2. ) 


492 XI D Search for the presumed essential condition 


It will now be shown that W(x) admits multipliers, but that there can be 
no even function Q(x) > 1 with 


fe log Q(x) ae 


(0.0) 


2 
0 x 


and log Q(x)/x in § such that 
W(x) < Q(x) 


for large values of |x|. 


To show that W admits multipliers, we start from the relation 
logW(x) = n + K — F,(x+i) + F,(x+1) 


and deal separately with the terms F,(x+1i) and F,(x +i) standing on 
the right. One handles each of those by first moving down to the real 
axis and working with F ,(x) and F(x); afterwards, one goes back up to the 
line z = x +1, 

The function F; is easier to take care of on account of v(t)’s special form. 


Knowing that 


dv(t), 


2 
x 

fee 
12 


—F,(x) = -Í log 
0 
we proceed, for given arbitrary ņ > 0, to build an increasing o,(t) with 
o,(t)/t < n/2 having jumps that will cancel out most of v’s, making, 
indeed, o,(t) — v(t) a constant multiple of t for large values of that 
variable. The property that 4, — 1 as p — œ enables us to do this. 
Given the quantity n > 0, there is a number p(n) such that 


ae tee ; for p > p(n). 
We put 
0, t < Xon» 
ti= 7 + <A ew 
o1( E 2 p-1 Pie as (t—x,-1) for 
Xp-1 S t < x, with p > p(n). 


This increasing function ø, (t) is related to v(t) in the way shown by the 
following diagram: 
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for p—1 > p(n) 


Figure 253 


It is clear that 


c(t) — v(t) = -(1 — t)r for tf > Xm: 
Take now 
oO z? 
G,(z) = | log}1 — 2 do,(t). 
0 
We have 
oul) = ul ast. > OO, 
t 2 
so for large values of |z], 
ei T 
GE < Gliz) = lz + ollz) 


The first lemma of §B.4, Chapter VIII, tells us that 


d(a,(t) — v(t)) 


x? 
Sees 
t 


A o= | “log 


0 
= x| oe (= 210) xeER. 
0 


t 


eae 
Be 1h 


494 XI D Search for the presumed essential condition 


As we have just seen, (v(t)—o,(t))/t is constant for t > x,,,,; the last 
expression on the right thus reduces to 


zim v(t) — c(t) 
i log a(1=20), 


This, however, is clearly bounded (above and below !) for |x| > 2 
say. Therefore 


xtt 


Maat 


x p(n) ? 


G(x) — F,(x) < const, PESE 


This relation does not hold everywhere on R; G,(x) — F(x) is indeed 
infinite at each of the points + x, with8 < p < p(n). But at those places 
(corresponding to the points where o,(t)— v(t) jumps downwards) the 
infinities of G,(z) — F,(z) are logarithmic, and hence harmless as far as we 
are concerned. Besides becoming — oo (logarithmically again) at + x,,,,, 
the function G,(x) — F,(x) is otherwise well behaved on R, and belongs 
to Ly(— 2X, 4)» 2X,.,)). We can now reason once again as in the proof of 
the second theorem, §B.1, and deduce from the properties of G,(x) — F(x) 
just noted, and from those of G,(z) and F(z) in the complex plane, pointed 
out previously, that 


GO- Fi) = -afi = Zig + Lf” SACO- AO 


TJ- o |z—t/? 


Keeping in mind the behaviour of G,(t) — F,(t) on the real axis, we see 
by this relation that 


G,(x+i) — F,(x+i) < const., xeER. 


We turn to the function F(x), equal, as we have seen, to 


Bx| log 
0 


for xe R (both F,(x) and this expression being even). Here we proceed 
just as in the passage from the function Cx(log log x)/(log x)? to F,(z). A 
change of variable shows that 


Bear 
ib 


fo) 


F.(x) . = BÍ log 


0 


1l+t 
1—t 


T(xt) 


T? 


dt for x > 0, 


from which it is manifest that F(x), like T(x), is increasing on [0, 00). 
Again, by Fubini’s theorem, 
co F [ee] foo} 
| a) ra it BÍ | lsg x+t 


dx TO) ir 


t? 


x 
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2B (> T(t 
INESE aL Gira ee 
Dm) ats 
Pick, then, a large number m (in a way to be described in a moment), and 
put 
< , 
Sole- i O0<t<m 
F(t), t 2m. 


Bringing in once more the given quantity n > 0, we form the function 
n ” O(t) 
6,(t) =) Ru = Bry} © = dt 
a(t) 5 j 72 


and observe that it is increasing provided that m is chosen large 
enough — verification of this statement is just like that of the corresponding 
one about v(t) — p(t). Fixing once and for all such a value of m, we take 


2 
ieda) 
E 


G0) = | iog 


0 


The function o,(t), besides being increasing, has the property that 


a) 1 as t — > œO. 


t 
Thence, 


G(z) < G,(ilz|) = raed + o(|z/) 


for large values of |z|. 
For x > 0, by the first lemma of §B.4, Chapter VIII, 


OM 


t? 


G,(x) 


| 
| 
x 
S 


X- 


Xert 


Il 
| 
& 
x 
°o 
8 
© 


Thanks to our choice of B, the last quantity is < —2@(x) (cf. the 
previous examination of F,(x)’s relation to T(x) ). Thus, 


G(x) < —2F,(x) for |x| > m, 
and we certainly have 
G,(x) + F,(x) < 0 


for such real x, F(x) being clearly positive. 
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Since p(t)/t — 0 for t — oo, with p(t) increasing, we must have 
F(z) < F,(i|z|) = o(lzl) 


for large |z|. Using this estimate and the corresponding one on G,(z) given 
above we deduce from the behaviour of G,(x) + F(x) on R just 
found that 


G,(z) + F(z) = yi3 + an Sr etre aR 


— oo 


this is done by the procedure followed twice already. It then follows from 
this relation and from the fact that G,(t) + F,(t) < O for |t| > m that 


G,(x+i) + F,(x+1i) < const, xeER. 


Going back to log W(x) we find, recalling the above formula for it and 
using the two results now obtained, that 


log W(x) + G(x+i) < const. xER, 


where 


d(o,(t) + a2(t)). 


eE E = f “log 


Z 
Yes 
0 t 


Consider now the entire function (z) given by the formula 


d[o,(t) + o,(t)]. 


2 
Z 
ete eae 
t? 


log|g(z)|_ = | log 


0 
Because 


[o,(t) + o,(t)] E o,(t) 4 g(t) 
t t 


+ o(1) — n 


for t —> œ, we have 


loglg(z)| < logle(ilz|)| = xn|z| + o(lzļ) 


for z of large modulus, making ¢(z) of exponential type nn. The lemma 
from Chapter X, §A.1, now yields 


log|g(x+i)| < G(x+i) + log*|x|, xeER, 
which, with the previous relation, gives 
W(x)|p(x+i)| <  const../(x?+1), xeR. 


However, o,(t)+02(t) — œ for t — œ, so @(z) certainly has zeros. 
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Dividing out any one of them then yields a new entire function, y(z), also 
of exponential type mn, with 


W(x)|w(x+i)| < const,  xeR. 


The number 7 > 0 was, however, arbitrary. Our weight W(x) therefore 
admits multipliers, as claimed. 


To see that there is no even function Q(x) > 1 with log Q(x)/x in $ 
and 


| 
| Peer: os 
o s: 
such that 

W(x) < Q(x) 


for large |x|, we use the theorem from the last article. Because 
W(0) > 1, the relation just written would make 


W(x) 


< Q for |x| large, 
WO) (x) |x| larg 


so, since W(x) — œ for x —+ +00 as we have noted, the theorem 
referred to is applicable provided that 


W œ 
W(0) 0 
where p(t) is an increasing, infinitely differentiable odd function defined on 


R, with p(t)/t bounded for t > 0. 
In our present circumstances, 


( W(x) 
(0) 
W(0) 


2 
1 — ~}dp@, 
t 


) = F(i) — F(x+i) 
where, as already pointed out, 


d(v(t) — u(t)) 


z? 
Ee 
t 


F(z) = [toe 


0 


with v(t) — p(t) increasing and O(t) on [0, co). Taking note of the 
identity 
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(es) oe 


Now for any particular z, z > 0, the function of w equal to 
log|1 + (z/w)| is harmonic for Jw > 0. We can thence conclude, just 
as in proving the first lemma of §C.5, Chapter VIII, that the right-hand 
integral in the preceding relation is equal to 


| log 
0 


with an absolutely continuous increasing function p(t) defined on R, having 
there the derivative 


dot) _ 1[ 1 1 À 
pA a, en i rar) cial 


we see that 


d(v(t) — u(t)). 


F(z+i) — F(i) = [is 


0 


72 
1 — 2 dp(t) for 32-2" 0) 


Infinite differentiability of p(t) is manifest from the last formula. Taking 
p(0) = 0 


(which makes p(t) odd), we can also verify boundedness of p(t)/t in (0, 00) 
without much difficulty. One way is to simply refer to the second lemma 
of §C.5, Chapter VIII, using the formula 
palazi 
2 


Feri -Pias | “tee do(t), 32 > 0, 
0 


just established together with the fact noted above that 
F(z) < n\z| + o(|z|) for large |z|. We see in this way that the hypothesis 
of the theorem from the preceding article is fulfilled for the function 


W(x) ) 
W0) 


wlx) = loe( = F(i) — F(x+i). 


According to that theorem, ifan Q having the properties described above 
did exist, we would have 


[Pape < a, 
x 


(0) 


or, what comes to the same thing, 


pep 


1 
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p(x) being increasing and O(x). It thus suffices to prove that 


[°F aoc Se 
x 


1 


in order to show that no such function Q can exist. 


For this purpose, we first obtain an upper bound on F(x + i) for x near 
one of the points x,, arguing somewhat as in article 1. Given x > 0 and 
0 <r < x, denote by N(r, x +i) the quantity 


| d(v(t) — u(t), 


where J is the intersection of the disk of radius r about x +i with the real 
axis: 


Figure 254 


Keeping in mind the relation 


d(v(t) — w()), 


z? 
hicie 


F(z) = | ics 


0 


we see then, by an evident adaptation of Jensen’s formula (cf. near the 
beginning of the proof of the first theorem, §B.3), that 


3 ' R N(r, x +i 
F(x+i) < =| F(x+i+Rei%)d9 — p ew 
fk Sa Cee 0 r 


as long as R < x. (Some such restriction on R is necessary in order to 
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ensure that the disk of radius R about x+i not intersect with the 
negative real axis.) We use this formula for 


x, << a9 e< one 


with p large, remembering that the increasing function v(t) — p(t) jumps 
upwards by (1—A,)A, units at t = x,. That makes 


Ntat-1) th As) A; 


for such x as soon as r exceeds ,/2. Since A p/Xp —> Ofor p — œ we may, 
for large p, take R = .,/2 A, in the formula, which, in view of the relation 
just written, then yields 


1 (* | 
F(x+i) < =| F(x +i+/2 A,e%)d9 — (1—4,A,logA, 
(a == 


for xy hee Kae, Ed: 

From the relations F(x) < const. xeR, and F(z) < z|z| + o(|z|) 
it now follows by the third Phragmén—Lindelof theorem of §C, Chapter III, 
that 


F(x+i+./2A,e'*) < const. + /27A,|sin9|. 
Plugging this into the preceding inequality, we find that 

F(x+i) < const. + 2,/2A, — (1—A,)A,logA, 
forx,—1 < x < x,+1, p being large. 


We need also to see how much p(t) increases on the interval 
[x,—1, x, +1]. Because v(t) — p(t) has a jump of magnitude (1 — Àp)Ap 
at x,, we see by the above formula for p'(t) that 


dp) =4))4, 
dt n((t — x,)* + 1) 
Integrating, we get 


Xp+1 1 
| dp(x) > all — App. 


Xp-1 


We can simplify our work at this point by specifying the sequence {åp} in 
precise fashion. Take, namely, 


1 


(log p) 
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Then, for large p, 


exp(p*/*) 


Ne aa SOP 


is much bigger than 


2/2 exp(p*/*) 
3p?’ 2 


and thus the third term in our last estimate for F(x + i) will greatly outweigh 
both of the first two. When p > a certain po, the estimate therefore reduces 
to 


ADN 


1 
F(x+i) < sa i io a da Xp = Lasix SX. 


Use this relation together with the one just found involving p. That gives 
Xpt+1 i 1 

| A F(x +i)dp(x) < o e. log A,, p ÈZ Po- 

Here, F(x +i) is, as we know, bounded above for real x, and the 


increasing function p(x) is O(x). The divergence of 


Ny F(x +i) 


2 
1 x 


dp(x) 
to — œ is hence implied by that of the sum 


Xpt1 
X zf F(x +i)dp(x). 


p2 po Xp Spe 


By the preceding inequality, 


1 Xpt1 f 1 ; A, 2 
-; F(x+i)dp(x) < ea ps — åp} | — ] logA, 
Xp Spal Xp 


for p > Po, and the right side is 


1 
z 36plog p 


IERES VE] 


1 1 
S E EANA 
a! 5 al 
for p — œ. So, since }',(1/plog p) is divergent, we do indeed have 


eas 


2 
1 x 


dp(x) = —o. 
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Therefore, no even function Q(x) > 1 having the properties stated 
above and with 


W(x) < Q(x) 


for large |x| can exist. Nevertheless, W(x) admits multipliers. 


a Further discussion and a conjecture 


At this point, the reader may have the impression that we have 
been merely raising up straw men in order to knock them down again, 
but that is not so. Considerable insight about the nature of the ‘essential’ 
condition we are seeking may be gained by studying the examples 
constructed above. 

Suppose that we have an even weight W(x) > 1 meeting our local 
regularity requirement, with 


ea | 
| log WO) a ew, 
a RX 


Let us, for purposes of discussion, also assume W(x) to be infinitely 
differentiable. In these circumstances, the odd function 


eT 
ee los) 


has a @,, Hilbert transform* 
Hi t 
a(x) = -{ MO ay 
TE. Siang SEL 


and it is frequently possible to justify the formula 


1 «a 
u(x) = f log 
TJo 


by an argument like the one made near the end of the proof of the last 
theorem in §C.4. Provided that |a(t)| does not get very big for t — œ, 
further manipulation will yield 


W(x) * Pi ay i 
loe( Z) = NU =|. log 


tat 
Ait 


ü'(t)dt 


d(tii(t)). 


2 

x 
gs Sie 
t? 


* regarding the infinite differentiability of (x), cf. initial footnote to the third lemma 
of §E.1 below 
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In this article, let us not worry further about the restrictions on W needed 
in order to justify these transformations; what we have is a representation 
of the form 


log W(x) = logW(0) — | toe 


0 


x? 
t? 


t Shae 


for a fairly general collection of weights W, involving signed (and very 
smooth) measures 4 on [0, 00). How is it for the admittance of multipliers 
by such weights? 


We can see already from the work of §C.2 that negative measures À are 
‘good’ insofar as this question is concerned. In the case of a weight with 
convergent logarithmic integral given by such a measure 4, one readily 
shows with help of the argument in §H.2, Chapter III, that the increasing 
function 


—A(t) = -Í dA(t) 
0 
must be O(t) on [0, œ). The proof of the Theorem on the Multiplier in 
§C.2 may then be taken over, essentially without change, to conclude that 
W(x) admits multipliers.* 


From this point of view, positive measures À are ‘bad’; the example in 
article 1 shows that weights with convergent logarithmic integrals given 
by positive 4’s need not admit multipliers. 

How bad is bad? The example in article 4 does, after all, furnish a weight 
admitting multipliers and given by a positive measure /. The first thing 
to be observed is that absolutely continuous /’s with 4'(t) bounded above 
on [0, œ) are just as good as the negative ones. For, since 


| log 
0 


we have, for any weight W(x) given by such a A with 4'(t) < K, say, 


dt c=. 0, xER, 


(ee) 


logg W(x) = logW(0) — f log 


(0 


X2 
TUA 


1 d(A(t) — Kt), 


showing that W is also given by the negative measure p with 
dp(t) = da(t) — K dt. Things can hence go wrong only for measures 4 
with A’(t) very large in certain places. It is therefore reasonable, when 
trying to find out how the positive part of a signed measure A can bring 
about failure of the weight given by it to admit multipliers, to slough off 


* See also the footnote on p. 556. 
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from 4 its portions having densities bounded above by ever larger constants, 
and then look each time at what is left. That amounts to examining the 
behaviour of 


max(A'(t), K) — K 


on [0, co) for larger and larger values of K. 


The weights constructed in articles 1 and 4 (one admitting multipliers and 
the other not) are given by positive measures A so similar in behaviour 
that something should be learned by treating those measures in the way 
described. It is better to first look at the measure giving the weight of 
article 4. 

For that weight W we had 
x 


roe) Z 
logW(x) = logW(0) — f log|1 — =| aoe 


(0) 


with the absolutely continuous (indeed, & „ ) positive measure p furnished 
by the formula 


dof) S 1 1 R 
Siri =| (= wE erate) a0 u(r). 


Here, v(t) and y(t), as well as the difference v(t) — w(t) figuring in the 
integral, are increasing functions. The function p(t), equal, in the notation 
of the last article, to 


at | AG, dt, 
t 


T 


is absolutely continuous, with bounded derivative, and the behaviour of v(t) 
is shown by the figure at the beginning of article 4. The latter consists of 
an absolutely continuous part, again with bounded derivative, together with 
a singular part having jumps of magnitude (1— A,)A, at the points 
Xp, p28. The difference v(t) — u(t) has therefore the same description, 
and, since (1—A,)A, and x,—x,_, both tend to oo with p in our 
example, the function 


t 
p(t) = | p'(t) dr, 
0 
really nothing but a regularized version of that difference, shows almost 
the same behaviour as the latter for large t, except for being somewhat 
smoother. 
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Thus, when K is big, a good representation of the graph of the residual 
function 


px(t) = | (max(p'(x), K) — K)dr 


0 


will, for large values of t, be provided by one simply showing the jumps 
of v(t) that go to make up the singular part of v(t) — w(t). 


singular 
part of v (t) 
(1-Ap)Ap 
$9 o OH 
X X x 


p+1 


M 


We turn to the weight W considered in article 1. In the notation of that 
article, it is given by the formula 


Figure 255 


const. 


MOE 
|F(x+i)ọ(x+i)| 


where F(z) and ọ(z) are certain even entire functions, of exponential type 
nz and n respectively, having only real zeros. For the first of these, we had 


2 
Z 

pee 
t? 


log|F(z)| = | ice dn(t) 


0 
with a function n(t), increasing by a jump of magnitude [A,] at each of 
the points x,, p > 8, and constant on the intervals separating those points 
(as well as on [0, xg) ). The function ¢(z), obtained from §A.1 of 
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Chapter X, has the representation 


2 


1 — >/d[s(9], 


Z 
t? 


log|g(z)| = | log 


0 


with 


s(t) = (2: vei T 1) 


an increasing function formed from a certain p,(t) very much like the p(t) 
appearing in the example of article 4. Thus, although [s(t)] is composed 
exclusively of jumps, it is based on the function (ņn/n)t — p(t) which 
increases quite uniformly, having derivative between 0 and n/r in value at 
each t > 0. 

Referring to the first lemma of §C.5, Chapter VIII, we see that for the 
weight W of article 1, 


[e0] 


log W(x) = logW(0) — | log 


Z 

x 

home ang 
0 t 


da(t), 


where a(t) is an absolutely continuous increasing function determined by 
the relation 


doG Up eel 
rer al (eas i rayi) 


By feeding just the increasing function [s(t)] into the integral on the right 
(which has the effect of smoothing out the former’s jumps), one obtains 
an increasing function having a bounded derivative (given by the integral 
in question), thanks to the moderate behaviour of (n/z)t — m(t) just 
noted. Therefore, when K is big, the residual function 


cogit) = | (max K) — K)dt 


acts, for large t, essentially like n(t), which has the quite substantial jumps 
of height [A,] at the points x,. In this respect, the present situation is 
much like the one described above corresponding to the weight from 
article 4, involving the functions p,(t) and v(t). 


If now we compare the graph of p,(t), corresponding to the weight 
admitting multipliers, with the one for ox(t), corresponding to the weight 
that does not, only one difference is apparent, and that is in the relative 
heights of the steps. Wishing to arrive at a quantitative notion of this 
difference, one soon thinks of performing the F. Riesz construction on 
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n(t) 


t 
2 å x x Xp+1 : 


Figure 256 


both graphs, letting light shine downwards on each of them from the right 
along a direction of small positive slope. On account of the great similarity 
just described between the graphs of o,(t) and n(t) for large t, and between 
those of p,(t) and the singular part of v(t), it seems quite certain that we 
will (for large t) arrive at the same results by instead carrying out the 
Riesz construction for n(t) and for the singular part of v(t). This we do in 
order to save time, simply assuming, without bothering to verify the fact, 
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that the results thus obtained really are the same as those that would be 
gotten (for large t), were the constructions to be made for o,(t) and for 
px(t). We are, after all, trying to find a theorem and not to prove one! 

Taking, then, any small 6 > 0, we look at the set of large t with the 
property that 


sing. part of v(t’) — sing. part of v(t) 
at 


for some t' > t (depending, of course, on t). Here a crucial rôle is played 
by the fact that 


An er hen aS De Cs 


That makes 1—A, < 6 for large enough p, and then the jump which v(t) 
has at x,, equal to (1 — 4,)A,, will be < 6A,, with A, = x,— X49 the 
distance from x, to the preceding point of discontinuity for v(t). Therefore 
the t fulfilling the last condition will, beyond a certain point, all lie in a 
collection of disjoint intervals (x’,, x,) with 

x =A, < A 


p 


and 


sing. part of v(x,) — sing. part of v(x’) 


x 


’ 
p— Xp 


singular 
part of v(t) 


Xp Xp +1 Xp+1 
Figure 257 


How big are the intervals (xp Xp) ? In the present circumstances, 
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“a for p— ©, 


so then 


+ 
Xom A 


x, xa Ns 3 


and we have 


eee es 
z(=) LOOR 


Xp 


the intervals (x’,, x,) satisfy the Beurling condition that has played such 
an important rôle in this book! 

What can we (with almost certain confidence) conclude from this about 
the residual functions p,(t)? The function p(t) is, after all, @,,, so a large 
enough K will swamp out the derivative p'(t) for all save the very large 
values of t. The residual p,(t) will, in other words, stay equal to zero until 
t gets so large that the singular part of v(t) shows the behaviour just 
described; thereafter, however, px(t) and the latter function have almost 
the same behaviour, as we have seen. This means that for given 6 > 0, we 
can, by making K sufficiently large, ensure that p'x(t) < ô for allt > 0 save 
those belonging to a certain collection of disjoint intervals (a,, b,) (like the 
(x; Xp) ), with 


Px(b,) — Prha) AE 
bn — a, 


and 


Now what distinguishes the functions o,(t) from the px(t) is that the 
analogous statement does not hold for the former when ô < 1. This is evident 
if we look at the graph of n(t) which, for large enough t, is almost the 
same as that of any of the o,(t). When ô < 1, the Riesz construction, applied 
to n(t), will not even yield an infinite sequence of disjoint intervals like the 
O Xp)5 instead, one simply obtains a single big interval of infinite length. 
That’s because at each x,, n(t), instead of jumping by a small multiple of 
A,, jumps by [A,], which is, for all intents and purposes, the same as 
A, = Xp—Xp-1 when p is large. 

The size of these jumps of n(t) was, by the way, the key property ensuring 
that the weight constructed in article 1 did not admit multipliers of 
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exponential type < n. Cutting the jumps down to (1—A,)A, for the 
construction in article 4 was also what made the weight obtained there 
admit multipliers; it did so because 4, — 1 as p — œ. That, however, is 
just what guarantees the truth of the above statement about the p,x(t) ! 
It thus seems likely that the distinction we have observed between 
behaviour of the p,(t) and that of the o,(t) is the source of the 
corresponding two weights’ difference in behaviour regarding the 
admittance of multipliers. The ‘essential’ condition we have been seeking 
may well involve a requirement that the above statement hold for the px 
corresponding to a certain function p, associated with whatever weight one 
may have under consideration. 


Having been carried thus far by inductive reasoning, let us continue on 
grounds of pure speculation. We have been looking at ¢,, weights 
W(x) > 1 corresponding to monotone @,, functions A(t) according to 
the formula 


œ 


log W(x) = logW(0) — | log 


0 


dA(t). 


x2 
L sah Ts 
t 


Mostly, we have been considering increasing functions A, and we have 
come around to the view that a weight W corresponding to one of these 
admits multipliers if (and, in some sense, only if ) the above statement holds, 
with the functions 


t 

Agt) = | (max (A’(t), K) — K)dr 
(0) 

standing in place of the px(t). Insofar as decreasing functions A(t) were 

concerned, we simply observed near the beginning of this article that they 

were good, for a weight W given by any of those admits multipliers as long as 


2] 
f log WO) ay < o. 
-o 1+x? 


Let us now drop any requirement that the function A(t) be monotone, 
but keep the criterion that the above statement hold for the Ax(t). 
The increase of A(t) is thereby limited, but not its decrease! Observe that 
for any @,, function w(x) of the form 
© x? 
w(x) = 0) — | log|1 — ro 


0 


dA(t) 


with 
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| |co(x)| aipe 
ne oe a 


the Hilbert transform @(x) is defined (everywhere ) and infinitely differenti- 
able*, and it differs from mA(x) by a constant multiple of x. The statement 
involving the 4,(t) may thus be rephrased in terms of the Hilbert transform 


of log W(x), eliminating any direct reference to a particular representation 
for W. 


Let us go one step further and guess at a criterion applicable to any 
weight W(x) meeting the local regularity requirement of §B.1. Here, we 
give up trying to have the Hilbert transform of log W(x) fit the above 
statement. Instead, we let the latter apply to @(x), where exp w(x) is some 
even @ ,, majorant of W(x), as is in keeping with the guiding idea of this 
§. In that way, we arrive at the following 


Conjecture. A weight W(x) > 1 meeting the local regularity requirement 
admits multipliers iff it has an even @,, majorant Q(x) with the following 
properties: 


j log Q(x) ay 
(i) ie yr < o, 


(ii) To any ô> 0 corresponds a K such that the ( € „ ) Hilbert transform 
(x) of w(x) = logQ(x) has derivative < K + ô at all positive x save 
those contained in a set of disjoint intervals (a,, b,), with 


and 
bn 
| (max(@(x), K) — K)dx < 6(b,—4,) 
for each n. 
E. A necessary and sufficient condition for 


weights meeting the local regularity requirement 

The conjecture advanced at the end of the last § is true. One may 
look on its statement as an expression of the ‘essential’ condition for the 
admittance of multipliers that we had set out in that § to bring to light. 
A proof, which turns out to be not all that difficult, involves techniques 


* cf. initial footnote to the third lemma of §E.1, below 
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like those employed in the determination of the completeness radius for 
a set of imaginary exponentials, carried out in Chapters IX and X. That 
proof is given below in article 2. Some auxiliary results are needed for it; 
we attend to those first. 


1. Five lemmas 


Lemma. Let v(t) be increasing on [0,00) with v(t)/t bounded for t>0, 
and put 


a: 
1 — 2 dv(t) for xeR. 


PX) (= [ie 


0 


Suppose that p(), positive and infinitely differentiable, has compact support 
in (0, 00). Then the function 


Fd). = | POET 


0 


is equal to 


| log 
0 


anes | “en PP ag 


(0) 


2 

x 
(meee 
t? 


dv,(t), 


where 


is increasing and @ ,, in (0, 00), with 


v(t) < const. for t>0. 


Proof. Is essentially an exercise about multiplicative convolution. Because 
the function log|1 — (x?/t?)| is neither bounded above nor below the 
justification of the transformations involved is a bit tricky. 

Let us, as usual, write 


z? 
iaa 
t? 


dv(t) 


F(z) = r log 


0 


for complex z, noting that F(x + iy), for fixed xeR, is an increasing function 
of y when y > 0 (because v(t) increases), and that 


F(z) < const. |z| 


(because v(t) is also O(t) for t > 0 ). Supposing, then, that p(é) has its 
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support in [a, b], 0<a<b< œ, we have, for each fixed xeER, 


F(x) = | Fes eeu a a = im | F(E(x +iy)) Ee 


y70 


dě 


by monotone convergence*. 
Forz = x+iy with y Æ 0 it is easy, thanks to the properties of v, to 
show by partial integration that 


abs Nee ami |” zt WO, 


gist alt 


Hence 


b ee) 2 
[ Fen? a = 2 | Se ae 


oe re < 


On making the change of variable t/ = qt, this becomes 


an | 7 7 ED P arag, 


a 


oz—t Tt 


Here, it is legitimate to change the order of integration, for the double 
integral is absolutely convergent. The last expression is thus equal to 


œ 2 
2a | ZAA 


2 
9 a Tt 


where 
me 2 [Eroa 


Since p(č) > 0 and v(t) is increasing, v,(t) is also increasing. For t > 0, 
we can make the change of variable čt = s in the preceding integral, 
getting 


wo = 


Noting that p() is @,, and vanishes (together with all its derivatives ) for 
č=a and =b, we see that the expression on the right can be 
differentiated with respect to t as many times as we want, making 
v(t) Co fort > 0. For the first derivative, we find 


eS s\ v(s) 
1 = — = p'| —}| — ds, G40; 


We have v(s)/s < C, say, for s > 0, so, denoting the maximum value of 
\p'(®| for a < č <b by K, we get for the right side of the last relation a 


* the integrand on the right being bounded above by the preceding inequality 
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value 


bt 
< a KCsds < 4KCb?. 


at 


The increasing function v,(t) thus has a bounded derivative in (0, 00). 
We may at this point integrate 


(o) 2 
an | 5 Hie sae Vol) j 
ge eet 


by parts in the direction opposite to the one taken previously, to get 


| log 
o 


this, then, is equal to 


[ F(éz) 2) PO ag 


by the above work. Making y — 0 now causes the first of these two 
integrals to tend to 


| log 
(0) 


(that is especially easy to see here, where 0 < dv,(t) < const.dt ). The 
integral just written is therefore equal to F,(x) according to what was 
observed initially. We are done. 


2 
z 
1 — 2 dv,(t); 


2 
X 
1 — 72 dv,(t) 


Lemma. Let v(t) be odd and increasing, with v(t)/t bounded on (0, 00), and put 


œ 


F(x} = | log 


0 


x? 
1 — 2 dv(t) for xeR. 


Suppose that 


ips FON j : ola blcipis 
1 +°x? 


Then, for the Hilbert transform 


” | a ie 1 t 
F(x) = (4 ap a5) Float 


of F, we have, with a certain constant A, 


F(x) = Ax — m(x) ae, xeR. 
Proof. Write 
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F(z) = | Wie 


0 


2 


1 dv(t) 


z 

gt 

for complex z. The given conditions on v then make 
F(z) < F(ilz|) < const. |z|. 


Based on this relation and on the property of |F(x)| assumed in the 
hypothesis we can, by an argument like one made during the proof of the 
second theorem in §B.1, establish for F the representation from §G.1 of 
Chapter III: 
Lie F(t 
F(z) = A|Sz| + f ISAI EO gy 
TJ- o |z ge t|? 
A harmonic conjugate G(z) for F(z) in the upper half plane is therefore 
given by the formula 
Lopeeit/ Sz t t 
Gays =e ARG, E | (Ss ha 4) F(t)dt. 


TI ao Niz te t7+1 


This, then, must, to within an additive constant, agree with the obvious 
harmonic conjugate for z > 0 of the original logarithmic potential 
defining F(z). In other words, 


oo 72 
Gz) "= C+ | are( 1 — =) ann 
a t 


where, for Jz > 0, we take the determination of the argument having 
arg1 = 0 in order to ensure convergence of the integral on the right. 
For 3z > 0 and t>0, 1 — (z?/t?) lies in the following domain: 


De 08 pee gry ee tt) 
G3 GE hy 


BY, Mig Ces, 7 Bf to 
if 


phy, 


fu, 


Figure 258 
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The branch of the argument we are using has in this domain a value 
between — z and z. When z tends from the upper half plane to a given 
real x >0, arg(1 — (z?/t?)) tends to a boundary value equal to — x for 
0 <t <x (see the preceding figure) and to zero for t > x. As long, then, 
as v(t) is continuous at such an x, 


i are( 1 — =) vo 
a t 


will tend to — nv(x) as z — x from the upper half plane. At the same 
time, G(z) will, at almost every such x, tend to 


—Ax + F(x) 


as we know (see the scholium in §H.1 of Chapter III and problem 25 at 
the end of §C.1, Chapter VIII). Thus, 


—Ax + F(x) = COC srnv(x) ae, x > 0. 
On the negative real axis we find in the same way that 
— Ax + F(x) = C + m(x) ae; 
the right side is, however, equalto C — zv(x) there, v being odd. Hence, 
—Ax + F(x) = C — nv(x) ae, xeR. 


But F(x) is even, making F(x) odd, like v(x). Therefore C must be zero, 
and 


F(x) = Ax — mv(x) ae. on R, 
Q.E.D. 


Lemma. Let F(x), even and @,, satisfy the condition 
SE 
| LF) dx < 6, 


and suppose that there is an increasing continuous odd function L(x), O(x) 
on [0, œ), such that F(x) + L(x) is also increasing onR, F (x) being the 
Hilbert transform of F. Suppose, moreover, that |F(x)/x| is bounded on R. 
Then 


1 œ 2 a 
FQ). Oa | log = dF(t) for xeR, 
: | 


with the integral on the right (involving the signed measure dF(t) ) absolutel y 
convergent. 
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Remark. Boundedness of F(x)/x on R actually follows from the rest 
of the hypothesis. That is the conclusion of the next lemma. 


Proof of lemma. The given properties of F(x) ensure* that F(x) is at least 
@,, and that 


here 1 t 
fe) = 2 (4 + a7) Food, 


analytic for 3z > 0, is continuous up to the real axis, where it takes the 
boundary value 


f(x) = F(x) + iF(x). 
Since F(x) is even, F(x) is odd. Put 
v(t) = FO + uO, 


then v(t), like u(t), is odd and continuous and, by hypothesis, increasing 
and O(t) on [0, œ). For z # 0 we can thus form the function 


2 


z 
1 — 2 dv(t); 


V(z) = [ioe 


0 


it is harmonic in both the upper and the lower half planes. The same is 
true for 


2 
AIAN 
t 


U(z) = [ioe 


(0) 


These functions have, in Jz > 0, the harmonic conjugates 


foe) z? 
| arg( 1 — =) av, 
0 t 

roa) 2 
| arg( 1 2 =) dul 
5 t 


* To show that F(x) is @, for |x| < A, say, take an even @,, function ¢(t) equal 
to 1 for |t| < A and to 0 for |t| > 2A. Then, since F(t) is also even, we have, 
for |x| < A, 


V(z) 


(2) 


(ze) 2A 
F(x) = em | ((1 — g(t) F(t)/(x? —t?))dt_ + an (p(t)F(t)(x — t)) dt. 
A =2A 
The first expression on the right is clearly @,, in x for |x| < A. To the second, 
we apply the partial integration technique used often in this book, and get 
(1/m) [24 ,log|x —t| d(g(t)F(t)). Reason now as in the footnote to the theorem 
of §D.3. Since d(g(t)F(t))/dt is @,, the integral is also ¢, (in x) for |x| < A. 
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(where the argument is determined so as to make arg! = 0). Here, where 
v(t) and u(t) are continuous, we can argue as in the proof of the last lemma 
to show that V(z) and U(z) are continuous up to the real axis, where they 
take the boundary values 


V(x) = —xv(x), U(x) = —np(x). 
Thus, 
Vix) — U(x) = —xF(x). 


Our assumptions on p(x) are not strong enough to yield as much 
information about the behaviour of U(z) (or of V(z) ) at the points of R. 
Consider, however, the difference 


G(z) = V(z) — U(z). 
Since F(t) = v(t) — u(t), we can write 
œ 2 
GE | log}! — —|dF(o) 
0 t 


for 3z # 0; the integral on the right is, however, absolutely convergent 
even when z is real. To check this, take any R > |z| and break up that 
integral into two pieces, the first over [0, 2R] and the second over [2R, 00). 
Regarding the first portion, note that dF(t) = F'(t)dt with F’(t) 
continuous and hence bounded on finite intervals ( F(t) being ¢ 1); for the 
second, just use |dF(t)| < dv(t) + dy(t). In this way we also verify 
without difficulty that G(z) is continuous up to (and on) R, and takes 
there the boundary value 


(oe) x2 = 
G(x) = | log|1 — Slo. 


0 


By this observation and the one preceding it we see that the function 
gz) = G2) + io- Õo), 


analytic for 3z > 0, is continuous up to the real axis where it has the 
boundary value 


g(x) = G(x) — inF(x). 


Bringing in now the function f(z) described earlier, we can conclude that 
nmf(z) + g(z), analytic in 3z > 0, is continuous up to R and assumes 
there the boundary value 


nf(x) + g(x) = nF(x) + G(x). 
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The right side is obviously real, so we may use Schwarz reflection to 
continue f(z) + g(z) analytically across R and thus obtain an entire 
function. The latter’s real part, H(z), is hence everywhere harmonic, with 


HO = aF (x) G con R. 
For z # 0, we have H(z) = H(z), so* 


AE | Š seit Oar + Ve) VO. 


emie] 


It is now claimed that H(z) is a linear function of Rz and 3z; this we 
verify by estimating the integrals f7 „(H (re'®))*d9 for certain large values 
of r. 

By the last relation, we have 


* (Sz FOI 


ue oy Late, 


(H(z2))* < | 


— 0 


for Jz # 0. Consider first the second term on the right. Since v(t) is 
increasing, 


oe) |z|? 
V(z) < | log ( 1 + =) dy(t). 
(0) 


Here, v(t) < const. t on [0, co) by hypothesis, from which we deduce by 
the usual integration by parts that V(z) < const.|z|, and thence that 


| (V(re'*))*d9 < const.r. 


=g 
To estimate the circular means of the third term on the right we use 
the formula 


| (U(re'’))" d9 = | (U(re'’))* d9 — | U (re?) d9 
together with the inequality 
U(z) < const.|z|, 


analogous to the one for V(z) just mentioned. For this procedure, a lower 
bound on j*,U(re'*)d9 is needed, and that quantity is indeed > 0, as 
we now showt. When 0<t <r, 


* the integral in the next formula is just n% f(z) when TAS 
t one may also just refer to the subharmonicity of U(z) 
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|1 —(re!9/t)?|?_ = (1 —r?/t?)? + 4(r/t)? sin?9 > |1 —e?!%|?, so, since u(t) 
increases, 


U(r?) = | log 
(0) 
2 229 


paws dyu(t). 


> p(r)log|1—e7®| + | log 2 
Integration of the two right-hand terms from — m to mz now presents no 
difficulty (Fubini’s theorem being applicable to the second one ), and both 
of the results are zero. Thus, f% U(r e'®)d9 > 0 which, substituted with 
(U(re'®))* < const.r into the previous relation, yields 


| (U(re'’))" d9. < const.r. 

Examination of the first right-hand term in the above inequality for 
(H(z))* remains. To estimate the circular means of that term — call it 
P(z) — one argues as in the proof of the first theorem from §B.3, leaning 
heavily on the convergence of {ae | F(t)|/(1 + t?))dt (without which, it is 
true, P(z) would be infinite! ). In that way, one finds that 


| P(r,e'®)d9 <  const.r, 


for a certain sequence of r, tending to oo. 
Combining our three estimates, we get 


| (H(r,e'°))* d9 <  const.r,, 


n 


and from this we can deduce as in the proof just referred to that 
H(z) = H(0) + ARz + Bz, 
thus verifying the above claim. 


For xeR, the last relation reduces to nF(x) + G(x) = H(0) + Ax. 
Here, F(x) and G(x) are both even, so A = 0, and 


œ% 2 
nF(x) = H(0) — | log]! — z dF(t). 
0 
The integral on the right vanishes for x =0, so H(0) = xF(0), and finally 
WES sS 
F(x) = FO) — —| log|li — Gr) 
Tels t 


for xe R, as required. 
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Lemma. Let F(x) be as in the preceding lemma, and suppose that for a 
certain continuous and increasing odd function u(x), O(x) on [0, 00), the 
sum F(x) + u(x) is also increasing. Then |F(x)/x| is bounded on R. 


Proof. Is for the most part nothing but a crude version of the argument 
made in §H.2 of Chapter III. 

It is really only the boundedness of |F (x)/x| for large x > 0 that requires 
proof. That’s because our assumptions on F make F(x) odd and ¢ 1, and 
hence F (x)/x even, and bounded near 0. 

In order to see what happens for large values of x, we resort to 
Kolmogorov’s theorem from Chapter ITI, §H.1, according to which 


K 
| gp Sea ae, 
Fans A 


K being a certain constant depending on F. In this relation, put 
A = 5K-2" with n> 1; then, since 


me dx 1 
—— > s 
2n 1+ x? BA 


there must, in each open interval (2", 2”**), be a point x, with 


Poin SK27 


By hypothesis, the functions p(x) and F (x) + p(x) are increasing, so 
for x,°-< X < X,+, we have 


—5K-2" + u(2") < F(x,) + w(x,) < F(x) + u(x) 
Sill ty er Mk) os Re ee F), 


whence 
ESRO (x) AEF oe SKK) nl), 
from which 
T n+2 
Sare e O E OSE A 
x x gnt2 


in view of the relation 2" < x, < X,4, < 2"*?. 
It was also given that p(t) < Ct on [0,0). Thence, 


~ 


Fw) 


< 10K+4C 
x 


for x, < x < X,4,, and thus finally for allx > x,. 
. Done. 
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We will need, finally, a simple extension of the Jensen formula for 
confocal ellipses derived in §C of Chapter IX. 


Lemma. Let F(z) be subharmonic in and on a simply connected closed region 
Q containing the ellipse 


1 UP RS 
z = -| Rev + —], Ore Oran 2a; 
2 R 


in its interior, where R > 1. Suppose that u is the positive measure on Q 
figuring in the Riesz representation of the superharmonic function — F(z) 
in Q, the interior of Q, in other words, that 


F(z) = | tosie—cidue) + h(z) for zeQ, 
a 


where h(z) is harmonic in Q (see problem 49,§A.2). If, then, M(r) denotes, 
for 1 <r < R, the total mass u has inside or on the ellipse 


ee eis 
—{ re” + X 
tita) 


R n -i9 1 
“o dr = gi #(5(Re® + =) as = f L dx. 
1 r 2n -r 2 R TT -1 Ja IF x?) 


N 
| 


NE RR tie AS 
Figure 259 SAMA Ni ARN a N 


SY 


1 Five lemmas 523 


Proof. It is simplest to just derive this result from the theorem of 
Chapter IX, §C by double integration. 
Fix, for the moment, any point ¢ e Q with 


1 À E 
= (pe eee ) 
2 p 


where p > 1, and observe that (in case p > 1 ), we have 


PESTKI ENCED 


taking the proper determination of the square root for ¢ outside the 
segment [— 1, 1]. 

Apply now the theorem referred to with the analytic function of z equal 
toz—C€ (!), getting 


R d R 1 n 1 f -i9 
| bas es alge =| log (resas ) = as 
kye- T gor 2m) guy? R 
aah adog hl 
TJ-1 E i 


the very first integral on the left being understood as zero for 


ee ISS TR: 


Multiply the last relation by du(¢) and integrate over Q. On the left we 
will get 


5 M 
| f Zan wit | | ante) - (™ MO 
K+ye?-p T 1 Ji<t+J(c?-DI<r 


and on the right, after changing the order of integration in both integrals, 
z ; i Lint ® 
i o( (e+ ) ao = f is A M 
ITAN? R TJ —1~/(1—x?) 


®(z) = | toeie claw 
a 


where 


Our given subharmonic function F(z) is equal to ®(z) + h(z). Since h(z) 
is harmonic in the simply connected region Q, it has a harmonic conjugate 
h(z) there, and the function 


fi) = exp(h(z)+ih@)) 
is analytic and without zeros in Q. Apply the theorem of §C, Chapter IX, 
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once more, this time to f(z). Because log| f(z)| = h(z), we get 


n f -id 1 1 h 
eee n( (Re +5 ) as amaha nets Gy 
276 VEN? R nJ_,J(1—x?) 
Adding the right side of this relation to the previous similar expression 
involving ® equal, as we have seen, to 


[ Mea 


1 r 


now gives us the desired result. 
Done. 


2 Proof of the conjecture from §D.5 


This book is coming to an end. Let us get on with the 
establishment of our conjecture which, after rephrasing, reads a bit more 
smoothly. One can, of course, write 


max(@'(x), K) — K 
as 
(a(x) — K)*. 
Then the result we have in mind may be stated as follows: 
Theorem. Let W(x) > 1 be a weight meeting the local regularity 


requirement of §B.1. A necessary and sufficient condition for W to admit 
multipliers is that there exist an even @ „ function w(x), defined on R, with 


log W(x) < a(x) 


there, such that 


(ii) the (€) Hilbert transform @(x) of w has the following property: 
to any 6 > 0 there corresponds a K with 
G(x) = E 


everywhere in (0,00) outside a set of disjoint intervals 
(an, 5,), a, > 0, such that 
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bi uN 
z(=) SIR, 
n a, 
for each of which 


bn 
| (@(x) — K)*dx < 6(b,—a,). 


Remark. For any @,, function w(x) > logW(x) (and thus > 0 ) 
satisfying (i), we have 


B(x) = an 2w(x) — (x + t) — olx — 9) ar 
o 


n t? 


This is practically immediate, for then the functions 


° Jz a(t) a 


T cale ti 


z 1(° /Rz—t 
E P (= ss =) oe 


both harmonic in 3z > 0, have there partial derivatives continuous up to 
R (in the present circumstances). Thence, by the Cauchy—Riemann 
equations, 


c(z) 


6) = lim d(x + iy) ee) 
yror Ox yrOor+ oy 
ee EW) 
yror 


and the last limit is clearly equal to the integral in question. 


Proof of theorem 


1° The necessity. As we saw at the very beginning of §C, there is no loss 
of generality incurred in taking 


W(x) —-co forx—++0,; 


this property we henceforth assume. 
If W(x) admits multipliers there is, corresponding to any a > 0, a non-zero 


entire function f(z) of exponential type < a with 


W(x)| f(x)| < const. for xeR. 
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If peradventure f(0) = 0, the quotient f(x)/x satisfies the same kind of 
relation, for W(x) must be bounded on finite intervals by the first lemma 
of §B.1. We can thus first divide f(z) by whatever power of z is needed 
to get an entire function different from zero at the origin, and may therefore 
just as well assume to begin with that 


TO = 1. 


The even entire function g(z) = f(z)f(—z) is then also 1 at the origin. It 
has exponential type < 2a, and we have 


W(x) W(—x)|g(x)| < const., xeER. 


We know by the discussion following the first theorem in §B.1 that g(z) 
may be taken to have all its zeros real, thus being of the form 


œ z? 
1 hi 
where the A, are certain numbers > 0. The preceding relation 


then reads 


log W(x) + logW(—x) + ¥ log|1 — = 
1 


it is from the expressions 


Z 


log|g(x)| = È log : 
1 As 


corresponding to entire functions g having smaller and smaller exponential 
type that we will construct a function w(x) having the properties affirmed 
by our theorem. 


Take, then, a sequence of entire functions g,(z), each of the form just 
indicated, such that 


log W(x) + logW(—x) + loglg,(x)| < I,, say; 


for x ER, while the exponential type a, of g, tends monotonically to zero 
as n — oo. By passing to a subsequence if necessary, we arrange matters 
so as to also have 


aa <. Os 


Denoting by y,(t) the number of zeros of g,(z) on the segment [0, t] 
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(which makes p,(t) = O(t) on [0, œ) for each n ), we have 


fo.) 


log W(x) + logW(—x) + | log 


2 
x 

Lire 
0 t 


dij 15; xe, 
Here, log W(— x) — oo for x — + œ, so for each n there is a number 
A, > 0 with 

logW(—x) > IT, for |x| > A,. 


It follows then from the last relation that 


foe) 


log W(x) + | log 
0 


x2 
1-3 
t 


du) < 0 for |x| 2 A,. 


We can evidently choose the A, successively so as to have 
Ani RAE 
this property will be assumed to hold from now on. 


For each n, let 


oe 1 | Oe Oy Sete ERS 
Base Er TAN 


like the p(t), the v,(t) are each increasing and O(t) on [0, œ). We 
then put 


dy, (t) (sic!), 


x? 
ees 
t 


PCO kasi | “log 


(0) 


and claim in the first place that 
F(x) 20 forxeR. 


This is true when |x| < Ap, for then |1 — (x?/t?)| < 1 for the values 
of t (all > A,/,/2 ) that are actually involved in the preceding integral. 
For |x| > A,, use the evident formula 


AnlJ2 2 2 
F(x) = | jtos(*; 5 1) = 1oe( 2 4 1) bana 
0 t A 


The first integral on the right is here clearly > 0, and the second 
> log W(x) > 0 by the above inequality. This establishes the claim, and 


528 XI E A necessary and sufficient condition 


shows besides that 


F(x) > log W(x) for |x| > A,. 


In order to get the function w(x), we first smooth out each of the F,,(x) 
by multiplicative convolution, relying on the fulfillment by W(x) of the 
local regularity requirement*. According to the latter, there are three 
constants C, L and k > 0, the first two > 0, such that, for any xeER, 


log W(x) < ClogW(t) + k 


for the t belonging to a certain interval of length L containing the 
point x. 
Choose, for each n, a small number ny, > O less than both of the 
quantities 
A L 


and ; 
2A, E | 4A, +1 


it is convenient to also have the yn, tend monotonically towards 0 as 
n— oo. Take then a sequence of infinitely differentiable functions 
p,(€) > 0 with p, supported on the interval [1 —y7,, 1+, ], such that 


Pale) (Nits Pn(S) 
ede = pede e, 
tay ¢ f 1 Š 


When 


osiy S i , 

2N, 
the points čx with 1—n, < € < 1 are included in the segment 
[x— L/2, x] and the ones with 1 < € < 1+y, in the segment 
[x, x + L/2]. One of those segments surely lies in the interval of length 
L containing x on which the preceding relation involving log W(t) does 
hold. By that relation and the specifications for p, we thus have 


log W(x) < | “tog wen 2a IN O EE ee 


0 2m, 


If, however, x is also > 2A,, log W(€x) will, by the inequality found 
above, be < F,(¢x) for 1—n, < č < 1+n,, since then 


* This is not really needed here. See next footnote. 
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čx > 2A, — 2A,41% > A, The right side of the last relation is there- 
fore 


< c |” rues) ea pg 
0 4 


for such x. This expression is hence > log W(x) for 2A, < x < 2A,,, 
because 2A,,, < L/2n,. Exactly the same reasoning* can be used 
for negative real x, and we have 


log W(x) < | reo ae E N E AEA EET 
0 
Put now 
Ginn = 2c |” Fale pede 
0 


We have G,(0) = 0, and 
GONS. xeR. 

Also, since W(x) — œœ for x — + 00, the preceding relation implies that 
log W(x) < G,(x) for 2A, < [x|"<) 24,4; 


as long as n exceeds a certain number no. We can, of course, arrange to 
have this inequality hold for all n by simply throwing away the G, and 
A, with n < no and re-indexing the remaining ones. This we henceforth 
suppose done. 

By the first lemma of article 1, 


2 
1 — ~Jdo,(0 
t 


EQ = | “log 


(0 


with an increasing function o,(t), infinitely differentiable in (0, oo), given 
by the formula 


6.(t) l= 26 | ” (et) ate) ae. 
o ¢ 


* As long as log W(x) is uniformly continuous on [An 34,41], say, the argument 
just made will go through(withC = 1) for small enough n,. The necessity proof 
now under way therefore works whenever W(x) > 1 is continuous on R. For this, 
we do not even need the entire functions g,(z) but only a sequence of (not 
necessarily integer-valued ) functions y(t) increasing on [0,00] and O(t) there, 
with lim sup, (Hn(t)/t) = %n/% going to zero as n— co and 
log W(x) + logW(—x) +. Jplogll — (x?/t?)|du,(t) bounded above on 
R for each n. 
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In the present circumstances, 
w = <0), Wifor O t= A, / 72; 
sO 
g(t) =20 ofori0< SoA 2 E E 


p, being supported on [1 —n,, 1+ -n,,]. Therefore, if we extend o,(t) to the 
whole real axis by making it odd, we get a function which is actually @,, 
on R. It follows also by the lemma referred to that o/(t) is, for each n, 
bounded in (0, œ), indeed, bounded on R after o,,(t) is extended in the way 
just mentioned. 


For our function w(x) we will take the sum of the G,(x) and an additive 
constant. In order to verify that that function enjoys the properties it 
should, we shall need some bounds on the G,(x) and the a,(t). To obtain 
those bounds, we must go back and look again at the entire functions 
g,(z) of exponential type «, with which we started. 


Because W(x) > 1, we certainly have 


In 


PATS E for xeR, 


and Levinson’s theorem from §H.2 of Chapter III can be applied to the 
gn to yield 


(One could in fact make do with a less elaborate result here.) Hence, since 
v,(t) = m(t) for t > A,/./2, 
Va(t) On 


— — for t — œ 
t T 


and thence, by definition of a,, 


t 4 
lim sup < -C(1+n,)«,, 
T 


t>o 


in view of p,’s vanishing outside of [1—7,, 1+ 7,] and the condition 


that 
a Pal) 
dé = 2. 
[eee 


Let us now extend the definition of our function G, to the whole 
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complex plane by taking 


2 


G,(z) = -f losis z|do,(0; 


0 


this function is harmonic both in {3z > 0} andin {3z < 0}, and, thanks 
to the smoothness of ¢,,(t), continuous up to the real axis. The previous 
relation for o,(t)/t makes 


G,(z) > —4C(L+m,)o%,12z| — o(lzl) 
for large |z|, so, putting 


po = “lim stp (=) 
y 


yro, 


we have 
p. -=. ACL N) e 


As we know, G,(x) > 0 on the real axis. This, together with the other 
properties of G,(z), ensures that an analogue of the representation from 
§G.1 of Chapter III is valid for that function, viz., 


1 | "> 32G,(0) 


Giz) e bee a E dt, aya > 0. 
ya Taza 


(Cf. proof of the first lemma in §B.3. The more elaborate argument made 

during the proof of the second theorem in §B.1 is not needed here.) 
According to the above observations about ¢,(t), that function is 

certainly zero in a neighborhood of the origin. That, however, makes 


G,(z) = O(|z|?) for z — 0, 
whence 
G,(iy) 
y 


Referring to the preceding Poisson representation, we see from this that 


TEO 


— 0 as y — 0. 


1 t 


— oc 
for the positive function G,(t). 


It is now easy to get a uniform bound on a,(t)/t. Since G,(x) > 0on the 
real axis and G,(z) = G,(Z), the above Poisson representation tells us in 
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particular that G,(z) > — ,|3z|, in other words, that 


| log 
0 


Using this relation we can now show by a computation like the one 
involved in the proof of the second lemma from §C.5, Chapter VIII (<¢,,(t) 
being increasing ) that 


do,(t) <  $al3zl. 


2 
Z 

E 
2 


IN 


Onl?) efn for t >Q. 
T 


t 


We proceed to the construction and examination of our function a(x). 
By the first lemma of §B.1, log W(x) is bounded above for |x| < 2A,; we 
fix any such bound and use it as our value for w(0). Then we put 


w(x) = o0) + G(x); 
1 


because the G,(x) are > 0 on R with logW(x) < G,(x) for 
2A, < |x| < 2A,41, and log W(x) < œ(0) for |x| < 2A,, we cer- 
tainly have 


log W(x) < œ(x), xeR. 


The function (x) is clearly even. Since B, < 4C(1+n,„,)&, with 
N, — 0 for n — œ and the sum of the «, convergent, we have 


oO 
yd ee see. 
1 


whence, by the previous estimate of the integrals of the G,(t)/t? and 
monotone convergence, 


Property (i) thus holds for w. 


To verify infinite differentiability for w(x), we take 


olf) = 


-Ms 


0,(t) 
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and look at the increasing function a(t). The series on the right is surely 
convergent; we have indeed 


S EF e 
t T 4 

a finite quantity, for t>0, thanks to the uniform bounds on the 
ratios o,(t)/t found above. The function o(t) is actually zero for 
O < t < Aı/(V2 (1 +n,)), since all of the c(t) are (here is where we use 
the property that the n,, decrease ). The summand g,,(t) is moreover different 
from zero only when |t| > A,/(,/2(1+1,)), a large number for large n. 
Hence, since for any given real x, log|1—(x?/t?)| is < 0 for 
> af 2 |x|, we see — again by monotone convergence — that 


ee) oo 2 
Soa | log|1 — z do(t),  xeR. 
1 0 
Therefore 
foo) x? 
w(x) = (0) — | log|1 — a do(t). 
0 


Here, however, a(t) is infinitely differentiable on R and odd there; this 
is so because each individual o,(t) is odd and @,, as noted above, and, 
on any given finite interval, only finitely many of the o,(t) can be different 
from zero. We may therefore conclude that w(x) is also @,, by invoking 
the result proved in the footnote to the theorem of §D.3. 


Verification of property (ii) for the function (x) remains; that is more 
involved. What we have to do is look at the size of (x) for x > 0. 
We have 


xe 
hae 
12 


do(t). 


o(0) — a(x) = [toe 


0 


The ratio o(t)/t is bounded, and property (i) holds for w. Therefore the 
second lemma from article 1 applies here, and tells us that 


@(x) = no(x) = nY 4(X) 
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Thus, 
ol) = rY ox) 
1 


(with, on any bounded interval, only finitely many terms actually appearing 
in the sum on the right). 
Let ô > 0 be given. Corresponding to it, we have an N such that 


co 
Cpe pe 07 
N 
fixing such an N, we form the increasing function 


s(t) = ) ¢,(t) 


zMs 


and investigate its behaviour for t > 0. 
That function is, in the first place, zerofor0 < t < A wh 2 (1 + ny)). 
Also, 


t co 
w) < oy 6, Boost fort >0 
t TN T 


by the above uniform estimate on the ratios o,(t)/t. Therefore, if x > 0 is 
sufficiently small, the ratio 


s(t) — s(x) 


=T 
will be zero for O < t < Ay/(,/2 (1 +nn) ), and, for larger values of t, 


An — J/2(1+my)x t Ay — V2 (1+ny)x aN 


and hence < 6/n. Doing, then, the F. Riesz construction on the graph of 
s(x) vs. x for x > 0, and forming the open set 


Ope! (eet ee 


ô 
— for somet>x}, 
E= T 


we see that © can contain no points to the left of a certain ap > 0. 
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Figure 260 


The set © is thus the union of a certain disjoint collection of intervals 
(di b,), k — f; 2 3 AEA with 


GA a dy N 


for every k; these, of course, may be disposed in a much more complicated 
fashion than is shown in the diagram, there being no a priori lower limit 
to their lengths. Every point x > 0 for which s'(x) > ô/n certainly belongs 
to 0, so 


ô 
s(x) < - for x e [0,œ) ~ @. 
T 


For each k > 1, 


s(by) — sla) _ 4 


bk — ak n 
as is clear from the figure. 
It is now claimed that 
2 (by, — a, \? 
D5 ( k :) < 00; 
1 ak 


this we will show by an argument essentially the same as the one made 
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in §D.1 of Chapter IX, using, however, the fifth lemma from the preceding 
article in place of the theorem of §C in Chapter IX. We work with the 
subharmonic function 


ds(t); 


2 
Z 
EE 
t 


Ue ie E A [iog 


0 


the two right-hand expressions are proved equal by what amounts to the 
reasoning used above in checking the analogous formula for (x) in 
terms of o (monotone convergence). 

Since the G,(x) are all > 0 on R, we have 


U(x) > (0) — ox) xeR, 


so, because w has property (i), 


| Uy) dx > -—oo. 
es 


Writing 


and recalling that G,(z) > — B,|3z|, we see, moreover, that 
U(z) < B\3zI. 


The convergence of the series )",((b, — a,)/a,)? will be deduced from the 
last two inequalities involving U and the fact that B < 6/e due to our 
choice of N. (It would in fact be enough if we merely had B < ô; our having 
been somewhat crude in the estimation of the o,(t)/t has required us to 
work with an extra margin of safety expressed by the factor 1/e.) 


Fixing our attention on any particular interval (a,, b,), let us denote its 
midpoint by c and its length by 2A, so as to have 


(ap b) = (c—A, c+A). 


The following discussion, corresponding to the one in §D.1 of Chapter IX, 
is actually quite simple; it may, however, at first appear complicated 
because of the changes of variable involved in it. 

We take a certain quantity R > 1 (the same, in fact, for each of the 
intervals (a,, b,) — its exact size will be specified presently) and then, 
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choosing a value for the parameter l, 


2A 


Ree 
R 


<p 1? SU BAS, 


apply the fifth lemma of article 1 to the subharmonic function 
F(z) = U(Iz+c). 

Fix, for the moment, any number A large enough to ensure that 
IA > A, 


and let us look at the Riesz representation for F(z) (obtained by putting 
a minus sign in front of the one for the superharmonic function — F(z) !) 
in the disk {|z| < A}. In terms of the variable w = Iz +c, we have this 
picture: 


2 
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Figure 261 


Because 


U(w) = iF log 
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we can, after making the change of variable t = It +c, write 
A 
F(z) = U(ilz+c) = | log|z—t|ds(Iz+c) + h(z), 


ZA 


with h(z) a certain function harmonic for |z| < A. If, then, r> 1 and 
4(r + 1/r) < A, the closed region of the z-plane bounded by the ellipse 


1 f -id 
z = (re + =) 
2 r 


(whose image in the w-plane is shown in the above figure ) has mass M(r) 
equal to 


4(r+1/r) l 1 ] 1 
| ds(lt +c) = s(c + s(r+4)) — s(« _ s(t) 
~4(r+ 1/r) 2 r Z r 


assigned to it by the measure associated with the Riesz representation for 
F(z) just given. By the fifth lemma of the last article we thus have 


R 1 SAN T = R 
| sle + $lr+r7")) — sle — $l(r+r7’)) ee | MO ay 
i r a; 
m -id 1 
By tit u(¢ + (ree) Jao m ee dx. 
Pme 2 R zJ- y (1— x?) 


As in §D.1 of Chapter IX, it is convenient to now write 
R =e! 


(thus making y a certain fixed quantity > 0), and to take a number e > 0, 
considerably smaller than y (corresponding to the quantity denoted by y 
in the passage referred to). If the parameter l is actually 
A 
coshe ` 


we will have 


(e + (+) — s(c ~ (=) >  s(b,) — slap) 


forr > e 


(see once more the preceding figure). By construction of our intervals 
(a,, b,), the quantity on the right is equal to 


ô 
(0, N EEEN 
T Tt 
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The previous relation thus yields 


26-1 ar RM Ge 
2af R [2a = >f U(c + lcosh(y+i9))d9 


T hts T 


1f? U(ix+ 
— | = D ax for 2 SS AN 
mJ, J(1—x’) coshe 


e 


Using the inequality 
U(c + lcosh(y+i9)) < Bl|Scosh(y+iI)| = £lsinhy|sin 9| 


to estimate the next-to-the last integral on the right and making the 
change of variable č = lx in the last one, one finds, after rearrangement, 
that 


© UlE*c) 
-iy (I? — 7) 


< 2sinhy( p ToS 


— = dé < 2flsinhy — 2ô(y —<2)A 


=a for A ys 
coshe 


sinh y 
Recall that in our present construction, we have 


ô 
PEC 
e 
it is therefore certainly possible (and by far!) to choose y > 0 small 


enough to make 


Yy 
ô > 
sinh y P 


(thus is the value of R = e’ finally specified! ), and then to fix ane > 0 yet 
smaller, so as to still have 


y—e 
ô—— > P. 
sinh y f 

These choices having been made, we write 


y—e 
ô E ? 
sinh y p 


a = 


so that a > 0, and the above inequality becomes 


! A 
| eta o Os A ET A. 
ERNER cosh € 


IN 


540 XI E A necessary and sufficient condition 


This relation is now multiplied by / dl, and both sides integrated over 
the range 


A 


cosh € 


ES 


In our circumstances, U(t) < 0 on the real axis, and the computation at 
this point is practically identical to the one in §D.1 of Chapter IX. It 
therefore suffices to merely give the result, which reads 


bk A 
| U(t) dt | U(E+c)d—é < —aA?*sinhy tanhe 


ak =f 


= A (sinh y tanh e) (b — a). 


The last inequality, involving the quantities a, y, and ¢, now fixed 
(and > 0), holds for any of the intervals (a,, b,), k > 1. Since the a, 
are > aọ > 0 and U(t) < 0 on R, we see from it that 


bh U(t 2 -AAN 
| > © dt < — gat piinnytanne( =") ; 
etl 4(a2 + 1) w 


Finally (using again the fact that U(t) < 0 on R), we get 


o] EA 2 2 00 
eee Caml AS 
k=1 b, aaj sinhytanhe Jy t* +1 


and our claim that )'((b, —a,)/a,)?_ < œ is thereby established*. 
k 


From this result, property (ii) for the function w(x) readily follows. As we 
know, 


@'(x) = n¥ a(x) = ray a(x) + ms’(x). 


It has already been noted that each one of the derivatives o/(x) is bounded 
for x > 0; there is thus a number K such that 


N-1 
Cy ox) = KR.” x 0 
T 


The derivative 7s‘(x) is, at the same time, < 6 for all the x > 0 outside 


0 = v (a,, by). 


k21 


* for the preceding displayed relation implies in particular that the ratios b,/a, are 
bounded — cf. discussion, top of p. 81 
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Therefore 


E ee E E (Rapes O 


1 


is < 0 for x e (0,0) ~ 0. 
On any of the components (a,, b,) of ©, we have 


(d(x) — K)* < (= y a. (x) — (K-9) + (ns'(x) — 6)* 
< O.+ zs(x) 


(s(x) being increasing!), so 


bk bk 
f (õ'(x) — K)*dx < a s'(x)dx = n(s(b,) — s(a,)) = 6(b, — a). 


âk ak 


Property (ii) therefore holds, the sum } ((b, — a,)/a,)* being convergent. 
k 


The necessity of our condition is thus proved. 


2° The sufficiency. Suppose that there is an even @,, function 
w(x) > log W(x) 


having the properties enumerated in the theorem’s statement; we must 
show that W admits multipliers. Let, then, 5 > 0 be given; corresponding 
to it we have a K and an open subset 0 of (0, 00) with 


OO) < K for x € (0,0) ~ O; 

and, if O is the union of the disjoint intervals (a,, b,), 
5 (A= =a) itg, 
k ak 


while 
bk 
| (@(x) — K)*dx < 6(b,—4,) 


for each k. 


We start by expressing @(x) as the difference of two functions, each 
continuous and increasing on [0, œ). The given properties of &'(x) make 
it possible for us to define a bounded measurable function p(x) on [0, 0) 
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with 0 < p(x) < 6 by taking 
p(x) = ô forx e [0,0) ~ 0 


and then, on each of the interval components (a,, b,) of ©, having p(x) 
assume the constant value needed to make 


[ew + p(x)}dx = ôļb,— a). 


Put now : 
V(x) = f {(6'()— K)* + p(t)}dt forx >0 
and 
nv,(x) = ir R D + pO}dt, x>0. 
0 


We have &(0) = 0, for, since w(x) is @,, and even, @(x) is @,, and odd. 
Therefore, when x > 0, 


ax) — Kx = [wo — K)dt 
(0) 


[eo-w — (A) -KV }dt = nvi(x) — xv2(x); 
0 


mv,(x) + Kx — nv,(x) = @(x), x 2 0, 


with v,(x) and v(x) both increasing and continuous for x > 0. 

The ratio v,(x)/x is bounded for x >0. Indeed, if x e [0,00)~@ 
nvi(x) = ôx by the definition of our function p(x). And ifa, < x < b, 
for some k, 


TV (x) 7 Tv (b,) 
5 a, a, 
The ratios b,/a, are, however, bounded above, since 2 (O, — aya)? i 


convergent. Hence 


va) 
x 


< const. for x > 0. 
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The odd continuous increasing function p(x) equal to mv,(x) + Kx for 

x > 0 is thus O(x) on [0, œ), and @(x) — u(x), also odd and equal, for 

x >0, to — nv,(x) by the above formula, is decreasing on R. The fourth 

lemma of article 1 can therefore be invoked (with F(x) = — a(x), a(x) 
being @,,, > 0 and enjoying property (i) by hypothesis). This yields 


|@(x)| <  const.|x| for xeER, 
which in turn makes 
v(x) <  const.x for x >0 


in view of the preceding estimate on v,(x) and the formula just referred to. 
All the conditions for application of the third lemma in article 1 


(again with F(x) = — (x) ) are now verified. By that result we get, for 
xeR, 
WES Ape 
w(x) = a0) — -| logji — —|da(t) 
TJo t 
foe) x? 
= a0) + | log}1 — 2 |v) 
(0) 


i x? i x? 
E t 


K o0 
dv,(t) — <f log 


0 


— = 
10) 


The very last integral on the right is of course zero, so we have 


oo) x? 
w(x) + | log|1 — 2 dv,(t) 
0 


(oe) 2 
0) + | log|1 — a dv,(t),  xeR. 


(0 


The rest of our work here is based mainly on this formula. 


Before looking more closely at the increasing function v,(t) and the 
expression 


| log 
0 


corresponding to it, we should attend to a detail regarding the location 
of the open set O. We can, namely, arrange to ensure that © = (1,0) 


dv, (2) 


2 
xX 
Mas igh 
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(which will turn out to be convenient later on) by merely taking K large 
enough to begin with. In the present circumstances, @(x) (like w(x) ) is 
€ on R,* so &'(x) is bounded on any finite interval. Hence, if K is chosen 
large enough in the first place, we will have 


Dix). se. Is. LOCOS = by 


so that any component (a,, b,) of the set O corresponding to this K which 
lies entirely in (0, 1) may be simply thrown away (and p(x) = nv‘ (x) just 
taken equal to ô thereon) without in any way affecting the properties of 
v,(x) and v(x) used up to now. There may, however, still be a 
component (a, b) of © with a, < 1 < b, In that event, b, is certainly 
finite, and there is thus a K’ > K with 


Ol saan for0O <x <b, 


Then, if we also throw away (a, b,), what remains of © will be a certain 
open set 0’ © (1,00) composed of the intervals (a,, b,) from O that do not 
intersect [0,1]. We will have 


O v= dS for x e (0,00) ~ C, 


and for each of the (a,, b,) making up 0’, 


bk 
| (&(x) — K')*dx < ôb,- a), 
ak 

since the same relation holds with K < K’ standing in place of K’. By 
increasing K to K', we thus ensure that none of the intervals (a,, b,) 
appearing in our construction intersect with [0,1]. This merely amounts to 
choosing a larger value initially for the number K corresponding to our given 
ô, which we henceforth assume as having been done. The intervals (ap, b,) 
involved in the formation of v,(x) and v,(x) are in such fashion guaranteed 
to all lie in (1, œ). 


Having seen to this matter, we turn our attention to the behaviour of 
mv,(t) for t > 0. As we have already noted, mv,(t) = ôt for t > 0 lying 
outside all the intervals (a,, b,). When a, < t < b, we have, since v,(t) 
increases, 


da, < nvt) < ôb, 
At the same time, 
ol < Ol < Op. 


* cf. initial footnote to third lemma of article 1 


2 Proof of the conjecture from §D.5 545 


so 


|nv,(t) — ôt| < 6d(b,—4,) fora, <= t6< D,. 


Thence, 


bs [avlt — Ot at < (2) 
ak fe ak 


which, with the preceding observation, implies that 


| javi()—OEl 4 gy 


2 
0 t 


on account of the convergence of Zal (b, — 4,)/4,)7; it is here that we 
have made crucial use of that hypothesis. 


Let us, in the usual fashion, extend the increasing function v,(t) to all of 
R by making it odd there. Then the function 


Alt)me= sa) z 


is also odd and, moreover, zero for — 1 < t < 1 due to our having arranged 
that none of the intervals (a,, b,) intersect with [0, 1]. According to what 
we have just seen, 


| LAWI a; A OE 
t 


= 


A(t) thus satisfies the hypothesis of the initial lemma in §B.2, Chapter X, 
with 5/x playing the rôle of the number D figuring there. That result 
gives us a function q(t), zero for — 1 < t < 1, having the other properties 
of the one there denoted by ô(t), corresponding to a value 6/n of the 
parameter n. (Here we write q(t) instead of ô(t) because the letter ô is 
already in service.) Since our present function A(t) is odd, the one furnished 
by the lemma referred to may be taken to be odd also, and 


ô 
At) = -t + q(t) 
T 
is then odd, besides being increasing on R. We have 


ô 
At) = -t for 1<t<1 
n 
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and moreover, 


w), 
t T 


ast — +0. 


One may now apply the first theorem of §B.2, Chapter X, to the present 
functions A(t) and q(t), and then do a calculation like the one used to 
prove the lemma of §B.1 there. On account of the oddness of v, (t) and A(t), 
that computation simplifies quite a bit*, and the final result is that 


eres 
ofl He le ; 


Used with the previous boxed formula and the assumption (in the 
hypothesis) that w(x) > 0 enjoys property (i), this implies that 


d(v,(t)+ A())|\dx < œ. 


2 
ze 

Ter 
t? 


(o) 1 (oa) x? 
[ ( log}1 — 2 d(v,(t) + A(t))|dx < œ. 
Put now 
(oe) z2 
V(z) = | log|1 — 2 d(v,(t) + A(t)); 
o 


the last relation can then be written 


| dakai bahe 
E 


We have 
vat) + A(t) < const.t for t > 0, 
so V also satisfies an inequality of the form 
V(z) < const.|z|. 


These two properties of V imply that 
ie Vit 
Vi = BSA -| RALO) 


TJ- |z—t|? 


dt 


with a suitable constant B > 0, according to a version of the result from 
§G.1, Chapter III — the use of such a version here can be justified by an 


* The usual partial integration is carried out with A(t) + q(t) playing the rôle of 
v(t); then the relation f® log|1 — (x?/t?)|dt = 0 is used. 
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argument like one made while proving the second theorem of §B.1.* From 
this formula and the first of the two relations for V preceding it, we get 


œ y ~ 
| Væ +D a < roe) 
ae 


in the usual way. 


We desire to apply the Theorem on the Multiplier at this point, and for 
that an entire function of exponential type is needed. (It is not true here 
that V(x) > 0 on R, so we are unable to directly adapt the proof of that 
theorem given in §C.2 to the function V.) Take, then, the entire function 
ọ of exponential type given by the formula 
d[v,(t) + A(t)]. 


z? 
E 
t? 


log|g(z)| = | log 


0 


By the lemma in §A.1, Chapter X, 
log|o(x+i)| < V(x+i) + log*|x| for xeR, 
whence, by the preceding inequality, 


œ + i 
| log" lo +) a 2 op. 
hex 


= Cay 


The theorem on the multiplier thus gives us a non-zero entire function 
W(z), of exponential type 5’ < 6, bounded on R and with | p(x + 1) W(x)| 
bounded on R as well. We may, of course, get such a y with 6’ = ô by 
simply multiplying the initial one by cos (ò — 0’)z. 

We can also take y(z) to be even, since ¢ is even, and, of course, can have 
W(0) # 0. The discussion following the first theorem of §B.1 shows 
furthermore that we can take y(z) to have real zeros only, and thus be 
given in the form 


0 


log|y(z)| = | log 


(0) 


do(t), 


2 
Z 
Lete 
t 


with o(t) increasing, integer-valued, zero near the origin, and satisfying 


Sarna 


t T 


for t — œ 


* By its definition, v(t) is absolutely continuous with v(t) bounded on finite 
intervals; A(t), on the other hand, has a graph similar to the one shown in fig. 226 
(Chapter X, §B.2). These properties make (V(z))* continuous at the points of R, 
and the arguments from §§E and G.1 of Chapter III may be used. 
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(by Levinson’s theorem). By first dividing out four of the zeros of w if 
need be (it has infinitely many, being of exponential type 6 >0 and 
bounded on R !) we can finally ensure that in fact 

const. 


lp(x +i) yx) < Gon? for xeR 


with (perhaps another) y of the kind described. 


A relation between V(x +i) and log|g(x +i)| opposite in sense to the 
above one is now called for. To get it, observe that 


2 
=| d(min (v(t) + 40), 1)) 


KOLS [iosi 
0 


= [ 08) 
0 


Since A(t) = ôt/n for O<t< 1 and v(t) is certainly bounded there, 
the first integral on the right is 


2 
| d(va(t) + A) — 1)*. 


< 2log*|z| + const.. 
Therefore, when xeER, 


(x +1)? 
t? 


1 — d(v,(t) + A(t) — 1)*. 


V(x +i) < 2log* |x| + const. + | log 
0 


However, (v,(t)+ A(t)}— 1)* < [va(t)+4(t)] for t>0, so, by reasoning 
identical to that used in proving the lemma of §A.1, Chapter X, we find 
that the last right-hand integral is 


< log|g(x+i)| + log*|x|. 
Thus, 
V(x+i) < log|g(x+i)| + 3log*|x| + const., xeER. 


Referring to the previous relation involving g(x +i) and w(x), we 
thence obtain 


V(x +i) + log|W(x)| < const, xeR. 
Clearly, V(x) < V(x +i), so we have 


— —|do(t) <_ const. forxeR 


V(x) + [ioli 


0 


by our formula for log |y(z)| 
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Now by the previous boxed formula and our definition of the function V, 


20 2 


V(x) = a(x) — o0) + | log 
0 


1 d(v,(t) + A(t). 


En 


Combination of this with the preceding thus yields 


foe) ad 
w(x) + | log|1 — a d(v,(t)+ A(t)+ o(t)) < const., xeER 


(0) 


and hence, since log W(x) < (x), 


fo.) 


log W(x) + | log 


(0) 


2 
1 — S d(v i(t) + A(t) + o(t)) < const, xeR. 


Here, A(t)/t and o(t)/t both tend to 6/n for t — œ as we have already 
noted. Again, since the ratios b,/a, corresponding to the intervals (ay b,) 
used in the construction of v,(t) must tend to 1 for k — œ, we also 
have* 


v(t) 


— — 


t 


for t — œ 


alm 


(look again at the above discussion of the behaviour of v, ). For the 
- increasing function 


p(t) = v,(t) + A(t) + a(t) 
it is thus true that 

p(t) — —— as t — œ, 

t T 
and that 


2 
X 
Io ads 
t? 


oO 


log W(x) + | log 


0 


dp(t) <_ const., xeER. 


The quantity 6 > 0 was, however, arbitrary. Therefore, since W(x), by 
hypothesis, meets the local regularity requirement of §B.1, it admits 
multipliers according to the second theorem of that §, and sufficiency is now 
established. 


Our result is completely proved. 


* although a, need not — œ for k — 00, all sufficiently large a, certainly do have 
arbitrarily large indices k. 


550 XI E A necessary and sufficient condition 


Remark 1 (added in proof). In the sufficiency proof, fulfilment of our 
local regularity requirement is only used at the end; in the absence of that 
requirement one still gets functions p(t), increasing and O(t) on [0, 00), 
with lim sup,., ,, (p(t)/t) arbitrarily small and 


oo 
log W(x) + | log|1 — (x?/t?)|dp(t) 
(0) 

bounded above on R. The necessity proof, on the other hand, actually goes 
through — see the footnotes to its first part — whenever W(x) > 1 is 
continuous and such p(t) exist. The existence of a majorant w(x) having the 
properties specified by the theorem is therefore equivalent to the existence 
of such increasing functions p for continuous weights W. Our theorem thus 
holds, in particular, for continuous weights meeting the milder regularity 
requirement from the scholium at the end of §B.1. Continuity, indeed, need 
not even be assumed for such weights; that is evident after a little thought 
about the abovementioned footnotes and the passage they refer to. 


Remark 2. The proof for the necessity shows that if W(x) does admit 
multipliers, a majorant w(x) for log W(x) having the properties asserted by 
the theorem exists, with 


2 
1 = dal 
t 


a(x) = a0) — [iog 


(0) 


where a(t) is increasing on [0, 00), zero for t close enough to 0, and O(t) 
for t — œ. Now look again at the example in §D.4 and the discussion in 
§D.5! 


Remark 3. It was by thinking about the above result that I came upon 
the method explained in §§B.2, B.3 and used in §C, being led to it by way 
of the construction in problem 55 (near end of §B.2). 


Remark 4. It seems possible to tie the theorem’s property (ii) more closely 
to the local behaviour of (x). Referring to the remark following the 
statement of the theorem, we see that 


Dejepis | H a-o- 9) 
To t 
f T A u AT & 
TJY) t 


where for Y(x) we can take any positive quantity, depending on x in any 
way we want. 
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Because w > 0, the second of the two integrals on the right is 


VA N 
n(x) 


it is, on the other hand, 
SR | ge 
~ « (x — t)? +(¥(x))” 


For the present purpose this last expression’s behaviour is adequately 
described by the 1967 lemma of Beurling and Malliavin given in §E.2 of 
Chapter IX. That result shows that for any given 4 > 0, the integral in 
question will lie between — y and 0 for a function Y(x) > 0 with 


T (as a << Cae 
1+x +y i 


such a function is hence not too large. 

Once a function Y(x) is at hand, the set of x >0 on which @’(x) 
exceeds some large K seems to essentially be determined by the behaviour 
of w(x)/Y(x) and of the integral 


1 | Yœ Q(x) — w(x + t) — w(x — t) es 


2 
0 t 


T 


Both of these expressions involve local behaviour of œ. 
I think an investigation along this line is worth trying, but have no 
time to undertake it now. This book must go to press. 


Remark 5 (added in proof). We have been dealing with the notion of 
multiplier adopted in §B.1, using that term to desiquate a non-zero entire 
function of exponential type whose product with a given weight is bounded 
on R. This specification of boundedness is largely responsible for our 
having had to introduce a local regularity requirement in §B.1. 

Such requirements become to a certain extent irrelevant if we return to 
the broader interpretation of the term accepted in Chapter X and permit 
its use whenever the product in question belongs to some L,(R). This 
observation, already made by Beurling and Malliavin at the end of their 
1962 article, is based on the following analogue of the second theorem in 


§B. 2: 
Lemma. Let Q(x) > 1 be Lebesgue measurable. Suppose, given A > 0, 
that there is a function p(t), increasing and O(t) on [0, œ), with 


limsup(p(t)/t) < A/m 


t> œ 
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and 


logQ(x) + | log|1 = (x?/t?)|\dp(t) < O(1) ae. 
0 

on R. Then, if O< p< œ, there is a non-zero entire function W(z) of 

exponential type < 4(p+2)A such that 


| |Q(x)W(x)|?dx << o. 
Proof. We consider the case p = 1; treatment for the other values of p is 
similar. 

Take, then, the increasing function p(t) furnished by the hypothesis and 
put 


v(t) = 4p(t), 


making 
4logQ(x) + | log|1 — (x?/t?)|dwt) < C ae, xeR. 
o 


Since lim sup,- (v(t)/t) < 4A/n, the entire function g(z) given by the 
formula 


log|g(z)|_ = | log|1 — (2?/t?)| d[v()] 
0 
is of exponential type < 4A; this may be checked by using partial 
integration to estimate log (|z|). 

Putting 


0 


U(z) = | log|1 — (z?/t*)| dv(t), 


0 
we have 


(OU) exp UE)" = tS “ae. KER. 


The idea behind our proof is that |g(x)| cannot be too much larger than 
exp U(x). 
The usual integration by parts yields 


log|(x)| — U(x) = [ree — (x?/t?)| d([v)] — v(e) 
0 


f A [v1] -v) Pi 


o eee t 
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at every xe R where v'(x) exists and is finite, and hence almost everywhere 
(see the lemma in §B.1 of Chapter X). After extending v from [0, «) to 
R by making it odd (which poses no problem, v(t) being O(t) for t > 0), 
we can rewrite the last integral as 


ha T ea ol) 8 eames hpa f ( Bales ENOI vo) a 


-o X—t t ee NEST 


Srey F ( + 1 0o- o), 


5 ay NS 
where the quantity 


ees M EAEN 
PANE) 


is finite. Hence, aside from the additive constant b, log|@(x)| — U(x) is 
just the Hilbert transform of x([v(x)] — v(x)) which is, however, bounded 
by x in absolute value. Referring now to problem 45(c) (Chapter X, §F), 
we see that 


i: | p(x)|/4e7 Us 


; ; Ox. << RO: 
+x 


From this and the above relation involving Q(x) and U(x) we have, finally 


i QO) a 


lex EA 


— oe 


Write 


$ 8 
We) = (=~) (2); 


/(z) is entire, of exponential type < 124A, with |y(x)| < const. p(x) I(x? + 1)* 
on the real axis. It thence follows by the preceding inequality that 


| Q(x) W(x) [1/4 dx < œ. 
In order to conclude from this that 


f: COnN <0 


-0 
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(thus proving the lemma in the case p = 1), it is enough to show that 
W(x) is bounded on R. 

For that purpose, we note that f2 ly(x)|"4fdx < œ since 
Q(x) > 1, so surely 


fe log* IOI gy 


1 +x? ar i 


This gives us the right to use the theorem from §G.1 of Chapter III (the 
easier one in that chapter’s §E would do just as well) to get 


1 i log VOL 4, 


l )| < RAT 
ogly +i) ge 


T 
for xe R. By the inequality between arithmetric and geometric means, the 
integral on the right is 


ENAR na GI 1/4 ) 
< siog(+[” WOT at] < 4log - oael dt 


which, as we just observed, is finite. Therefore log|w(x +i)| < const., 
xe R. One can now conclude that (x) is bounded on R, either by appealing 
to the third Phragmén-—Lindel6of theorem from §C of Chapter III or by 
simply noting that |W(x)| < |w(x+i)| on R for our function w (which 
has only real zeros). The proof is complete. 


Let us now refer to Remark 1, and once more to the sufficiency proof 
for the above theorem. The argument made there furnished, for each A > 0, 
a function p(t) satisfying the hypothesis of the lemma with the weight 
Q(x) = exp a(x); comparison of w(x) with log W(x) did not take place 
until the very end. We can thereby conclude that the existence, for 
log W(x), of an a.e. majorant w(x) having the other properties enumerated 
in the theorem implies, for each p < œ, the existence of entire functions 
W(z) Æ 0 of arbitrarily small exponential type with 


K |W(x)W(x)|Pdx < œ. 


gE 


The function w(x) with the stipulated properties does not even need to be 
an actual majorant of log W(x); as long as 


| rt (e7°W(x)ledx < œ 


— 0 


for some ro > 0, we will still, for each r < ro, have entire functions w of the 
kind described with 
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pj \W(xy(x| "dx < œ. 


This also follows from the lemma; it suffices to take Q(x) = expa(x) 
and p = ro/(ro—r), and then use Hölder’s inequality. 

The first of these results should be confronted with one going in the 
opposite direction that was already pointed out in Remark 1. That says 
that, for a continuous weight W(x) > 1, the existence of entire functions 
W(z) # 0 of arbitrarily small exponential type making W(x)p(x) bounded 
on R implies existence of a majorant w(x) for log W(x) with the properties 
specified by the theorem. Thus, insofar as continuous weights are concerned, 
our theorem’s majorant criterion is at the same time a necessary condition 
for the admittance of multipliers (in the narrow L,, sense) and a sufficient 
one, albeit in the broader L, sense only. No additional regularity of the 
weight (beyond continuity ) is involved here. 

A very similar observation can be made about the last theorem in §B.3. 
Any continuous weight W(x) > 1 will admit multipliers in the L, sense 
(with p < œ) provided that, for each A > 0, the smallest superharmonic 
majorant of 


an |3z| log W(t) 


T \z—t|? 


dt — A|3z| 
oD 
is finite. This finiteness is, on the other hand, necessary for the admittance 
of multipliers in the L, sense by the weight W. It is worthwhile in this 
connection to note, finally, the following fact: for continuous weights W, 
finiteness of the smallest superharmonic majorants just mentioned is 
equivalent to the existence of an ax) enjoying all the properties described 
by the theorem. That is an immediate consequence of the next-to-the-last 
theorem in §B.3 and Remark 1. 


Scholium. One way of looking at the theorem on the multiplier is to view 
it as a guarantee of admittance of multipliers by smooth even weights 
Wix) = ee S 1 with 


Ih oC) y=) 50 


vigil 4a67 


under the subsidiary condition that @(x) — Kx be decreasing on R for 
some K, i.e., that 


@'(x) < K. 


As long as the growth of õ(x)is thus limited, convergence of the logarithmic 
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integral of W is in itself sufficient.* Referring, however, to the very 
elementary Paley—Wiener multiplier theorem from §A.1, Chapter X, we 
see that the convergence is also sufficient subject to a similar requirement 
on (x) itself, namely that w(x) be increasing for x > 0. 

Part of what this article’s theorem does is to generalize the first result. 
As long as W(x) meets the local regularity requirement, more growth of 
@(x) is in fact permissible; the theorem tells us exactly how much. Could 
not then the Paley—Wiener result be generalized in the same way, so as 
to allow for a certain amount of decrease in w(x) for x > 0? 

What comes to mind is that perhaps an analogous generalization of the 
second result would carry over. In that way one is led to consider the 
following conjecture: 


Let W(x) = e® with w(x) >0, € and even. Suppose that 


| AN abe Steep 
-o 1 +x? 


and that for a certain K, 
w(x) > -K 

for all x > 0 outside a set of disjoint intervals (a,, b,) = (0, 00) with 
r(e = a) < 0, 
k ak 


for each of which 
bk 
| (œw'(x)) dx < K(b,—a,). 
Then W(x) admits multipliers. 


This conjecture is true. To prove it, one constructs a positive function 
w(x), uniformly Lip 1 on R, such that 


w(x) > w(x) 


* Without imposition of any local regularity requirement. Indeed, putting 
Kt — @(t) = nv(t) and then U(z) = w(0) + J@ log|1 — (z/t)?|dv(t), we have 
w(x) = U(x) < U(x+i) (see p. 503 and the lemmas, p. 516 and 521). If (z) 
is the entire function given by log|g(z)| = he log|1 —(z/t)?|d[v(t)], |o(x +i)} 
admits multipliers in the present circumstances (see lemma, p. 521 and then 
pp. 546-7). But then exp U(x + i) does also (see p. 548), and so, finally, does 
W(x) = exp U(x). 


2 Proof of the conjecture from §D.5 557 


there, and 


| me) dyo "<a: 
ao ees 


By the result in §C, Chapter X, it is known that exp w(x) admits multipliers. 
Hence W(x) = exp (x) must also. The construction of w(x) is outlined 
in the following two problems. 


We may, first of all, ensure that all the intervals (a,, b,) lie in (1, 00) by 
taking K large enough to begin with (see discussion in first half of the 
proof of sufficiency for the above theorem). This detail being settled, we 
take a function (x) > 0 defined on [0, 00) as follows: 


g(x) = K — (w(x) for x € (0,0) ~ U (ab); 
k 
bk 
g(x) = K — | (œ'(t)) dt fona kea <p 
by — a aK 
We then put 


PO) = | {(o(t))* + g(t)}dt 
0 
and 
Nx) = | (D) + eO}at 
o 
getting, in this way, two continuous functions P(x) and N(x), both 
increasing on [0, œ], with 
wx) = P(x) — N(x), x = 0. 


Note that 
N(x) = Kx for x e [0,0) ~ (J (axb); 
k 


in particular, N(x) = Kx for 0 < x < 1. 
Fix now any number M > K and consider the open set 
N(x) — N(6) 


T > M(x—é) 


PER EA 


for some positive č < x (sic!) }. 


558 XIE A necessary and sufficient condition 


Q can be obtained by shining light up from underneath the graph of N(x) 
vs x from the left, in a direction of slope M: 


Figure 262 


Q is a disjoint union of certain open intervals (a, fı) = (0,00) (not to 
be confounded with the given intervals (a,, b,) ),andforx e (0,00) ~ Q, 
N'(x) < M. 


Problem 69 
(a) Show that 


2 |N(x)—K 
PENE 


o x 
(Hint: cf. the examination of zv,(t) in the proof of sufficiency for the 
above theorem. ) 


(b) Show that the intervals («,, 8,) actually lie in (1, 00). 


For the rest of this problem, we make the following construction. 
Considering any one of the intervals (~, B,), denote by Y, the line of 
slope M through the points (a, N(a,)) and (£, N(B,)). Then denote by y, 
the abscissa of the point where Z, and the line of slope K through the 
origin intersect (cf. proof of third lemma in §D.2, Chapter IX). 
Note that y, may well coincide with œ, or B,, or even lie outside [œ pi]. 
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i ; ; x s 
Figure 263 


Let R be the set of indices l for which y, lies to the right of the midpoint 
of (a;, B;), and S the set of those indices for which y; lies to the left of 
that midpoint. 


Show that Ees ((Br — %1)/%) < œ. (Hint: cf. proof of third lemma, 
Chapter IX, §D.2. Note that the difference between our present 
construction and the one used there is that left and right have exchanged 
rôles, as have above and below!) 


(c 


— 


(d) Show that if n > 0, there cannot be infinitely many indices l in R for 
which B,—%, > na (Hint: It is enough to consider n with 


DAES <: 
Ke 
If («,, B;) is any interval corresponding to an leR with B,—a, > no, 
write 
4 (1 Mask )a 
a = pa 
BRD ah 


and then estimate 


f Kx — N(x) ax 


2 
' x 
z 
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from below. Note that if this situation arises for infinitely many l in R, 
there must still be infinitely many of those indices for which the intervals 
(a), œ) are disjoint. ) 


(e*) Show that >)2((B: — at,)/,)2 < oo. (Hint: by (d) we may wlog suppose 


that ((M — K)/2K)(B,— 4) < $a for all le R. For those lwe then put 


P M-K 
yee atest E 


(B; — %) 


and estimate each of the integrals 


| Kx EN 


* Xa 
l 


from below. Starting, then, with an arbitrarily large finite subset R’ of R, 
we go first to the rightmost of the (x, pı) with le R’, and then make a 
covering argument like the one in the proof of the third lemma, §D.2, 
Chapter IX (used when considering the sums over S’ figuring there), 
moving, however, back towards the left instead of towards the right, and 


working with the intervals («*, œ). This gives a bound on 


J (4 = 2) 
leR' a) 


independent of the size of R’. ) 


To finish this problem, we define a function No(x) by putting 


No(x) = N(x) for x e (0, 00) z (U (@n Bi) 
and | 

No(x) = N(m) + M(x- a) for ESEN = py 
This makes 


N(x) < N(x) for x>0 
and 


Ni(x) < M. 


(f) Show that 


3 ds << “wor 
0 N; 


ik N(x) — No(x) 


Carrying through the steps of the last problem has given us the increasing 
functions P(x), N(x) and No(x), having the properties indicated above. 
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Let now 

Wo(x) = P(x) — No(x) for x > 0. 
Then 

Wo(x) > P(x) — N(x) = a(x), x>0 
while 

WOOS ENO 2. —M, 


At the same time, since 


by part (f) of the problem, since 


Wo(x) — @(x) = N(x) — No(x). 


Problem 70 


Denote by w(x) the smallest majorant of wo(x) on [0, 00) having the 
property that 


|w(x) — w(x’)| < M|x— x’ for x and x’ > 0. 


The object of this problem is to prove that 


(a) Given n > 0, show that one cannot have W(x) > nx for arbitrarily 
large x. (Hint: Given any such x > 0, estimate 
(1+(n/2M)x w (t 
| ae ) at 
x t 


from below. Cf. problem 69(d). ) 
(b) Hence show that w(x) < © for x > 0 and that in (0, 00), w(x) > Wo(x) 
on a certain set of disjoint bounded open intervals lying therein. 


Continuing with this problem we take just the intervals from (b) that 
lie in (1, 00), and denote them by (A,, Bayawithien ses 1,25: 3y:6\6) IR 
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order to verify the desired property of w(x), it is enough to show that 


[ 2a < OO, 


i 


where Ay = inf A,, a quantity > 1. In 
n21 


ldo Pe B 


n=1 

we have w(x) = Wo(x), where, as we know 

2 w(x 

Wo dk Co 

sa) Er 

It is therefore only necessary for us to prove that 
B 
n w(x 

>: | abl de) <io 
n21 JAn x 
Note that for each n > 1, we have 


w(A,) = Wo(A,) , 


w(B,,) = Wo(B,) 
and 
w(x) = Wo(A,) + M(x—A,) FOr ATS INST 


(c) Show that B,/A, —> 1asn— œ. (Hint: Ify > 0 and there are infinitely 


many n with B,/A, > 1 +n, the corresponding A, must tend to œ since 
the (A„, B,) are disjoint. Observe that for such n, since wọ(x) > w(x) > 0, 


Wo(B,) > MnB,/(1 +n). 
Refer to part (a). ) 


(d) For each n > 1, write 


BY ime B; F (B, =A): 


Show then that 


B; B*\2 B* 
| me) de = (=) | wol) dx. 
An oe A, Bn xe 


Hint: 
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Figure 264 


(e) Let us agree to call an interval (A,, B,) special if 
Show then that if (A,, Bn) is special, 


Bn 2 (Bn 
| HD bap 3( =) | BaT 
Pec Dy le Oi 


Hint: 


eee ee 


Figure 265 
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(f) Given any finite set T of integers > 1, obtain an upper bound independent 
of T on 


ys | gprs 


neT i 


hence showing that 

Bn 
> | WO) ay <<. OO. 
ni JAn X 


(Procedure: Reindex the (A„, B,) with ne T so as to have n increase from 
1 up to some finite value as those intervals go towards the right. By (c), 
the ratios B*/A, must be bounded above by a quantity independent of 
T. Use then the result from (d) to estimate 


By 
| WO) a 
Ai x 


Show next that any interval (A,, B,) entirely contained in (B,, BY) must 
be special. For such intervals, the result from (e) may be used to estimate 


Bn 
| a dx. 
An X 


If there is an interval (Am, Bm) intersecting with (B,, B¥) but not lying 
therein (meT), (B,, BY) and (Bm, B*) are certainly disjoint, and we 
may again use the result of (d) to estimate 


Pm w(x) 
jó mai 


Then look to see if there are any (A,, B,) entirely contained in (Bm, B*) 
and keep on going in this fashion, moving steadily towards the right, until 
all the (A,, B,) with ne T are accounted for.) 


The function w(x) furnished by the constructions of these two problems is 
finally extended from [0, 00) to all of R by making it even. Then we will have 
|w(x) —w(x’)| < M|x—x’| for x and x’ in R, 


w(x) > œ(x) onR, 


this last by problem 70. Our w thus has the properties we needed, and 
W(x) = expa(x) admits multipliers, as explained at the beginning of 
this scholium. 
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One might hope to turn around the result just obtained and somehow 
show, in parallel to the necessity part of this article’s theorem, that, for 
admittance of multipliers by a weight W(x) > 1 meeting the local 
regularity requirement, existence of a ,, even œw with 


ee) > W(x) onR 

enjoying the other properties enumerated in the conjecture is necessary. 
Problem 71 
Show that such a proposition would be false. (Hint: Were such an @ to 


exist, the preceding constructions would give us an even uniformly 
Lip1 w(x) > w(x) for which 


Modify w(x) in smooth fashion near 0 so as to obtain a new uniformly 
Lip 1 even function w,(x) > 0, equal to zero at the origin and O(x’) 
near there, agreeing with w(x) for |x| > 1, say. Then 


2 w(x) 
f > din O: 


o x 


Refer to problem 62 (end of §C.4) and then to the example of §D.4.) 
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Robin constant yg 129, 130, 132, 133 


Smallest superharmonic majorant MF 
365ff, 374 ff, 388, 389, 391ff, 400ff, 446ff, 
555 

Space § 418ff, 446ff, 468, 473, 476, 477, 
478, 480, 481, 492, 497 

— description of same 434 

Space H,). 297 

Space H, 174, 226ff, 261ff, 283, 288ff 

Space H, 236ff, 260ff, 284, 286, 287 

Space H,, 230ff, 264ff, 282ff 

Space L/H „ 264, 265, 282ff 

Space S (20) 290ff 

Stirling’s formula 21, 22, 23 
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Support points 288ff 
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Theorem on the Multiplier — see 
Multiplier theorem, of Beurling and 
Malliavin 

Tsuji’s inequality for harmonic measure 
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zeros, and also Levinson’s theorem 
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The theme of this unique work, the | OE | 004s 
athwart much of twentieth century analysis. It is athread 
connecting many apparently separate parts of the subject, and sois 
a natural point at which to begin a serious study of real and 
complex analysis. Professor Koosis’ aim is to show how, from 
simple ideas, one can build up an investigation which explains and 
clarifies many different, seemingly unrelated problems; to show, 
in effect, how mathematics grows. 

The presentation is straightforward and by following the theme, 
Professor Koosis has produced a work that can be read as a whole. 
He has brought together here many results, some unpublished, 
some new, and some available only in inaccessible journals. 
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